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Preface 



These are lecture notes for AME 60636, Fundamentals of Combustion, a course taught since 
1994 in the Department of Aerospace and Mechanical Engineering of the University of Notre 
Dame. Most of the students in this course are graduate students; the course is also suitable 
for interested undergraduates. The objective of the course is to provide background in 
theoretical combustion science. Most of the material in the notes is covered in one semester; 
some extra material is also included. 

The goal of the notes is to provide a solid mathematical foundation in the physical chem- 
istry, thermodynamics, and fluid mechanics of combustion. The notes attempt to fill gaps in 
the existing literature in providing enhanced discussion of detailed kinetics models which are 
in common use for real physical systems. In addition, some model problems for paradigm 
systems are addressed for pedagogical purposes. Many of the unique aspects of these notes, 
which focus on some fundamental issues involving the thermodynamics of reactive gases with 
detailed finite rate kinetics, have arisen due to the author's involvement in a research project 
supported by the US National Science Foundation, under Grant No. CBET-0650843. Any 
opinions, findings, and conclusions or recommendations expressed in this material are those 
of the author and do not necessarily reflect the views of the National Science Foundation. 
The author is grateful for this public support. Thanks are also extended to my former 
student Dr. Ashraf al-Khateeb, who generated the steady laminar flame plots for detailed 
hydrogen-air combustion. General thanks are due to students in the course over the years 
whose interest has motivated me to find ways to improve the material. 

The notes, along with information on the course itself, can be found on the world wide 
web at |http : //www . nd . edu/^powers/ame . 6 0636 , At this stage, anyone is free to make 
copies for their own use. I would be happy to hear from you about errors or suggestions for 
improvement. 

Joseph M. Powers 



powers@nd.edu 



http : //www . nd . edu/~powers 



Notre Dame, Indiana; USA 
@ © © © 08 August 2012 

The content of this book is licensed under Creative Commons Attribution-Noncommercial-No Derivative Works 3.0. 



11 



12 CONTENTS 



\CC BY-NC^ND} 08 August 2012, J. M. Powers. 



Chapter 1 
Introduction to kinetics 



Poca favilla gran fiamma secondau (A great flame follows a little spark.). 



Dante Alighieri (1265-1321) Paradiso, Canto I, 1. 34. 



Let us consider the reaction of iV molecular chemical species composed of L elements via 
J chemical reactions. Let us assume the gas is an ideal mixture of ideal gases that satisfies 
Dalton'gj law of partial pressures. The reaction will be considered to be driven by molecular 
collisions. We will not model individual collisions, but instead attempt to capture their 
collective effect. 

An example of a model of such a reaction is listed in Table 11.11 There we find aJV = 9 
species, J = 37 step irreversible reaction mechanism for an L = 3 hydrogen-oxygen- argon 
mixture from Maas and IWarna tz p with corrected fu 2 from Maas and Popeo The model has 
also been utilized by IFedkiw} et alii The symbol M represents an arbitrary third body and 
is an inert participant in the reaction. We need not worry yet about fn 2 , which is known as 
a collision efficiency factor. The one-sided arrows indicate that each individual reaction is 
considered to be irreversible. Note that for nearly each reaction, a separate reverse reaction is 
listed; thus, pairs of irreversible reactions can in some sense be considered to model reversible 
reactions. In this model a set of elementary reactions are hypothesized. For the j th reaction 
we have the collision frequency factor Oj, the temperature-dependency exponent f3j, and the 
activation energy Sj. These will be explained in short order. 



1 This verse from La Divina Commedia was selected in a spirit of optimism that the poet's better known 
entreaty from that opus's more topical Inferno: Lasciate ogne speranza, voi ch'entrate. (All hope abandon, 
ye who enter in.), Canto III, 1. 1, will prove to be irrelevant. 

iJohn Daltonl 1766-1844, English chemist. 

3 Maas, U., and Warnatz, J., 1988, "Ignition Processes in Hydrogen- Oxygen Mixtures," Combustion and 
Fla me, 74(1): 53-69. 

4 Maa s7"U., and Pope, S. B., 1992} "Simplifying Chemical Kinetics: Intrinsic Low-Dimensional Manifolds 
in Composition Space," Combustion and Flame, 88(3-4): 239-264. 

E Fedkiw, R. P., Merriman, B., and Osher, S., 1997, "High Accuracy Numerical Methods for Thermally 
Perfect Gas Flows with Chemistry," Journal of Computational Physics, 132(2): 175-190. 
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CHAPTER 1. INTRODUCTION TO KINETICS 



j 


Reaction 


/fmoie/cm 3 )( 1 "^, J - E ^i^)\ 


Pi 


\ mole I 


1 


2 + H -^OH + O 


2.00 x 10 14 


0.00 


70.30 


2 


OH + -^0 2 + H 


1.46 x 10 13 


0.00 


2.08 


3 


H 2 + -^OH + H 


5.06 x 10 4 


2.67 


26.30 


4 


OH + H ->■ # 2 + 


2.24 x 10 4 


2.67 


18.40 


5 


H 2 + OH -> # 2 + if 


1.00 x 10 8 


1.60 


13.80 


6 


# 2 + # -> H 2 + OH 


4.45 x 10 8 


1.60 


77.13 


7 


OH + OH -> # 2 + 


1.50 x 10 9 


1.14 


0.42 


8 


# 2 + ^ OH + OH 


1.51 x 10 10 


1.14 


71.64 


9 


H + H + M ^H 2 + M 


1.80 x 10 18 


-1.00 


0.00 


10 


H 2 + M ^H + H + M 


6.99 x 10 18 


-1.00 


436.08 


11 


H + OH + M -> H 2 + M 


2.20 x 10 22 


-2.00 


0.00 


12 


# 2 <3 + M -»■ H + OH + M 


3.80 x 10 23 


-2.00 


499.41 


13 


O + O + M ^0 2 + M 


2.90 x 10 17 


-1.00 


0.00 


14 


2 + M -^O + O + M 


6.81 x 10 18 


-1.00 


496.41 


15 


H + 2 + M -> #0 2 + M 


2.30 x 10 18 


-0.80 


0.00 


16 


#0 2 + M ^ H + 2 + M 


3.26 x 10 18 


-0.80 


195.88 


17 


H0 2 + H ^ OH+OH 


1.50 x 10 14 


0.00 


4.20 


18 


OH + OH ^ H0 2 + H 


1.33 x 10 13 


0.00 


168.30 


19 


H0 2 + H^H 2 + 2 


2.50 x 10 13 


0.00 


2.90 


20 


H 2 + 2 ^ H0 2 + H 


6.84 x 10 13 


0.00 


243.10 


21 


H0 2 + H -> # 2 + 


3.00 x 10 13 


0.00 


7.20 


22 


# 2 + -»■ #0 2 + # 


2.67 x 10 13 


0.00 


242.52 


23 


ff0 2 + O^OH + 2 


1.80 x 10 13 


0.00 


-1.70 


24 


OH + 2 ^ H0 2 + 


2.18 x 10 13 


0.00 


230.61 


25 


H0 2 + OH -> # 2 + 2 


6.00 x 10 13 


0.00 


0.00 


26 


# 2 + 2 -> #o 2 + o# 


7.31 x 10 14 


0.00 


303.53 


27 


#0 2 + #0 2 -> # 2 2 + 2 


2.50 x 10 11 


0.00 


-5.20 


28 


OH + OH + M -> # 2 2 + M 


3.25 x 10 22 


-2.00 


0.00 


29 


# 2 2 + M -> OH + OH + M 


2.10 x 10 24 


-2.00 


206.80 


30 


H 2 2 + H -^ # 2 + H0 2 


1.70 x 10 12 


0.00 


15.70 


31 


H 2 + H0 2 -> H 2 2 + H 


1.15 x 10 12 


0.00 


80.88 


32 


H 2 2 + H^H 2 + OH 


1.00 x 10 13 


0.00 


15.00 


33 


H 2 + OH -> H 2 2 + H 


2.67 x 10 12 


0.00 


307.51 


34 


H 2 2 + O^OH + H0 2 


2.80 x 10 13 


0.00 


26.80 


35 


OH + H0 2 -> H 2 2 + O 


8.40 x 10 12 


0.00 


84.09 


36 


H 2 2 + OH -> # 2 + #0 2 


5.40 x 10 12 


0.00 


4.20 


37 


# 2 + #<3 2 -> #202 + 0# 


1.63 x 10 13 


0.00 


132.71 



Table 1.1: Third body collision efficiencies with M are /# 2 = 1.00, fo 2 = 0.35, and fn 2 o 

6.5. 

\CC BY-NONDl 08 August 2012, J. M. Powers. 
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3 


Reaction 


/fmoi e /cm 3 )( 1 "^, J - E ^i^)\ 


Pi 


E, ( cal . ) 

J V mole 1 


1 


H 2 + 2 -OH + OH 


1.70 x 10 13 


0.00 


47780 


2 


OH + H 2 ^ H 2 + H 


1.17 x 10 9 


1.30 


3626 


3 


H + 2 — OH + 


5.13 x 10 16 


-0.82 


16507 


4 


+ H 2 ^OH + H 


1.80 x 10 10 


1.00 


8826 


5 


H + 2 + M ^ iJ0 2 + M 


2.10 x 10 18 


-1.00 





6 


if + 2 + 2 ^ H0 2 + 2 


6.70 x 10 19 


-1.42 





7 


if + 2 + iV 2 ^ #0 2 + N 2 


6.70 x 10 19 


-1.42 





8 


OH + H<3 2 ^ H 2 + 2 


5.00 x 10 13 


0.00 


1000 


9 


if + H0 2 ^OH + OH 


2.50 x 10 14 


0.00 


1900 


10 


+ H0 2 ^±0 2 + OH 


4.80 x 10 13 


0.00 


1000 


11 


OH + OH ^0 + H 2 


6.00 x 10 8 


1.30 





12 


H 2 + M^±H + H + M 


2.23 x 10 12 


0.50 


92600 


13 


2 + M^±0 + + M 


1.85 x 10 11 


0.50 


95560 


14 


H + OH + M ^ # 2 + M 


7.50 x 10 23 


-2.60 





15 


H + #0 2 ^±H 2 + 2 


2.50 x 10 13 


0.00 


700 


16 


H0 2 + tf 2 ^ H 2 2 + 2 


2.00 x 10 12 


0.00 





17 


# 2 2 + M ^±OH + OH + M 


1.30 x 10 17 


0.00 


45500 


18 


H 2 2 + H^±H0 2 + H 2 


1.60 x 10 12 


0.00 


3800 


19 


H 2 2 + OH ^ H 2 + #0 2 


1.00 x 10 13 


0.00 


1800 



Table 1.2: Nine species, nineteen step reversible reaction mechanism for a hydro- 
gen/oxygen/nitrogen mixture. Third body collision efficiencies with M are f§{H 2 0) = 21, 
fc(H 2 ) = 3.3, f 12 (H 2 0) = 6, f 12 (H) = 2, f 12 (H 2 ) = 3, fu(H 2 0) = 20. 

Other common forms exist. Often reactions systems are described as being composed 
of reversible reactions. Such reactions are usually notated by two sided arrows. One such 
system is reported by Powers and Paoluccu and is listed here in Table 11.21 Both overall 
models are complicated. 

1.1 Isothermal, isochoric kinetics 



For simplicity, we will first focus attention on cases in which the temperature T and volume 
V are both constant. Such assumptions are known as isothermal and isochoric, respectively. 
A good fundamental treatment of elementary reactions of this type is given by Vincenti and 
Kruger in their detailed monograph!] 



^Powers, J. M., and Paoluc ci, S., 20051 "Accurate Spatial Resolution Estimates for Reactive Supersonic 
Flow with Detailed Chemistry," AIAA Journal, 43(5): 1088-1099. 

7 Vincenti, W. G., and Kruger, C. H., 1965, Introduction to Physical Gas Dynamics, Wiley, New York. 
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16 CHAPTER 1. INTRODUCTION TO KINETICS 

1.1.1 O — O2 dissociation 

One of the simplest physical examples is provided by the dissociation of O2 into its atomic 
component O. 

1.1.1.1 Pair of irreversible reactions 

To get started, let us focus for now only on reactions j = 13 and j = 14 from Table [TTT1 in 
the limiting case in which temperature T and volume V are constant. 

1.1.1.1.1 Mathematical model The reactions describe oxygen dissociation and recom- 
bination in a pair of irreversible reactions: 



13: O + O + M -> 2 + M, (1.1) 

14 :0 2 + M -> O + O + M, (1.2) 



mole\ K — kJ 



with 

a 13 = 2.90 x 10 17 1 -, p 13 = -1.00, £ 13 = - 

\ cm 6 J s mole 

(77iole\ K kJ 
— , /3i4 = -1.00, £ u = 496.41 — — . (1.4) 
cm 6 J s mole 

The irreversibility is indicated by the one-sided arrow. Though they participate in the overall 
hydrogen oxidation problem, these two reactions are in fact self-contained as well. So, let 
us just consider that we have only oxygen in our box with N = 2 species, O and O2, J = 2 
reactions (those being 13 and 14), and L = 1 element, that being O. We will take i = 1 to 
correspond to O and % = 2 to correspond to O^. 

The units of Oj are unusual. For reaction j = 13, we have the forward stoichiometric 
coefficient for species O, i = 1, as i/|- = i/{ 13 = 2, and for species 2 , i = 2, as i/y = u' 213 = 0. 
And since an inert third body participates in reaction 13, we have u' M13 = 1. So, for reaction 
j = 13, we find the exponent for the (mole/cm 3 ) portion of the units for au to be 



N 
i=l 



~ E v 'v = 1 - <m ~ Wis + ^13) = 1 - 1 - (2 + 0) = -2. (1.5) 



Similarly for reaction j = 14, we have the forward stoichiometric coefficient for species O, 
i = 1, as v' i: j = u[ u = 0, and for species 2 , i = 2, as i/y = ^,14 = 1- And since an inert 
third body participates in reaction 13, we have u' M 14 = 1. So, for reaction j = 14, we find 
the exponent for the (mole/cm 3 ) portion of the units for 014 to be 



N 

y M,j 

i=l 



~ E u 'iJ = l - u 'm,u ~ Kh + ^2,14) = 1 - 1 - (0 + 1) = -1. (1.6) 
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Recall that in the cgs system, common in thermochemistry, that 1 erg = 1 dyne cm = 
10~ 7 J = 10~ 10 kJ. Recall also that the cgs unit of force is the dyne and that 1 dyne = 
1 g cm/ s 2 = 10~ 5 N . So, for cgs we have 

r„ = ^f . r M - 496.41 -*£- ( !°£f») = 4.96 x 10" ^f . (1.7) 

mote mole \ kJ J mole 

The standard model for chemical reaction, which will be generalized and discussed in 
more detail in Chapters |4] and [5j induces the following two ordinary differential equations 
for the evolution of O and O2 molar concentrations: 

o - mfa ovn fz£2l\ 77 7T 77 ^0 n T&4 «™ ( Z^2±\ 77 77 



2 a 13 T^ exp 1^1 p p p M +2 a u T^ exp I -=-^ ) p J> M , 



=fci 3 (T) =fci 4 (T) 



OiaT^ 3 exp ( -=^r j PoPoPAf - fl i4^ 14 exp ( ~=^J Po 2 Pm ■ (1-9) 



=fci 3 (T) =fei 4 (T) 

V V ' V v ' 

=ri3 =ri4 

Here, we use the notation pj as the molar concentration of species i. Also, a common usage 
for molar concentration is given by square brackets, e.g. p 02 = [O2]. The symbol i? is the 
universal gas constant, for which 

i!= 8.31441 { - — — J = 8.31441 x 10 7 e \ 9 - . (1.10) 

mole K \ J J mole K 

We also use the common notation of a temperature-dependent portion of the reaction rate 
for reaction j, kj(T), where 

ki(T) = ajT* eq (J±y (1.11) 

Note that j = 1, . . . , J. The reaction rates for reactions 13 and 14 are defined as 

ri3 = kizpoPoPMi ( L12 ) 

ri4 = kupo 2 PM- (1-13) 

We will give details of how to generalize this form later in Chapters |4] and The system 
Eq. (jl.8til.9p can be written simply as 

- -2r 13 + 2r 14 , (1.14) 



dt 

dpo 



r n -r u . (1.15) 



dt 
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Even more simply, in vector form, Eqs. fll.14til.15j) can be written as 

-^ = i/r. (1.16) 

dt v ; 



Here, we have taken 



(1.17) 



Po 
Po 2 

" - I i 2 -i J • < 118 > 



ri3 



(1.19) 



In general, we will have p be a column vector of dimension N X 1, v will be a rectangular 
matrix of dimension N x J of rank i?, and r will be a column vector of length J x 1. So, 
Eqs. qi.14Hl.15p take the form 

M2)-(7- a 0te)- 

Note here that the rank i?ofi/isi? = L = l, since det i/ = 0, and t» has at least one 
non-zero element. Let us also define a stoichiometric matrix <f> of dimension L x N. The 
component of <fi, 4>u represents the number of element / in species i. Generally <f> will be full 
rank, which will vary, since we can have L < N, L = N, or L > N. Here, we have L < N 
and (f> is of dimension 1x2: 

0=(1 2). (1.21) 

Element conservation is guaranteed by insisting that v be constructed such that 

cf>u = 0. (1.22) 

So, we can say that each of the column vectors of v lies in the right null space of <p. For our 
example, we see that Eq. ( 11. 22ft holds: 

d>.v = (l 2)-(" 2 ^)=(0 0). (1.23) 

Let us take as initial conditions 

Po(t = 0)=%, 7>o 2 (t = 0)=% 2 . (1.24) 

Now, M represents an arbitrary third body, so here 

Pm=Po 2 + Po- ( L 25) 
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1.1. ISOTHERMAL, ISOCHORIC KINETICS 19 

Thus, the ordinary differential equations of the reaction dynamics, Eqs. (Il.8~.ll.9p . reduce to 
-^ = -2a 13 T /3l3 exp^^^Jp p (p 02 +p ) 

+2a 14 T^ exp (d^j p 02 (p 02 + p ) , (1.26) 

^ = a 13 T^exp(^poPo(Po 2 +Po) 

-a u T^ exp (d^j ~p 02 {-p 02 + po) . (1.27) 

Equations fll.26til.2~7j) with Eqs. (jl.24p represent two non-linear ordinary differential equa- 
tions with initial conditions in two unknowns p and p Q2 . We seek the behavior of these two 
species concentrations as a function of time. 

Systems of non-linear equations are generally difficult to integrate analytically and gen- 
erally require numerical solution. Before embarking on a numerical solution, we simplify as 
much as we can. Note that 

^ + 2% = 0, (1.28) 

dt dt y ' 

^(Po + 2po 2 ) = 0. (1.29) 

We can integrate and apply the initial conditions (11.240 to get 

~p + 2p 02 =p + 2p 02 = constant. (1.30) 

The fact that this algebraic constraint exists for all time is a consequence of the conservation 
of mass of each O element. It can also be thought of as the conservation of number of 
O atoms. Such notions always hold for chemical reactions. They do not hold for nuclear 
reactions. 

Standard linear algebra provides a robust way to find the constraint of Eq. (II .30") . We 
can use elementary row operations to cast Eq. (11.201) into a row-echelon form. Here, our 
goal is to get a linear combination which on the right side has an upper triangular form. To 
achieve this add twice the second equation with the first to form a new equation to replace 
the second equation. This gives 

^Uo+°2PoJ = V o o){nJ- (L31) 

Obviously the second equation is one we obtained earlier, d/dt(p + 2p 02 ) = 0, and this 
induces our algebraic constraint. We also note Eq. ( 11. 31ft can be recast as 

u 
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This is of the matrix form 

L- 1 -P-? = U-r. (1.33) 

Here, L and L _1 are N x N lower triangular matrices of full rank N, and thus invertible. 
The matrix U is upper triangular of dimension N x J and with the same rank as u, R > L. 
The matrix P is a permutation matrix of dimension N x N. It is never singular and thus 
always invertable. It is used to effect possible row exchanges to achieve the desired form; 
often row exchanges are not necessary, in which case P = I, the N x N identity matrix. 
Equation fl 1 . 3 3 [) can be manipulated to form the original equation via 




(1.34) 



What we have done is the standard linear algebra decomposition of v = P _1 • L • U. 

We can also decompose the algebraic constraint, Eq. ( 11.30ft . in a non-obvious way that 
is more readily useful for larger systems. We can write 

Po 2 =%2~n (~Po ~ %) ■ ( L35 ) 



2 



Defining now £ = p — p Q , we can say 




tto)- (1-36) 



This gives the dependent variables in terms of a smaller number of transformed dependent 
variables in a way which satisfies the linear constraints. In vector form, Eq. (11.360 becomes 

p = ^ + Df. (1.37) 

Here, D is a full rank matrix which spans the same column space as does v. Note that i> 
may or may not be full rank. Since D spans the same column space as does v, we must also 
have in general 



We see here this is true: 



<£-D = 0. (1.38) 



(1.39) 
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exp(-£j/(RT)) 

i - 




T 

Figure 1.1: Plot of exp(—£j/R/T) versus T; transition occurs at T ~ £j/R. 

We also note that the term exp(—£j/RT) is a modulating factor to the dynamics. Let 
us see how this behaves for high and low temperatures. First, for low temperature, we have 

limexp (ZA) =0. (1.40) 

At high temperature, we have 

lim exp (Z=4-) = 1. (1.41) 

r^oo v \RTJ 

And lastly, at intermediate temperature, we have 

exp f^j ~ 0(1), when T = O (^j. (1.42) 

A sketch of this modulating factor is given in Figure 11.11 Note 

• for small T, the modulation is extreme, and the reaction rate is very small, 

• for T ~ £j/R, the reaction rate is extremely sensitive to temperature, and 

• for T — > oo, the modulation is unity, and the reaction rate is limited only by molecular 
collision frequency. 

Now, p and p 0a represent molar concentrations which have standard units of mole/ cm 3 . 
So, the reaction rates 

dPo and dj^ 
at at 
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have units of mole/cm 3 / s. 

Note that the argument of the exponential to be dimensionless. That is 



RT 



dimensionless. (1-43) 



mole erg K 



Here, the brackets denote the units of a quantity, and not molar concentration. Let us use 
a more informal method than that presented on p. [16] to arrive at units for the collision 
frequency factor of reaction 13, a±s. We know the units of the rate [mole j cm? j s) . Reaction 
13 involves three molar species. Since /?i3 = —1, it also has an extra temperature dependency. 
The exponential of a unitless number is unitless, so we need not worry about that. For units 
to match, we must have 

mole \ , n ( mole\ ( mole\ ( mole\ T , -, ,_ , ,. 

—T~ = fl i3 T 3" 3" K ■ ( L44 ) 

cmr s J \ cm 6 ) \ cm 6 ) \ cm 6 J 

So, the units of ai 3 are 

( mole\~ K 
ais = —3- -• (1-45) 

\ cm 6 J s 

For 0i4 we find a different set of units! Following the same procedure, we get 

mole \ r , / mole\ ( mole" 



cm d sj \ cm 6 1 \ cm 6 



K~ l . (1.46) 



So, the units of a 14 are 



\ cm d / s 

This discrepancy in the units of Oj the molecular collision frequency factor is a burden of tra- 
ditional chemical kinetics, and causes many difficulties when classical non-dimensionalization 
is performed. With much effort, a cleaner theory could be formulated; however, this would 
require significant work to re-cast the now-standard cij values for literally thousands of re- 
actions which are well established in the literature. 

1.1.1.1.2 Example calculation Let us consider an example problem. Let us take T = 
5000 K, and initial conditions p = 0.001 mole/cm 3 and p 02 = 0.001 mole/cm 3 . The 
initial temperature is very hot, and is near the temperature of the surface of the sun. This 
is also realizable in laboratory conditions, but uncommon in most combustion engineering 
environments. 

We can solve these in a variety of ways. I chose here to solve both Eqs. (ll.26Hl.27j) without 
the reduction provided by Eq. fjl.30[) . However, we can check after numerical solution to see 
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if Eq. (jl.30p is actually satisfied. Substituting numerical values for all the constants to get 
" 2«i 3 T fe exp (d^fj = -2 f 2.9 x 10 7 ("0} * J (5000 X)" 1 exp(0), 

mole\~ 1 



1-16 xlO 14 -, (1.48) 

\ cm 6 J s 

-£\a\ „/„„ is / mole\~ K 



2a ^"^(w) - H 6 - 81x1 ° 18 (^)~t <5000Arl 



-4.96 x 10 12 -^f 

x exp ' mole 



8.31441 x 10 7 -^-^(5000 K) 



mole\ 1 



1.77548 x 10 iU -, (1.49) 

cm 6 J s 

-2 



-E\-\ \ „ f mole \ 1 

— = 5.80 x 10 13 - 

RT J V cm 3 I s 



ai 3 r fe exp -=22. = 5.80 x 10 13 -, (1.50) 



-£-\a\ q ( mole\ 1 

=21 = -8.8774 x 10 9 - 

RT J V cm 3 J s 

Then, the differential equation system, Eqs. (jl.8|1.9p . becomes 



^T^ exp ( =£± ) = -8.8774 x 10 9 ( ^ ) i. (1.51) 



dt 
d Po 2 

dt 



-(1.16 x 10 14 )p^(Po + Po 2 ) + (1-77548 x 10 lu )p O2 (p o + p O2 ), (1.52) 
(5.80 x 10 13 )p 2 o (p o + 7J 02 ) - (8.8774 x 10 9 )p O2 (Po + Po 2 ) ? (1-53) 



. . mole 

p = 0.001 r , (1.54) 

cm 

/ x mole 

p O2 = 0.001— g-. 1.55 

cm 6 

These non-linear ordinary differential equations are in a standard form for a wide variety 

of numerical software tools. Numerical solution techniques of such equations are not the 

topic of these notes, and it will be assumed the reader has access to such tools. 

1.1.1.1.2.1 Species concentration versus time A solution was obtained numeri- 
cally, and a plot of p (t) and Po 2 (t) is given in Figure [L~2l Note that significant reaction does 
not commence until t ~ 10~ 10 s. This can be shown to be very close to the time between 
molecular collisions. For 10~ 9 s < t < 10~ 8 s, there is a vigorous reaction. For t > 10~ 7 s, 
the reaction appears to be equilibrated. The calculation gives the equilibrium values ~p~Q and 

— eq 

Po 2 , as 

Tfiolc 

lim -p = po 9 = 0.0004424 -, (1.56) 

t^oo cm 6 

TYlolc 

lim p 02 = ]fj 2 = 0.00127 r . (1.57) 

t^oo 2 cm 6 
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PoPo 2 (mole/cm 3 ) 
0.00150 r 



0.00100 ■ 



0.00070 



0.00050 



t(s) 



10" 



10" 



io- 



io- 



10~ 



io- 



Figure 1.2: Molar concentrations versus time for oxygen dissociation problem. 

Here, the superscript eq denotes an equilibrium value. Note that at this high temperature, 
O2 is preferred over O, but there are definitely O molecules present at equilibrium. 

We can check how well the numerical solution satisfied the algebraic constraint of element 
conservation by plotting the dimensionless residual error r 



Po + 2 Po 2 - Po ~ 2 P 



Ch 



Po + 2 P 



o 2 



'1.58) 



as a function of time. If the constraint is exactly satisfied, we will have r = 0. Any non-zero 
r will be related to the numerical method we have chosen. It may contain roundoff error 
and have a sporadic nature. A plot of r(t) is given in Figure [L3l Clearly, the error is small 
and has the character of a roundoff error in that it is small and discontinuous. In fact it is 
possible to drive r to be smaller by controlling the error tolerance in the numerical method. 



1.1.1.1.2.2 Pressure versus time We can use the ideal gas law to calculate the 
pressure. Recall that the ideal gas law for molecular species i is 



PtV = n,RT. 



1.59) 



Here, Pi is the partial pressure of molecular species i, and rii is the number of moles of 
molecular species i. Note that we also have 



71; 



Pi = —RT. 

V 

Note that by our definition of molecular species concentration that 

rii 

Pi=y. 
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1.5x10" 



1.0x10" 



7.0x10" 



5.0x10" 



3.0x10" 




Figure 1.3: Dimensionless residual numerical error r in satisfying the element conservation 
constraint in the oxygen dissociation example. 

So, we also have the ideal gas law as 

P i = p i RT. (1.62) 

Now, in the Dalton mixture model, all species share the same T and V. So, the mixture 
temperature and volume are the same for each species Vi = V, T± = T. But the mixture 
pressure is taken to be the sum of the partial pressures: 

TV 

p = X> ( L63 ) 

1=1 



Substituting from Eq. (11.620 into Eq. (I1.63p . we get 



N 



N 



P = Y,PiKT = RTY,Pi- 



i=l 



i=l 



For our example, we only have two species, so 

P = i?T(p + p 02 ). 
The pressure at the initial state t = is 
P(t = 0) = RT(%+% 2 ), 

= f 8.31441 x 10 7 er9 ) (5000 K) ( 0.001 
V mole A / \ 

dyne 



(1.64) 

(1.65) 

(1.66) 

mole mole\ 

0.001 ) , (1.67) 



cm J 



cm- 



8.31441 x 10 s 



cm" 



8.31441 x 10 2 bar. 



(1.68) 
(1.69) 
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P (dyne/cm 2 ) 
8.4x10 8 r 




7.2x10 



t(s) 



1Q -11 1Q -10 1Q -9 1Q -8 1Q -7 1Q -6 



Figure 1.4: Pressure versus time for oxygen dissociation example. 

This pressure is over 800 atmospheres. It is actually a little too high for good experimental 
correlation with the underlying data, but we will neglect that for this exercise. 

At the equilibrium state we have more O2 and less O. And we have a different number 
of molecules, so we expect the pressure to be different. At equilibrium, the pressure is 

P(t_> 00) = limPT(p + p 02 ), (1.70) 

t— »oo 

= ( 8.31441 x 10 7 ^ 9 - ) (5000 K) fo.0004424 ^ + 0.00127 ^) , 
V mole KJ \ cm A cm 6 J 

(1.71) 

= 7.15 xlO 8 ^, (1.72) 

cm 1 

= 7.15 x 10 2 bar. (1.73) 

The pressure has dropped because much of the O has recombined to form O2. Thus, there 
are fewer molecules at equilibrium. The temperature and volume have remained the same. 
A plot of P(t) is given in Figure [L4l 

1.1.1.1.2.3 Dynamical system form Now, Eqs. fll.52til.53]) are of the standard 
form for an autonomous dynamical system: 

|-fW. (1.74) 
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Here, y is the vector of state variables (p , p ) T . And f is an algebraic function of the state 
variables. For the isothermal system, the algebraic function is in fact a polynomial. 

Equilibrium 

The dynamical system is in equilibrium when 

f(y) = 0. (1.75) 

This non-linear set of algebraic equations can be difficult to solve for large systems. We will 
later see in Sec. 15.2.31 that for common chemical kinetics systems, such as the one we are 
dealing with, there is a guarantee of a unique equilibrium for which all state variables are 
physical. There are certainly other equilibria for which at least one of the state variables is 
non-physical. Such equilibria can be mathematically complicated. 

Solving Eq. fll.75|) for our oxygen dissociation problem gives us from Eq. (jl.8lll.9p 

- 2a 13 exp (^j jfgffiftT** + 2a 14 exp (^j jfiffiT** = 0, (1.76) 

a 18 Tft» exp (d^j rStST^ - auT^ exp (^ p^ = °" ( L77 ) 

We notice that p^ cancels. This so-called third body will in fact never affect the equilib- 
rium state. It will however influence the dynamics. Removing p^ and slightly rearranging 
Eqs. ( 1T7751ITT77|> gives 

a 13 T^ exp (d^j Jffift = a 14 T^exp^)p^ 2 , (1.78) 

a 13 r^exp(^p^po 9 = a 14 T^exp^)p^ 2 . (1.79) 

These are the same equations! So, we really have two unknowns for the equilibrium state jfp 
and Pq but seemingly only one equation. Note that rearranging either Eq. (j 1.78ft or (j 1.79ft 
gives the result 



a 14 T^ exp (^gf) 



PoPo 



Po 2 oiaTft^ exp {=£* 



K{T). (1.80) 



That is, for the net reaction (excluding the inert third body), O2 — > O + O, at equilibrium the 
product of the concentrations of the products divided by the product of the concentrations 
of the reactants is a function of temperature T. And for constant T, this is the so-called 
equilibrium constant. This is a famous result from basic chemistry. It is actually not complete 
yet, as we have not taken advantage of a connection with thermodynamics. But for now, it 
will suffice. A more complete discussion will be given in Sec. 
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We still have a problem: Eq. (11 .781) . or equivalently, Eq. (1 1 . 8 1) . is still one equation for 
two unknowns. We resolve this be recalling we have not yet taken advantage of our algebraic 
constraint of element conservation, Eq. (jl.30p . Let us use this to eliminate p^ in favor of 



'1.811 



Po*: 






Po 2 = 7,(?0-Po) +% 2 - 






So, with Eq. (11.811). Eq. (11.781) reduces to 






a^-exp^)?^ = auT^«p(^ 


){\&- 


-Po) +?o 2 ) 



(1.82) 



~~Po 9 



Equation (jl.82)) is one algebraic equation in one unknown. Its solution gives the equilibrium 
value ~pQ. It is a quadratic equation for p^ . Of its two roots, one will be physical. We 
note that the equilibrium state will be a function of the initial conditions. Mathematically 
this is because our system is really best posed as a system of differential-algebraic equations. 
Systems which are purely differential equations will have equilibria which are independent 
of their initial conditions. Most of the literature of mathematical physics focuses on such 
systems of those. One of the foundational complications of chemical dynamics is the equi- 
libria is a function of the initial conditions, and this renders many common mathematical 
notions from traditional dynamic system theory to be invalid. Fortunately, after one ac- 
counts for the linear constraints of element conservation, one can return to classical notions 
from traditional dynamic systems theory. 

Consider the dynamics of Eq. ( 11.26ft for the evolution of p . Equilibrating the right 
hand side of this equation gives Eq. ( 11.760 . Eliminating ~p M and then p 02 in Eq. ( 11.76ft then 
substituting in numerical parameters gives the cubic algebraic equation 

33948.3 - (1.78439 x 10 n )(p o ) 2 - (5.8 x 10 13 )(p o ) 3 = f(p ) = 0. (1.83) 

This equation is cubic because we did not remove the effect of p M . This will not affect 
the equilibrium, but will affect the dynamics. We can get an idea of where the roots are 
by plotting f(p ) as seen in Figure 11.51 Zero crossings of f(~p ) m Figure 11.51 represent 
equilibria of the system, p^ , /(p^ ) = 0. The cubic equation has three roots 

mole 

p^ = -0.003 -, non-physical, (1.84) 

cm 6 

mole 

■ffi = -0.000518944 -, non-physical, (1.85) 

cm 6 

mole 

Pr! = 0.000442414 -, physical. (1.86) 

cm 6 

Note the physical root found by our algebraic analysis is identical to that which was identified 
by our numerical integration of the ordinary differential equations of reaction kinetics. 
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Figure 1.5: Equilibria for oxygen dissociation example. 



Stability of equilibria 

We can get a simple estimate of the stability of the equilibria by considering the slope of 
/ near / = 0. Our dynamic system is of the form 

dp 



dt 



f(p 



o) 



(1.87) 



• Near the first non-physical root at p^ = —0.003 mole/cm 3 , a positive perturbation 
from equilibrium induces / < 0, which induces dp /dt < 0, so p returns to its 
equilibrium. Similarly, a negative perturbation from equilibrium induces dp /dt > 0, 
so the system returns to equilibrium. This non-physical equilibrium point is stable. 
Note stability does not imply physicality! 

• Perform the same exercise for the non-physical root at jfj = —0.000518944 mole/cm 3 . 
We find this root is unstable. 

• Perform the same exercise for the physical root at p~o = 0.000442414 mole/cm 3 . We 
find this root is stable. 

In general if / crosses zero with a positive slope, the equilibrium is unstable. Otherwise, it 
is stable. 

Consider a formal Tayloqj series expansion of Eq. (I1.87[) in the neighborhood of an equi- 
librium point Pq : 



=0 



(po ~ Po) + • • • 



Po=Po 



We find df/dp by differentiating Eq. (I1.83[) to get 



dp 



(3.56877 x lO 11 )?^ - (1.74 x 10 i4 )p5. 



(1.88) 



(1.89) 



"Brook Taylor, 1685-1731, English mathematician. 
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We evaluate df/dp near the physical equilibrium point at p = 0.0004442414 mole/cm 3 to 
get 

df /or™^..mll\/nnnn^^^^ ft va .. t nU\ 



dpo 



-(3.56877 x 10 11 ) (0.0004442414) - (1.74 x 10 i4 )(0.0004442414) 2 , 

= -1.91945 x 10 8 -. (1.90) 

s 

Thus, the Taylor series expansion of Eq. (I1.26[) in the neighborhood of the physical 
equilibrium gives the local kinetics to be driven by 

— (p - 0.000442414) = -(1.91945 x 10 8 ) (p - 0.0004442414) + . . . . (1.91) 

at 

So, in the neighborhood of the physical equilibrium we have 

p = 0.0004442414 + ,4 exp (-1.91945 x 10 8 t) . (1.92) 

Here, A is an arbitrary constant of integration. The local time constant which governs the 
times scales of local evolution is r where 

1 



— = 5.20983 x 10" y s. (1.93) 

1.91945 x 10 8 y J 

This nano-second time scale is very fast. It can be shown to be correlated with the mean 
time between collisions of molecules. 

1.1.1.1.3 Effect of temperature Let us perform four case studies to see the effect of 
T on the system's equilibria and its dynamics near equilibrium. 

• T = 3000 K. Here, we have significantly reduced the temperature, but it is still higher 
than typically found in ordinary combustion engineering environments. Here, we find 

en fi mole 

Po* = 8.9371 x 10" 6 -, 1.94 

cm 6 

t = 1.92059 x 10" 7 s. (1.95) 

The equilibrium concentration of O dropped by two orders of magnitude relative to 
T = 5000 K, and the time scale of the dynamics near equilibrium slowed by two orders 
of magnitude. 

• T = 1000 K . Here, we reduce the temperature more. This temperature is common in 
combustion engineering environments. We find 

.„ 1/f mole 

-ffi = 2.0356 x 10" 14 -, 1.96 

cm 6 

t = 2.82331 x 10 1 s. (1.97) 

The O concentration at equilibrium is greatly diminished to the point of being difficult 
to detect by standard measurement techniques. And the time scale of combustion has 
significantly slowed. 

ICC BY-NClMl 08 August 2012, J. M. Powers. 



1.1. ISOTHERMAL, ISOCHORIC KINETICS 31 



T = 300 K. This is obviously near room temperature. We find 



tS = 1-14199 x lO" 44 ^, (1.98) 



cm 3 



t = 1.50977 x 10 dl s. (1.99) 

The O concentration is effectively zero at room temperature, and the relaxation time 
is effectively infinite. As the oldest star in our galaxy has an age of 4.4 x 10 17 s 
(~ 13.75 x 10 9 yearsu), we see that at this temperature, our mathematical model 
cannot be experimentally validated, so it loses its meaning. At such a low temperature, 
the theory becomes qualitatively correct, but not quantitatively predictive. 

T = 10000 K. Such high temperature could be achieved in an atmospheric re-entry 
environment. 



mole 
cm 

-10 



Pr! = 2.74807 x 10" 3 -, (1.100) 



t = 1.69119 x 10 _iU s. (1.101) 

At this high temperature, O become preferred over O2, and the time scales of reaction 
become extremely small, under a nanosecond. 

1.1.1.2 Single reversible reaction 

The two irreversible reactions studied in the previous section are of a class that is common 
in combustion modelling. However, the model suffers a defect in that its link to classical 
equilibrium thermodynamics is missing. A better way to model essentially the same physics 
and guarantee consistency with classical equilibrium thermodynamics is to model the process 
as a single reversible reaction, with a suitably modified reaction rate term. 

1.1.1.2.1 Mathematical model 

1.1.1.2.1.1 Kinetics For the reversible O — O 2 reaction, let us only consider reaction 
13 from Table [i~2l for which 

13 :0 2 + M ^O + O + M. (1.102) 

For this system, we have N = 2 molecular species in L = 1 element reacting in J = 1 
reaction. Here 

aw = 1-85 x 10 11 (H^l) (K)-°-\ /3 13 = 0.5, £ 13 = 95560^-. (1.103) 
V cm 6 J mole 



NASA, http://map.gsfc.nasa.gov/universe/unijage.html, retrieved 2 January 2012. 
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Units of cal are common in chemistry, but we need to convert to erg, which is achieved via 



•13 



( 9B 560 -2*) (*™±) (^L) = 4.00014 x 10» ^f . (1404) 

\ mole J \ cal J \ J J mole 



For this reversible reaction, we slightly modify the kinetics equations to 
d Po n . m^ (-£n\ Z', -, 1 ^^^ \ 



dt 



2a r3 T /3l3 exp I -=^r) (po 2 Pm ~ ^ — PoPoPmI (1.105) 



=k 13 (T) 



=ri3 
^P02 ^fl™ / -^13 \ I- - \ 



ai 3 r ft3 exp I -=^ J \Po 2 Pm ~ ^ — PoPoPm) ■ (1.106) 



~-ki3(T) 



=Tl3 



Here, we have used equivalent definitions for fci 3 (T) and ri3, so that Eqs. ( 11.105tfL106l) can 
be written compactly as 

d ~ P ° - 2r 13 , (1.107) 



dt 
dpo 



2 



dt 
In matrix form, we can simplify to 

±(po^ 
dt \Po 2 

v 

Here, the TV x J=2 x 1 matrix i> is 



-r 13 . (1-108) 



(£W- 2 i )<*•>■ i 1 - 109 ) 



" = I _ 2 1 ) • ( 1U °) 



Performing row operations, Eq. ( 11.109ft reduces to 



*VPo + W W ™' (llli; 



or 

1 0\ d (p \_ (1 



i VMKP J Vo' (ri3) ' (1112) 



L" 1 U 
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So, here the N x N = 2 x 2 matrix L _1 is 

L--(iS). ,,n 3 ) 

The N x N = 2 x 2 permutation matrix P is the identity matrix. And the N x J = 2 x 1 
upper triangular matrix U is 

'2 



U=( Q 1. (1.114) 



Note that v = L • U or equivalently L x • i/ = U: 

1 0\ / 2 \ 



i 2/ v-17 Vo" (1115) 

=L-i =1/ =U 

Once again the stoichiometric matrix <fi is 

0=(1 2). (1.116) 

And we see that • iv = is satisfied: 

iij£-(-l) =(0) - ( 1 - 117 ) 

As for the irreversible reactions, the reversible reaction rates are constructed to conserve 
O atoms. We have 

j t (-p + 2p 02 ) = 0. (1.118) 

Thus, by integrating Eq. A1.118J) and applying the initial conditions, we once again find 

p + 2p 02 =p + 2~p 02 = constant. (1.119) 

As before, we can say 

1 

IT 



i|Uo)- (1-120) 

Po 2 J \ Po 2 / V 2 



This gives the dependent variables in terms of a smaller number of transformed dependent 
variables in a way which satisfies the linear constraints. In vector form, Eq. (j!.120p becomes 

p = ^ + D-|. (1.121) 

Once again, cf) ■ D = 0. 
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1.1.1.2.1.2 Thermodynamics Equations (ll.105Hl.106p are supplemented by an ex- 
pression for the thermodynamics-based equilibrium constant K cVi which is: 

Here, P = 1.01326 x 10 6 dyne /cm 2 = 1 atm is the reference pressure. The net change of 



Gibbd_| free energy at the reference pressure for reaction 13, AG° 3 , is defined as 

AGJ 3 = 2^-3o, (1.123) 

This is the special case of the more general vector form 

AG oT = g oT -i/. (1.124) 

Here, AG" is a J x 1 vector with the net change of Gibbs free energy for each reaction, and 
g° is a N x 1 vector of the Gibbs free energy of each species. Both are evaluated at the 
reference pressure. For reaction 13, we have 



AG° 13 = (g°o 9o 2 )-[ \ • (1-125) 




We further recall that the Gibbs free energy for species % at the reference pressure is 
defined in terms of the enthalpy and entropy as 

t^X-T^. (1.126) 

It is common to find h i and s° in thermodynamic tables tabulated as functions of T. 
We further note that both Eqs. ( 11. 105ft and ( 11.106ft are in equilibrium when 

to^u = -7? — PoVoPm- (1.127) 

A c,13 

We rearrange Eq. (jl. 127ft to find the familiar 

Kc 13 = SSS = Ulproducts] 
Po 2 \[reactants] 

If K C) i 3 > 1, the products are preferred. If K cl3 < 1, the reactants are preferred. 

Now, K C)13 is a function of T only, so it is known. But Eq. (11.128ft once again is one 
equation in two unknowns. We can use the element conservation constraint, Eq. (11.119ft to 
reduce to one equation and one unknown, valid at equilibrium: 

— eq — eq 

K,n = a /°S° _„ ■ (1-129) 

fo, + iKPo ~ Pot 



lc Josiah Willard Gibbs, 1839-1903, American mechanical engineer and the pre-eminent American scientist 
of the 19th century. 
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Using the element constraint, Eq. (II. 119ft . we can recast the dynamics of our system by 
modifying Eq. (11.1051) into one equation in one unknown: 

d Po o. rn0 13 f-£l3 



dt 2a 13 T-exp^ r 

/ \ 

C.lo v j 



X 



"> .. ■"*- 



v v v 

=Po 2 =Pm =Pm I 

(1.130) 

1.1.1.2.2 Example calculation Let us consider the same example as the previous sec- 
tion with T = 5000 K. We need numbers for all of the parameters of Eq. (11.1301) . For O, 
we find at T = 5000 K that 

h° = 3.48382 x 10 12 -^-, (1.131) 

mole 

s° = 2.20458 x 10 9 6r9 . (1.132) 

mole K 

So 

g°o = ^3.48382 x 10 12 -^-) - (5000 K) (2.20458 x 10 9 & \ g - ) , 
V mole' V mole K / 

ev q 
= -7.53908 x 10 12 — --. (1.133) 

mole 

For 2 , we find at T = 5000 K that 

h° = 1.80749 x 10 12 -^t-, (1.134) 

mole 

s° = 3.05406 x 10 9 er ' 9 — . (1.135) 

mote il 

So 

,9 er # 



^ = (l. 80749 x 10 12 -^- N ) - (5000 X) (3.05406 x 10 
2 V mole' V 



mole' V mole iw 

■1.34628 x 10 13 — — . (1.136) 

mole 



Thus, by Eq. (fl~T23l) . we have 



AG?, = 2(-7.53908 x 10 i2 ) - (-1.34628 x 10 ld ) = -1.61536 x 10 i2 — —. (1.137) 

mole 

Thus, by Eq. (jl,122p we get for our system 

1.01326 x 10 6 ^ 



K, 



c,13 



(8.31441 x 10 7 ^_) (5000 K) 
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Po Po 2 (mole/cm 3 ) 
0.00150 r 



0.00100 



0, 



0.00070 



0.00050 



0.00030 



O 



10" 



10" 



10" 7 



10" 



t(s) 



0.001 



Figure 1.6: Plot of p (t) and Po 2 {t) for oxygen dissociation with reversible reaction. 



x exp — 
1.187 x 1CT 4 



-1.61536 x 10 12 -^f- 

mole 



(8.31441 x 10 7 ^_) (5000 K) 
mole 



cm- 3 



1.138) 



;i.l39) 



Substitution of all numerical parameters into Eq. ( 11.130ft and expansion yields the fol- 
lowing 



dfo 
dt 



12w3 



3899.47 - (2.23342 x 10 lu )po - (7.3003 x 10 12 )pS = f(p ), (l-UO) 



p o (0) = 0.001. 



1.141) 



A plot of the time-dependent behavior of p and p 02 from solution of Eqs. (I1.140[ II .141|) is 
given in Figure [l~6l The behavior is similar to the predictions given by the pair of irreversible 
reactions in Fig. 11.11 Here, direct calculation of the equilibrium from time integration reveals 



mole 



cm- 



■ft* = 0.000393328 
Using Eq. ( 11.1191) we find this corresponds to 



pn mole 

f% = 0.00130334 -. 

2 cm 6 
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Figure 1.7: Plot of f(Po) versus p for oxygen dissociation with reversible reaction. 

We note the system begins to undergo significant reaction for t ~ 10~ 9 s and is equilibrated 
when t ~ 10 -7 s. 

The equilibrium is verified by solving the algebraic equation suggested by Eq. (II .140|) : 

f(p ) = 3899.47 - (2.23342 x 10 10 )p^ - (7.3003 x 10 12 )p^ = 0. 



This yields three roots: 



—in 
Po 



—eq 

Po 



—in 

Po 



-0.003 



mole 



cm 



non-physical, 



-0.000452678 



mole 



0.000393328 



cm c 
mole 



cm° 



non-physical, 
physical, 



(1.144) 

(1.145) 

(1.146) 

(1.147) 
(1.148) 



consistent with the plot given in Figure 11.71 

Linearizing Eq. (jl. 141ft in the neighborhood of the physical equilibrium yields the equa- 
tion 

d 



dt 



(p - 0.000393328) = -(2.09575 x 10 7 ) (p - 0.000393328) 



This has solution 



p = 0.000393328 + ylexp (-2.09575 x 10 7 t) . 



1.149) 



(1.150) 



Again, A is an arbitrary constant. Obviously the equilibrium is stable. Moreover, the time 
constant of relaxation to equilibrium is 

1 



2.09575 x 10 7 



4.77156 x 10 -8 s. 



(1.151) 
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This is consistent with the time scale to equilibrium which comes from integrating the full 
equation. 

1.1.2 Zel'dovich mechanism of NO production 

Let us consider next a more complicated reaction system: that of NO production known 
as the Zel'doviclo mechanism. This is an important model for the production of a major 
pollutant from combustion processes. It is most important for high temperature applications. 
Related calculations and analysis of this system are given by Al-Khateeb, et al\ 12 \ 

1.1.2.1 Mathematical model 

The model has several versions. One is 

(1.152) 
(1.153) 

Similar to our model for 02 dissociation, A^ and O2 are preferred at low temperature. As 
the temperature rises, N and O begin to appear. It is possible when they are mixed for NO 
to appear as a product. 

1.1.2.1.1 Standard model form Here, we have the reaction of N = 5 molecular species 
with 



1 : 


N + NO ^ N 2 + 0, 


2 : 


N + 2 ^ NO + O 



/Pno\ 

~Pn 

Pn 2 

Po 

\Po 2 J 



(1.154) 



Note that "iV" here serves two purposes: one to denote the number of species, the other 
to denote elemental nitrogen. The context should allow the reader to distinguish the two. 
We have L = 2 elements, with N, (I = 1) and O, (I = 2). The stoichiometric matrix (f> of 
dimension LxiV = 2x5is 







112 
10 12 



(1.155) 



The first row of <fi is for the TV atom; the second row is for the O atom. 



n Yakov Borisovich Zel'dovich, 1915-1987 prolific Soviet physicist and father of thermonuclear weapons. 



Al-Khateeb, A. N. Powers, J. M., Paolucci, S., Sommese, A. J., Diller, J. A., Hauenstein, J. D., and 



Mengers, J. D., 2009, "One-Dimensional Slow Invariant Manifolds for Spatially Homogeneous Reactive Sys- 
tems," Journal of Chemical Physics, 131(2): 024118. 
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We have J = 2 reactions. The reaction vector of length J = 2 is 



/aiT" 



ail ^ exp 



o^T^ 2 exp 



r 



\PnPno ~ ~k~[Pn 2 Po) 



T, 



T 



o,2 \ /_ _ i _ _ \ 

PnPo 2 k c , 2 PnoPo) 



h [PnPno ~ itlP^Po) 
h [PnPo 2 ~ t^PnoPo) 



Here, we have 



h = aiT^expf-^j 



a-iT^ exp 



In matrix form, the model can be written as 



T 



d_ 



f~P~No\ 

Pn 

Pn 2 

Po 

\Po 2 ) 



/-I 1 \ 

-1 -1 

1 

1 1 

V o -i/ 



"V - 



(1.156) 



1.157) 



1.158) 
1.159) 



(1.160) 



Here, the matrix u has dimension TV x J = 5 x 2. The model is of our general form, Eq. fll. 16j) : 

dp 



dt 



v ■ r. 



(1.161) 



Note that our stoichiometric constraint on element conservation for each reaction, Eq. ( 11.221) . 
<p ■ v = holds here: 



(j> ■ v 



112 
10 12 



-1 


1 \ 




-1 


-1 


/o 


1 





= V o o 


1 


1 


\ 


^ o 


-V 





(1.162) 



We get 4 zeros because there are 2 reactions each with 2 element constraints. 
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1.1.2.1.2 Reduced form Here, we describe non-traditional, but useful, reductions by 
using standard techniques from linear algebra to bring the model equations into a reduced 
form in which all of the linear constraints have been explicitly removed. 

Let us perform a series of row operations to find all of the linear dependencies. Our aim 
is to convert the matrix u into an upper triangular form. The lower left corner of v already 
has a zero, so there is no need to worry about it. Let us add the first and fourth equations 
to eliminate the 1 in the 4, 1 slot. This gives 



d_ 



I 



Pno 

Pn 

Pn 2 _ 

Pno + Po 

Po 2 



\ 



/-I 1 \ 

-1 -1 

1 

2 

V o -i/ 



1.163) 



Next, add the first and third equations to get 



d 

dt 



I 



Pno 

Pn_ 

Pno + Pn 2 

Vno + Po 

Po 2 



\ 



J 



/-I 



-1 







V o 



i \ 

-i 
i 

2 



(1.164) 



Now, multiply the first equation by —1 and add it to the second to get 



d 
dt 



( 



\ 



Pno \ 
~Pno + Pn 
Pno + Pn 2 
Pno + Po 

Po 2 



(-1 




V o 



i \ 

-2 
1 
2 



(1.165) 



Next multiply the fifth equation by —2 and add it to the second to get 



d 



Pno 

~Pno + Pn 

Pno + Pn 2 

Pno + Po 

V -Pno + Pn~ 2 Po 2 ) 



Next add the second and fourth equations to get 

/ Pun \ 



d 

It 



Pno 

~Pno + Pn 

Pno + Pn 2 

Pn + Po 

V -Pno + Pn~ 2 Po 2 } 



/-I 




V o 



/-i 





V o 



i \ 

-2 
1 
2 

/ 



1 \ 

-2 
1 

/ 



1.166) 



1.167) 
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Next multiply the third equation by 2 and add it to the second to get 



d 

It 



( Pno \ 

~Pno + Pn 

Pno + Pn + 2 Pn 2 

'Pn+'Po 

V -Pno + Pn~ 2 Po 2 ) 



(-1 




V o 



i \ 

-2 



o / 



(1.168) 



Rewritten, this becomes 



/ 1 

-1 
1 


V-i 





1 
1 2 
1 1 
1 



\ 









d 

dt 



{~Pno\ 

Ptv 

Pn 2 

Po 
\Po 2 J 



/-I 





V o 



i \ 

-2 



o / 



1.169) 






=U 



A way to think of this type of row echelon form is that it defines two free variables, those 
associated with the non-zero pivots of U: p NO and p N . The remaining three variables p N2 , ~p 
and ~p~02i are bound variables which can be expressed in terms of the free variables. Note that 
our set of free and bound variables is not unique; had we formed other linear combinations, 
we could have arrived at a different set which would be as useful as ours. 

The last three of the ordinary differential equations of Eq. (11.1691) are homogeneous and 
can be integrated to form 



Pno 



~Pno 



v + 2 Pn 2 = 


= Cx, 


'Pn + 'Po = 


= c 2 , 


v — 2p 02 = 


= c 3 . 



(1.170) 
(1.171) 
(1.172) 



The constants Ci, C 2 and C3 are determined from the initial conditions on all five state 
variables. In matrix form, we can say 



1.173) 



Considering the free variables, p NO and p N , to be known, we move them to the right side to 

get 









CPno) 


1 


1 2 


°\ 


Pn 





1 1 


° 


Pn 2 


-1 


1 


"2/ 


Po 
{Po 2 J 




(2 

1 

\0 




Ci — Pno ~ Pn 

C2-p N 
C3 + Pno ~ Pn . 



(1.174) 
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Solving for the bound variables, we find 

P_N 2 \ _ ( \Cl 
263 



" 2~PNO ~ 2 PiV 

Ho I - C 2 -~Pn 

PO2 / \~2~C 3 — 2PNO+ 2~PN . 



Po 



(1.175) 



We can rewrite this as 



= Co +0 



Pn 2 

PO °2 

PoJ \-\cJ V 



,*)feJ 



We can get a more elegant form by defining £jvo 
state variables have the form 



(1.176) 
p NO and £n = Pn- Thus, we can say our 



(~Pno\ 




( ° ^ 


I 


Pn 









Pn 2 


= 


5C1 


+ 


Po 




c 2 




\Po 2 J 




\-&) 


\ 



\ 

1 



£,NO 



(1.177) 



\ 



By translating via £ NO = £ NO + p NO and t, N 

and C3 appropriately, we can arrive at 

/Pvo\ (~Pno\ 
~Pn Pn 

Pn 2 = Pn 2 
Po Po 

\Po 2 J \ % 2 ) 



£ N + p N and choosing the constants Ci, C 2 , 



1 1 


\ 





1 


1 

2 




1 

2 

-1 


\-\ 


1 J 




(1.178) 



D 



This takes the form of Eq. fOTj) : 



D 4 



(1.179) 



Here, the matrix D is of dimension iV x R = 5 x 2. It spans the same column space as 
does the N x J matrix u which is of rank R. Here, in fact R = J = 2, so D has the same 
dimension as v. In general it will not. If Cj and c 2 are the column vectors of D, we see that 
— Ci — c 2 forms the first column vector of u and ci — c 2 forms the second column vector of 
v. Note that <j> D = 0: 



(f> D 





f 1 


\ 




1 1 2 0\ 



1 


1 

1 


(0 


10 127 


2 




2 
-1 


" vo 




X-2- 


\) 





1.180) 
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Equations fll.170til.172D can also be linearly combined in a way which has strong phys- 
ical relevance. We rewrite the system as three equations in which the first is identical to 
Eq. (I1.17UI) : the second is the difference of Eqs. (11.1711) and (11.1721) ; and the third is half of 
Eq. ffTTTUD minus half of Eq. ffl~T72D plus Eq. (JTT7TJ1 : 

Vno + Pn + 2Ptv 2 = Ci, (1-181) 

Po + Pno + ZPo 2 = C 2 -C 3 , (1.182) 

Pno + Pn + Pn 2 + Po + Po 2 = ^(Ci - C 3 ) + C 2 . (1.183) 

Equation (1 1 . 1 8 1 D insists that the number of nitrogen elements be constant; Eq. (jl. 182ft 
demands the number of oxygen elements be constant; and Eq. 1 )1.183)1 requires the number 
of moles of molecular species be constant. For general reactions, including the earlier studied 
oxygen dissociation problem, the number of moles of molecular species will not be constant. 
Here, because each reaction considered has two molecules reacting to form two molecules, 
we are guaranteed the number of moles will be constant. Hence, we get an additional 
linear constraint beyond the two for element conservation. Note that since our reaction is 
isothermal, isochoric and mole-preserving, it will also be isobaric. 

1.1.2.1.3 Example calculation Let us consider an isothermal reaction at 

T = 6000 K. (1.184) 

The high temperature is useful in generating results which are easily visualized. It insures 
that there will be significant concentrations of all molecular species. Let us also take as an 
initial condition 

Pno = Pn = Pn 2 = Po = Po 2 = 1x 10 ~ 6 §-■ (1.185) 

cm" 

For this temperature and concentrations, the pressure, which will remain constant through 
the reaction, is P = 2.4942 x 10 6 dyne/cm 2 . This is a little greater than atmospheric. 

Kinetic data for this reaction are adopted from Baulch, et a/o The data for reaction 1 

is 



mole\ 1 



fll = 2.107 x 10 ld r -, (3 1 = 0, T al = K. (1.186) 

cm 6 ' 



For reaction 2, we have 



mole\ 1 



a 2 = 5.8394 x 10 9 ( ^f I ' , f3 2 = 1.01, T a2 = 3120 K. (1.187) 

1 cm 6 J A 1U1 - 



13 Baul ch, et al., 2005[ "Evaluated Kinetic Data for Combustion Modeling: Supplement II," Journal of 
Physical and Chemical Reference Data, 34(3): 757-1397. 
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Here, the so-called activation temperature T a j for reaction j is really the activation energy 
scaled by the universal gas constant: 



T, 



'->:l 



R 



(1.188) 



Substituting numbers, we obtain for the reaction rates 
fci = (2.107 x 10 13 )(6000)°exp ' 
k 2 = (5.8394 x 10 9 )(6000) L01 exp 



6000 / " 
-3120 



2.107 x 10 



13 



mole 



6000 



2.27231 x 10 



1 
s' 

mole 



1.189) 



is 



cm- 



(1.190) 



We will also need thermodynamic data. The data here will be taken from the Chemkin 
databaseo Thermodynamic data for common materials is also found in most thermody- 
namic texts. For our system at 6000 K, we find 



9no 



r N2 



To 



g°o 2 



-1.58757 x 10 
-7.04286 x 10 
-1.55206 x 10 
-9.77148 x 10 
-1.65653 x 10 



13 



erg 



mole 

2 er 9 
mole'' 

3 er 9 
mole' 

2 er 9 

mole'' 

3 er 9 
mole 



(1.191) 

(1.192) 
(1.193) 
(1.194) 
(1.195) 



We use Eq. f )1.124|) to find AG° for each reaction: 



AG 



oT 



r T ■ ", 



AGl AG° 2 ) = (g° NO 9% 9°n 2 9°o 9°o 2 







(1.196) 


(-1 


1 \ 




-1 


-1 




1 





(1.197) 


1 


1 




^ o 


-u 





Thus, for each reaction, we find AG°: 

ag° = r N2 +r -r N -TNo, 

= -1.55206 x 10 13 - 9.77148 x 10 12 + 7.04286 x 10 12 + 1.58757 x 10 



(1.198) 



13 



1 ^R. J. Kee, et al., 2 000, "The Chemkin Thermodynamic Data Base," part of the Chemkin Collection Re- 
lease 3.6, Reaction Design, San Diego, CA. 
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[1.199) 



,12 er 9 



= -2.37351 x 10 12 — f-, (1.200) 

TYIOIC 

ag^ = g No+r -g N-g o 2 , (1.201) 

= -1.58757 x 10 13 - 9.77148 x 10 12 + 7.04286 x 10 12 + 1.65653 x 10 13 , 

(1.202) 

= -2.03897 x 10 12 -^-. (1.203) 

mole 

At 6000 K, we find the equilibrium constants for the J = 2 reactions are 

K c ,i = ex p(^)> ( L204 ) 
/ 2.37351 x 10 12 \ 

= eXP U-314x 10^(6000) J (L2 ° 5) 

= 116.52, (1.206) 

Kc,2 = ex p(^P)> ( L207 ) 

/ 2.03897 x 10 12 \ 
= 6X H (8-314 xlQ 7 ) (6000) J' (L2 ° 8) 

= 59.5861. (1.209) 

Again, omitting details, we find the two differential equations governing the evolution of 
the free variables are 

-^ = 0.723 + 2.22 x lO 7 ^ + 1.15 x !0 13 p 2 N - 9.44 x 10 5 p NO - 3.20 x 10 13 p N p NO , 

(1.210) 
-^ = 0.723-2.33 x 10 7 p N - 1.13 x 10 13 p^ + 5.82 x 10 5 p NO - 1.00 x 10 13 p N p NO . 

(1.211) 

Solving numerically, we obtain the solution shown in Fig. 11.81 The numerics show a relaxation 
to final concentrations of 

lim-p NO = 7.336 x 10" 7 -, (1.212) 

t^oo cm 6 

TTtole 
\im-p N = 3.708 x 10 -8 -. (1.213) 

t^co cm 6 



Equations ( ll.210lfl~2Tll are of the form 

dpNO 
dt 

dp~N 



Ino{Pno^Pn)^ (1.214) 

Jn^NO^Pn)- (1.215) 



dt 
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PNO>PN(mole/cm3) 
1 x 1 0" 5 r 
5x10 -6 - 




1 X10" 7 r 

5x10 -8 - 



10 



10 



10" 



10" 



10" 



10" 



t(s) 



10" 



Figure 1.8: NO and N concentrations versus time for T = 6000 K, P = 2.4942 x 
10 6 dyne/ cm 2 Zel'dovich mechanism. 



At equilibrium, we must have 



fNoiPNOiPN) 
fN(p~NOi~PN) 



0. 
0. 



We find three finite roots to this problem: 



1 : (PnoiPn) = (-1-605 x 10" 6 , -3.060 x 10" 



mole 

T" ■ 
cmr 

mole 



2 : {~Pno,Pn) = (-5.173 x 10" 8 , -2.048 x 10" 6 ) - 

C77r 

_ 7 „ _ „_ Sn mole 



3 : (PnoiPn) = (7-336 x 10"', 3.708 x 10" 



cm- 



(1.216) 
(1.217) 



non-physical, (1.218) 

non-physical, (1.219) 

physical. (1.220) 



Obviously, because of negative concentrations, roots 1 and 2 are non-physical. Root 3 
however is physical; moreover, it agrees with the equilibrium we found by direct numerical 
integration of the full non-linear equations. 

We can use local linear analysis in the neighborhood of each equilibria to rigorously 
ascertain the stability of each root. Taylor series expansion of Eqs. ( II .21411112151) in the 
neighborhood of an equilibrium point yields 



d 

-jr \Pno — Pnoj 



Ino\ 

=0 



df. 



NO 



dp 



NO 



I- -eq s df NO 

\Pno — Pno) + ~5= 
°Pn 



(Pn ~ Pn) + • • • , 
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dt {pN ~ ^ 



f. 



N\ 



dt 



N 



dp 



NO 



/_ -eq s Q/jV 

IPtvo ~~ Pno) + "5="" 
op N 



(1.221) 
(p N -7%) + .... (1-222) 



Evaluation of Eqs. (Il.221til.222j) near the physical root, root 3, yields the system 

d_ (p NO - 7.336 x 10" 7 \ / -2.129 x 10 6 -4.155 x 10 5 \ (p NO - 7.336 x 10" 7 \ 
it\p N - 3.708 x 10" 8 y = V 2.111 x 10 5 -3.144 x 10 7 y \ p N - 3.708 x 10" 8 J ' 



dt 



8p\ 



This is of the form 



d_ 
It 



&q\ 



dp 



(P 



i e( A 



J (p 



,eg> 



(1.223) 



[1.224) 



It is the eigenvalues of the JacobiarJ 15 ! matrix J that give the time scales of evolution of the 
concentrations as well as determine the stability of the local equilibrium point. Recall that 
we can usually decompose square matrices via the diagonalization 



J = S- A-S" 1 . 



(1.225) 



Here, S is the matrix whose columns are composed of the right eigenvectors of J, and A is 
the diagonal matrix whose diagonal is populated by the eigenvalues of J. For some matrices 
(typically not those encountered after our removal of linear dependencies), diagonalization 
is not possible, and one must resort to the so-called near-diagonal Jordan form. This will 
not be relevant to our discussion, but could be easily handled if necessary. We also recall the 
eigenvector matrix and eigenvalue matrix are defined by the standard eigenvalue problem 



J • S = S • A. 



(1.226) 



We also recall that the components A of A are found by solving the characteristic polynomial 
which arises from the equation 



det (J - AI) = 0, 
where I is the identity matrix. Defining z such that 



S • z = p — p 



cq 



(1.227) 



(1.228) 



15 after Carl Gustav Jacob Jacobi, 1804-1851, German mathematician. 
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and using the decomposition Eq. (|1.225p . Eq. (11.224ft can be rewritten to form 

^■(S-z) = S_A_S^-(S-z), (1.229) 




PP 

S~ = S-A-z, (1.230) 

S^-S-^ = S" 1 - S-A-z, (1.231) 

dt y ' 

dz 

— = A-z. (1.232) 

Eq. (11.2321) is in diagonal form. This has solution for each component of z of 

z 1 = Ciexp(Ait), (1.233) 

z 2 = C 2 exp(A 2 t), (1.234) 

: (1.235) 

Here, our matrix J, see Eq. (11.2231) . has two real, negative eigenvalues in the neighborhood 
of the physical root 3: 

Ai = -3.143 x 10 7 -, (1.236) 

s 

A 2 = -2.132 x 10 6 -. (1.237) 

Thus, we can conclude that the physical equilibrium is linearly stable. The local time 
constants near equilibrium are given by the reciprocal of the magnitude of the eigenvalues. 
These are 

n = 1/| Ai| = 3.181 x 10" 8 s, (1.238) 

T2 = 1/|A 2 | = 4.691 x 1(T 7 s. (1.239) 

Evolution on these two time scales is predicted in Fig. 11.81 This in fact a multiscale problem. 
One of the major difficulties in the numerical simulation of combustion problems comes in 
the effort to capture the effects at all relevant scales. The problem is made more difficult as 
the breadth of the scales expands. In this problem, the breadth of scales is not particularly 
challenging. Near equilibrium the ratio of the slowest to the fastest time scale, the stiffness 
ratio k, is 

r 2 4.691 x 10" 7 s 

k = — = — = 14.75. 1.240 

n 3.181 x 10" 8 s V ' 

Many combustion problems can have stiffness ratios over 10 6 . This is more prevalent at 
lower temperatures. 
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We can do a similar linearization near the initial state, find the local eigenvalues, and 
the local time scales. At the initial state here, we find those local time scales are 

n = 2.403 x 1CT 8 s, (1.241) 

r 2 = 2.123 x 1CT 8 s. (1.242) 

So, initially the stiffness, k = (2.403 x 10 -8 s)/(2.123 x 10 -8 s) = 1.13 is much less, but the 
time scale itself is small. It is seen from Fig. 11.81 that this initial time scale of 10 -8 s well 
predicts where significant evolution of species concentrations commences. For t < 10~ 8 s, the 
model predicts essentially no activity. This can be correlated with the mean time between 
molecular collisions-the theory on which estimates of the collision frequency factors Oj are 
obtained. 

We briefly consider the non-physical roots, 1 and 2. A similar eigenvalue analysis of root 
1 reveals that the eigenvalues of its local Jacobian matrix are 

Ai = -1.193 x 10 7 -, (1.243) 

s 

A 2 = 5.434 x 10 6 -. (1.244) 

s 

Thus, root 1 is a saddle and is unstable. 
For root 2, we find 

Ai = 4.397 x 10 7 + i7.997x 10 6 -, (1.245) 

s 

A 2 = 4.397 x 10 7 -i7.997x 10 6 -. (1.246) 

s 

The eigenvalues are complex with a positive real part. This indicates the root is an unstable 
spiral source. 

A detailed phase portrait is shown in Fig. 11.91 Here, we see all three finite roots. Their 
local character of sink, saddle, or spiral source is clearly displayed. We see that trajectories 
are attracted to a curve labeled SIM for "Slow Invariant Manifold." A part of the SIM is 
constructed by the trajectory which originates at root 1 and travels to root 3. The other 
part is constructed by connecting an equilibrium point at infinity into root 3. Details are 
omitted here and are given by Al-Khateeb, et a/O 

1.1.2.2 Stiffness, time scales, and numerics 

One of the key challenges in computational chemistry is accurately predicting species concen- 
tration evolution with time. The problem is made difficult because of the common presence 
of physical phenomena which evolve on a widely disparate set of time scales. Systems which 



16 Al-Khat eeb, A. N.[ Powers, J. M., Paolucci, S., Sommese, A. J., Diller, J. A., Hauenstein, J. D., and 
Mengers, J. D., 2009, "One-Dimensional Slow Invariant Manifolds for Spatially Homogeneous Reactive Sys- 
tems," Journal of Chemical Physics, 131(2): 024118. 
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Figure 1.9: NO and N phase portraits for T = 6000 K, P = 2.4942 x 10 6 dyne/cm 2 
Zel'dovich mechanism. 
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Figure 1.10: p NO and p N versus time for Zel'dovich mechanism at T = 1500 K, P 
6.23550 x 10 5 dyne/cm 2 . 



evolve on a wide range of scales are known as stiff, recognizing a motivating example in 
mass-spring-damper systems with stiff springs. Here, we will examine the effect of tempera- 
ture and pressure on time scales and stiffness. We shall also look simplistically how different 
numerical approximation methods respond to stiffness. 



1.1.2.2.1 Effect of temperature Let us see how the same Zel'dovich mechanism be- 
haves at lower temperature, T = 1500 K; all other parameters, including the initial species 
concentrations are the same as the previous high temperature example. The pressure how- 
ever, lowers, and here is P = 6.23550 x 10 5 dyne/cm 2 , which is close to atmospheric pressure. 
For this case, a plot of species concentrations versus time is given in Figure [T. 101 

At T = 1500 K, we notice some dramatic differences relative to the earlier studied 
T = 6000 K . First, we see the reaction commences in around the same time, t ~ 10~ 8 s. For 
t ~ 10~ 6 s, there is a temporary cessation of significant reaction. We notice a long plateau 
in which species concentrations do not change over several decades of time. This is actually 
a pseudo-equilibrium. Significant reaction recommences for t ~ 0.1 s. Only around t ~ 1 s 
does the system approach final equilibrium. We can perform an eigenvalue analysis both 
at the initial state and at the equilibrium state to estimate the time scales of reaction. For 
this dynamical system which is two ordinary differential equations in two unknowns, we will 
always find two eigenvalues, and thus two time scales. Let us call them n and r 2 . Both 
these scales will evolve with t. 
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At the initial state, we find 

n = 2.37 x 10" 8 s, (1.247) 

r 2 = 4.25 x 1CT 7 s. (1.248) 

The onset of significant reaction is consistent with the prediction given by T\ at the initial 
state. Moreover, initially, the reaction is not very stiff; the stiffness ratio is k = 17.9. 
At equilibrium, we find 

lim -p NO = 4.6 x 1CT 9 -, (1.249) 

lim p N = 4.2 x 10" 14 ^, (1.250) 
t^oo cm 6 



and 

Ti = 7.86 x 10" 7 s, (1.251) 

r 2 = 3.02 x 10" 1 s. (1.252) 

The slowest time scale near equilibrium is an excellent indicator of how long the system 
takes to relax to its final state. Note also that near equilibrium, the stiffness ratio is large, 
K = TiJT\ ~ 3.8 x 10 5 . Because it is large, the scales in this problem are widely disparate, 
and accurate numerical solution becomes challenging. 

In summary, we find the effect of lowering temperature while leaving initial concentrations 
constant: 

• lowers the pressure somewhat, slightly slowing the collision time, and slightly slowing 
the fastest time scales, and 

• slows the slowest time scales many orders of magnitude, stiffening the system signifi- 
cantly, since collisions may not induce reaction with their lower collision speed. 

1.1.2.2.2 Effect of initial pressure Let us maintain the initial temperature at T = 
1500 K, but drop the initial concentration of each species to 

-""*« , ^-s. >-v, ttioIg 

Pno = Pn = Pn 2 = Po 2 =Po = 10 " 8 §"• (1.253) 

cm 6 

With this decrease in number of moles, the pressure now is 

(11171 P 

P = 6.23550 x 10 3 -^-5-. (1.254) 

cm 2 

This pressure is two orders of magnitude lower than atmospheric. We solve for the species 
concentration profiles and show the results of numerical prediction in Figure [T. Ill Relative to 
the high pressure P = 6.2355 x 10 5 dyne/cm 2 , T = 1500 K case, we notice some similarities 
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Figure 1.11: p NO and p N versus time for Zel'dovich mechanism at T = 1500 K, P 
6.2355 x 10 3 dyne/cm 2 . 



and dramatic differences. The overall shape of the time-profiles of concentration variation 
is similar. But, we see the reaction commences at a much later time, t ~ 10~ 6 s. For 
t ~ 10~ 4 s, there is a temporary cessation of significant reaction. We notice a long plateau 
in which species concentrations do not change over several decades of time. This is again 
actually a pseudo-equilibrium. Significant reaction recommences for t ~ 10 s. Only around 
t ~ 100 s does the system approach final equilibrium. We can perform an eigenvalue analysis 
both at the initial state and at the equilibrium state to estimate the time scales of reaction. 
At the initial state, we find 



72 



2.37 x 10 _t> s, 
4.25 x 10 -5 



s. 



1.255) 
1.256) 



The onset of significant reaction is consistent with the prediction given by T\ at the initial 
state. Moreover, initially, the reaction is not very stiff; the stiffness ratio is k = 17.9. 
Interestingly, by decreasing the initial pressure by a factor of 10 2 , we increased the initial 
time scales by a complementary factor of 10 2 ; moreover, we did not alter the stiffness. 
At equilibrium, we find 



lim p NO 

t— >oo 

lim p N 

t— >oo 



4.6 x 10 



4.2 x 10 



-ii 



-16 



mole 

cmr 

mole 



cm- 3 



(1.257) 

(1.258) 
(1.259) 
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and 

Ti = 7.86 x 1CT 5 s, (1.260) 

r 2 = 3.02 x 10 1 s. (1.261) 

By decreasing the initial pressure by a factor of 10 2 , we decreased the equilibrium concentra- 
tions by a factor of 10 2 and increased the time scales by a factor of 10 2 , leaving the stiffness 
ratio unchanged. 

In summary, we find the effect of lowering the initial concentrations significantly while 
leaving temperature constant 

• lowers the pressure significantly, proportionally slowing the collision time, as well as 
the fastest and slowest time scales, and 

• does not affect the stiffness of the system. 

1.1.2.2.3 Stiffness and numerics The issue of how to simulate stiff systems of ordinary 
differential equations, such as presented by our Zel'dovich mechanism, is challenging. Here, 
a brief summary of some of the issues will be presented. The interested reader should consult 
the numerical literature for a full discussion. See for example the excellent text of IserlesJ 17 ! 

We have seen throughout this section that there are two time scales at work, and they are 
often disparate. The species evolution is generally characterized by an initial fast transient, 
followed by a long plateau, then a final relaxation to equilibrium. We noted from the phase 
plane of Fig. 11.91 that the final relaxation to equilibrium (shown along the green line labeled 
"SIM" ) is an attracting manifold for a wide variety of initial conditions. The relaxation onto 
the SIM is fast, and the motion on the SIM to equilibrium is relatively slow. 

Use of common numerical techniques can often mask or obscure the actual dynamics. 
Numerical methods to solve systems of ordinary differential equations can be broadly cat- 
egorized as explicit or implicit. We give a brief synopsis of each class of method. We cast 
each as a method to solve a system of the form 

• Explicit: The simplest of these methods, the forward Euler method, discretizes Eq. (11.2621) 
as follows: 



Pn+l Pn 

so that 



At 



f(pj, (1.263) 



p n+1 = p n + Atf(p n ). (1.264) 

Explicit methods are summarized as 



1 A. Iserles, 2008, A First Course in the Numerical Analysis of Differential Equations, Cambridge Uni- 
versity Press, Cambridge, UK. 
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— easy to program, since Eq. (j 1.264ft can be solved explicitly to predict the new 
value /o n +i m terms of the old values at step n. 

— need to have At < Tf as test hi order to remain numerically stable, 

— able to capture all physics and all time scales at great computational expense for 
stiff problems, 

— requiring much computational effort for little payoff in the SIM region of the phase 
plane, and thus 

— inefficient for some portions of stiff calculations. 

• Implicit: The simplest of these methods, the backward Euler method, discretizes 
Eq. (11.2621) as follows: 



Pn+l Pr, 
At 



f(Pn+i), (1-265) 



so that 



p n+1 = p n + Atf(p n+1 ). (1.266) 

Implicit methods are summarized as 

— more difficult to program since a non-linear set of algebraic equations, Eq. ( 11. 266ft . 
must be solved at every time step with no guarantee of solution, 

— requiring potentially significant computational time to advance each time step, 

— capable of using very large time steps and remaining numerically stable, 

— suspect to missing physics that occur on small time scales r < At, and 

— for many purposes, especially when fine transients are unimportant, better per- 
formers than explicit methods, 

— potentially dangerous when fine transients are necessary to capture high frequency 
physical instabilities. 

A wide variety of software tools exist to solve systems of ordinary differential equations. 
Most of them use more sophisticated techniques than simple forward and backward Euler 
methods. One of the most powerful techniques is the use of error control. Here, the user 
specifies how far in time to advance and the error that is able to be tolerated. The algorithm, 
which is complicated, selects then internal time steps, for either explicit or implicit methods, 
to achieve a solution within the error tolerance at the specified output time. A well known 
public domain algorithm with error control is provided by lsode.f, which can be found in 
the net lib repository] 18 ! 



^Hindmarsh, A. C, 19831 "ODEPACK, a Systematized Collection of ODE Solvers," Scien- 
tific Computing, edited by R. S. Stepleman, et al., North-Holland, Amsterdam, pp. 55-64. 
http: //www. net lib . org/alliant/ode/prog/lsode . f 
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Table 1.3: Results from computing Zel'dovich NO production using implicit and explicit 
methods with error control in dlsode.f. 



Let us exercise the Zel'dovich mechanism under the conditions simulated in Fig. Il.llj, 
T = 1500 K, P = 6.2355 x 10 3 dyne/ cm 2 . Recall in this case the fastest time scale near 
equilibrium is T\ = 7.86 x 10 -5 s ~ 10 -4 s at the initial state, and the slowest time scale is 
t = 3.02 x 10 1 s at the final state. Let us solve for these conditions using dlsode.f, which 
uses internal time stepping for error control, in both an explicit and implicit mode. We 
specify a variety of values of At and report typical values of number of internal time steps 
selected by dlsode.f, and the corresponding effective time step At e // used for the problem, 
for both explicit and implicit methods, as reported in Table 11.31 

Obviously if output is requested using At > 10~ 4 s, the early time dynamics near t ~ 
10~ 4 s will be missed. For physically stable systems, codes such as dlsode . f will still provide 
a correct solution at the later times. For physically unstable systems, such as might occur in 
turbulent flames, it is not clear that one can use large time steps and expect to have fidelity 
to the underlying equations. The reason is the physical instabilities may evolve on the same 
time scale as the fine scales which are overlooked by large At. 



1.2 Adiabatic, isochoric kinetics 

It is more practical to allow for temperature variation within a combustor. The best model 
for this is adiabatic kinetics. Here, we will restrict our attention to isochoric problems. 



1.2.1 Thermal explosion theory 

There is a simple description known as thermal explosion theory which provides a good 
explanation for how initially slow exothermic reaction induces a sudden temperature rise 
accompanied by a final relaxation to equilibrium. 
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Let us consider a simple isomerization reaction in a closed volume 

A^B. (1.267) 

An isomerization reaction is one in which the molecular structure may rearrange, but the 
elemental composition, and thus the molecular mass, of the molecule does not change. Let 
us take A and B to both be calorically perfect ideal gases with identical molecular masses 
Ma = Mb = M and identical specific heats, c v a = c v b = c v ; cpa = ~cpb — cp- We can 
consider A and B to be isomers of an identical molecular species. So, we have N = 2 species 
reacting in J = 1 reactions. The number of elements L here is irrelevant. 

1.2.1.1 One-step reversible kinetics 

Let us insist our reaction process be isochoric and adiabatic, and commence with only A 
present. The reaction kinetics with j3 = are 

aexp ( ==£ ) (p A - ±-p B ) , (1.268) 



dt \RTj V K, 



v .. ' 



^viJ-M-PA-^-p 



dt \RTJ V K c 

V v- 

=k 



p A (0) = J>A, (1-270) 

Pb(0) = 0. (1.271) 

For our alternate compact linear algebra based form, we note that 

r = aexp I =-J hp A - — p B j , (1.272) 

and that 

d fp A \ ( -\ 



dt \p B 



1 (r)- (1-273) 



Forming the appropriate linear combinations by replacing the second equation with the sum 
of the two equations yields 

t(-" A - ) = (~ n 1 )(r). (1.274) 

dt \Pa + Pb) V ° / 

Expanded, this is 

1 0\ d (p A \_f-l 



i v«w vo; (r) - (L275) 
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Integrating the second of Eq. (11.2740 yields 

^(Pa + Pb) = 0, (1.276) 

Pa + Pb = Pa, (1.277) 

Pb = Pa~ Pa- (1.278) 

Thus, Eq. ( 0681) reduces to 

*<**(£) (pa--^(%-Pa))- (1-279) 



dt \RTJ V K 

Scaling, Eq. (I1.279P can be rewritten as 

d [ ¥) = -^A-^-^A(¥--^-¥))- (i^o) 



d{at) \jj A ) \ RT T/TJ \jj a K c \ p A 

1.2.1.2 First law of thermodynamics 

Recall the first law of thermodynamics, and neglecting potential and kinetic energy changes: 

Here, E is the total internal energy. Because we insist the problem is adiabatic Q = 0. 
Because we insist the problem is isochoric, there is no work done, so W = 0. Thus, we have 

dE 

— = 0. 1.282 

Thus, we find 

E = E . (1.283) 

Recall the total internal energy for a mixture of two calorically perfect ideal gases is 

E = n A e A + n B e B , (1.284) 

= v(^e A + ^e B ), (1.285) 

= V(p A e A +^ B e B ), (1.286) 

= K^^ + ^:^))' (L287) 

= V(-p A (h A -RT)+/5 B (h B -RT)), (1.288) 

= V (p A (c P {T - T ) + h° ToA - RT) + -p B (c P (T - T ) + h° To:B - RT^ ) ,(1.289) 
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V 


k (Pa 


V 


k (Pa 


V 


k (~Pa 


V 


k (~P~a 


V 


k (Pa 



p B )(c P (T - T ) - RT) + p A h° ToA + p B h° ToB j , 
Pb)({cp ~ R ) T ~ cpT ) + p A h° ToA + PbK ,b) > 



(Pa + Pb)(( c p ~ R ) T -{c P - R + R)T ) + p A h ToA + p B /i ro)B 



p B )(c v T - (c + i?)T ) + p A h ToA + p B /i TojB 

p B )c v ( T ~ T o) + PA(h° To ,A ~ RT o) + PB.(h°T ,B ~ RT o, 

= V ((Pa + Pb)c«;(T - T ) + p A e^ 0)A + Pb^b) ■ 
Now, at the initial state we have T = T n , so 



E = V yp A e ToA + p B e ToB j . 
So, we can say our caloric equation of state is 

E - E = V \{-p A + p B )c v (T - T ) + {p A - V A )e°T ,A + (Pb ~ Pb)^°t ,b 
= V (pA + %)cv(T - T ) + {p A - "p A )e° ToA + (p B ~ 7b)^ ,b 
As an aside, on a molar basis, we scale Eq. (jl. 298ft to get 

e - e = c v (T - T ) + (y A - yAo)e° To ,A + (vb - Vbo)^t ,b- 



And because we have assumed the molecular masses are the same, M A = M B , the mole 
fractions are the mass fractions, and we can write on a mass basis 



e-e = c v (T - T ) + (Y A - Y Ao )e° ToA + (Y B - Y Bo )e° ToiB . 
Returning to Eq. ( 11.298ft . our energy conservation relation, Eq. ( 11.283ft . becomes 

= V ((p A + $ B )c v (T - T ) + (p A - $ A )e° ToiA + (p B - p B )e° To:B 
Now, we solve for T 

= (Pa + Vb)cv{T - T ) + {p A - T A )e° ToA + (p B - %)e^ o , B , 

, Pb-Pb^o 





T 



c v (t - To) + ^4*r 



T 

-<■ o 



T ,A ~ a ^ C T ,B> 

Pa + Pb Pa + Pb 

Pa ~ Pa ~^t ,a . Pb ~ Pb ^t„,b 



Pa + Pb c v Pa + Pb °v 
Now, we impose our assumption that p B = 0, giving also p B = p A — p A , 

Pa ~ Pa ^t ,a Pb ^t ,b 



T 



To 



T 



Pa 



( v 



Pa c v 



Pa ~ Pa e T ,A e T ,B 
Pa c v 



1.290) 

1.291) 

1.292) 

1.293) 

1.294) 
1.295) 

1.296) 

1.297) 
1.298) 

1.299) 



1.300) 

1.301) 

1.302) 
1.303) 

1.304) 

1.305) 
1.306) 
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— o — o 

In summary, realizing that h T A — h T B = e^, A — ~e° T B we can write T as a function of 
Pa- 

T = T + { ' P t~J A) (h ToA -h TotB ). (1.307) 

Pa c v 

We see then that if h T A > h T B , that as ~p A decreases from its initial value of p A that T 
will increase. We can scale Eq. (I1.307P to form 

1+d-gA ("k^kA . n.308) 



J- o / \ p A / \ C v l i 

We also note that our caloric state equation, Eq. ( 11.299ft can, for y Ao = 1, Vbo = 0, be 
rewritten as 

e-e = c v (T -T ) + {y A -l)e ToA + y B e° To>B , (1.309) 

= c v (T-T ) + ((l-y B )-l)e° ToA + y B e° TotB , (1.310) 

= c v {T-T )- yB {e° ToA --e° ToB ). (1.311) 

Similarly, on a mass basis, we can say, 

e-e = c v (T -T ) -Y B (e° ToA - e° ToB ). (1.312) 

For this problem, we also have 

K c = exp i-^r) , (1-313) 



with 



ag° = r B -r A , (i-3i4) 

= h B -Tr B -(h A -Ts A ), (1.315) 

= (%3-~h°A)-T(r B -s° A ), (1.316) 

= (h°T ,B-h° ToA )-T(r TotB -r ToA ). (1.317) 



So 



I ' l T ,A ^To.B 1 \ S T ,A S T ,B) i 

K c = exp [ '■ ^=- '■ '— ] , (1.318) 

. c v T / h T a — h T B — T(st a ~ St ,b) \\ ,.. n , n \ 

exp i w { w. J J • (L319) 

-O -r-O 



1 1 | ^To.A ' l ToB T {Sto,A S T ,b) 



«p I —? "%T^ - Tr^TT^ ' <> 32 °) 



Here, we have used the definition of the ratio of specific heats, 7 = cp/c v along with R = 
cp — c v . So, we can solve Eq. (I1.279P by first using Eq. (jl.320p to eliminate K c and then 
Eq. (0071) to eliminate T. 
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1.2.1.3 Dimensionless form 

Let us try writing dimensionless variables so that our system can be written in a compact 
dimensionless form. First, let us take dimensionless time r to be 

r = at. (1.321) 

Let us take dimensionless species concentration to be z with 

z = |± (1.322) 

Pa 

Let us take dimensionless temperature to be 6 with 

6 = I-. (1.323) 

Let us take dimensionless heat release to be q with 

q = -^4 -^-. (1.324) 

Let us take dimensionless activation energy to be with 

£ 

9 = ^. (1.325) 

RT 

And let us take the dimensionless entropy change to be a with 

a = ^-~ s °t ,b) _ (1 326) 



So, our equations become 

| _ _ exp (_|)( 2 __L (1 _ 2 )), (,32T) 

9 = l + (l-z)q, (1.328) 

i^ c = exp {^jl (Q ~ 0a)\ . (1.329) 

It is more common to consider the products. Let us define for general problems 

A = =-^=- = ^V- (1-330) 

Pa + Pb P a + Pb 

Thus, A is the mass fraction of product. For our problem, p B = so 

x = t^ = -paz1a_ (1331) 

Pa Pa 
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Thus, 

A = 1 - z. (1.332) 

We can think of A as a reaction progress variable as well. When A = 0, we have r = 0, and 
the reaction has not begun. Thus, we get 

f T _ exp (_!) ( (1 _ A) _ _L A ) , (,333) 

= l + q\ (1.334) 

K c = ex V (-^^(q-9a)y (1.335) 

1.2.1.4 Example calculation 

Let us choose some values for the dimensionless parameters: 

9 = 20, ct = 0, g = 10, 7 = -. (1.336) 

5 

With these choices, our kinetics equations, Eqs. fll.333Hl.335p . reduce to 

I - »» (ot) - *) - *- (ot)) ■ *<°> - °- (" 37 ) 

The right side of Eq. (11.3370 is at equilibrium for values of A which drive it to zero. 
Numerical root finding methods show this to occur at A ~ 0.920539. Near this root, Taylor 
series expansion shows the dynamics are approximated by 

— (A - 0.920539) = -0.17993(A - 0.920539) + . . . (1.338) 

(IT 

Thus, the local behavior near equilibrium is given by 

A = 0.920539 + C exp (-0.17993 r) . (1.339) 

Here, C is some arbitrary constant. Clearly the equilibrium is stable, with a time constant 
of 1/0.17993 = 5.55773. 

Numerical solution shows the full behavior of the dimensionless species concentration 
A(t); see Figure [T. 121 Clearly the product concentration A is small for some long period of 
time. At a critical time near r = 2.7 x 10 6 , there is a so-called thermal explosion with a 
rapid increase in A. Note that the estimate of the time constant near equilibrium is orders 
of magnitude less than the explosion time, 5.55773 <C 2.7 x 10 6 . Thus, linear analysis 
here is a poor tool to estimate an important physical quantity, the ignition time. Once the 
ignition period is over, there is a rapid equilibration to the final state. The dimensionless 
temperature plot is shown in Figure 11.131 The temperature plot is similar in behavior to 
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Figure 1.12: Dimensionless plot of reaction product concentration A versus time r for adia- 
batic isochoric combustion with simple reversible kinetics. 



e 

10 



6 - 



1.X10 6 2.X10 5 3.X10 6 4.X10 6 5.X10 5 

Figure 1.13: Dimensionless plot of temperature 9 versus time r for adiabatic, isochoric 
combustion with simple reversible kinetics. 
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the species concentration plot. At early time, the temperature is cool. At a critical time, 
the thermal explosion time, the temperature rapidly rises. This rapid rise, coupled with the 
exponential sensitivity of reaction rate to temperature, accelerates the formation of product. 
This process continues until the reverse reaction is activated to the extent it prevents further 
creation of product. 

1.2.1.5 High activation energy asymptotics 

Let us see if we can get an analytic prediction of the thermal explosion time, r ~ 2.7 x 10 6 . 
Such a prediction would be valuable to see how long a slowing reacting material might take 
to ignite. Our analysis is similar to that given by Buckmaster and Ludford in their Chapter 
ljf 

For convenience let us restrict ourselves to a = 0. In this limit, Eqs. (ll.333Hl.335p reduce 
to 

f, - «* (t^a) 1 " *> " *«" ( fto )) ' (L340) 

with A(0) = 0. The key trouble in getting an analytic solution to Eq. (I1.340P is the presence 
of A in the denominator of an exponential term. We need to find a way to move it to the 
numerator. Asymptotic methods provide one such way. 

Now, we recall for early time A<1. Let us assume A takes the form 

A = e A 1 + e 2 A 2 + e 3 A 3 + ... (1.341) 

Here, we will assume < e <C 1 and that \\{t) ~ 0(1), A 2 (t) ~ 0(1), • • ., and will define e 
in terms of physical parameters shortly. Now, with this assumption we have 



1 



1 + q\ 1 + egAi + e 2 q\ 2 + e 3 q\ 3 + ... 
Long division of the term on the right side yields the approximation 

1 



(1.342) 



1 + gA 



l-eqX 1 + e 2 {q 2 Xl-qX 2 ) + ..., (1.343) 

l-egAi + C(e 2 ). (1.344) 



So, 



ex P (~TTq~x) ~ exp (" e(1 " eqXl + ° (e2)) ) ' (1 ' 345) 

- exp(-e) exp (eg9Ai + 0(e 2 )) . (1.346) 

We have moved A from the denominator to the numerator of the most important exponential 
term. 



19 J. D. Buckmaster and G. S. S. Ludford, 1983, Lectures on Mathematical Combustion, SIAM, Philadelphia. 
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Now, let us take the limit of high activation energy by denning e to be 

e = I (1.347) 

Let us let the assume the remaining parameters, q and 7 are both 0(1) constants. When G 
is large, e will be small. With this definition, Eq. ( 11.346ft becomes 

exp (-J—A ~ exp (-- J exp (gAi + 0(e 2 )) . (1.348) 

With these assumptions and approximations, Eq. ( 11. 340ft can be written as 

^(eAi + ...) = exp f-i J exp (gAi + 0(e 2 )) 

x ( (1 - eAi - . . .) - (eAi + . . .) exp 



( 7 -l)(l + geA 1 + ...) 



(1.349) 



Now, let us rescale time via 



r* = -expf— ) 



With this transformation, the chain rule shows how derivatives transform: 

d dr* d Id 



dr dr dr* eexp Q) dr* 
With this transformation, Eq. (J1.349P becomes 

mi~ ( eAl + • • •) = exp(--)exp(gA 1 + 0(e 2 )) 

eexp (ij dr* V e / 

x ( (1 - eAi - . . .) - (eAi + . . .) exp 



[1.351) 



(7- l)(l + qe\ 1 + ...), 

(1.352) 



This simplifies to 












— (Ai + ...) = 

GST* 


= exp (gAi + 0(e 2 )) 












x ((1 -eAx -...)- 


- (e\i + • 




-Q 


\] 




..)exp^ (7 _ 


-l)(l + qe\ 1 + . 


..)))■ 
(1.353) 
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Retaining only 0(1) terms in Eq. (jl. 353ft . we get 



dn 



exp (gAi) . (1.354) 



This is supplemented by the initial condition Ai(0) = 0. Separating variables and solving, 
we get 

exp(— q\i)d\i = dn, (1.355) 

— exp(-gAi) = n + C. (1.356) 



Applying the initial condition gives 



-exp(-g(0)) = C, (1.357) 

— = C. (1.358) 



So 



exp(-gAi) = n , (1.359) 

q q 

exp(-qAi) = -qn + 1, (1.360) 

exp(-qAi) = -q In J, (1.361) 

-gAi = \n(-q(n--j), (1.362) 

Ai = --\n(-q(n--J). (1-363) 

For q = 10, a plot of Ai(t*) is shown in Fig. 11.141 We note at a finite n that Ai begins to 
exhibit unbounded growth. In fact, it is obvious from Eq. ( 11.354ft that as 

1 
Q 

that 

Ai — ► oo. 

That is, there exists a finite time for which Ai violates the assumptions of our asymptotic 
theory which assumes Ai = 0(1). We associate this time with the ignition time, nf 

m = -• (1.364) 

Q 
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Figure 1.14: Ai versus r* for ignition problem. 



Let us return this to more primitive variables: 

-exp I 



1 

■ 

q 



eexpQ) 

Q 
exp 



(1.365) 

(1.366) 
(1.367) 



For our system with = 20 and q = 10, we estimate the dimensionless ignition time as 

ex P 20 „,„„,..,„« 



(20)(10) 



2.42583 x 10 c 



(1.368) 



This is a surprisingly good estimate, given the complexity of the problem. Recall the nu- 
merical solution showed ignition for r ~ 2.7 x 10 6 . 

In terms of dimensional time, ignition time prediction becomes 



u 



exp 
aOq 
1 (RT 



c T 



\ & / \ liry A flrp D 



exp 



£ 

W 



(1.369) 

(1.370) 



Note the ignition is suppressed if the ignition time is lengthened, which happens when 
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• the activation energy £ is increased, since the exponential sensitivity is stronger than 
the algebraic sensitivity, 

• the energy of combustion (h T A — h T B ) is decreased because it takes longer to react 
to drive the temperature to a critical value to induce ignition, 

• the collision frequency factor a is decreased, which suppresses reaction. 

1.2.2 Detailed H 2 - 2 - N 2 kinetics 

Here is an example which uses multiple reactions for an adiabatic isothermal system is given. 
Consider the full time-dependency of a problem similar to the thermal explosion problem 
just considered. We choose a non-intuitive set of parameters for the problem. Our choices 
will enable a direct comparison to a detonation of the same mixture via the same reaction 
mechanism in a later chapter; see Sec. 110.2.81 

A closed, fixed, adiabatic volume, V = 0.3061251 cm 3 , contains at t = s a stoichiometric 
hydrogen- air mixture of 2 x 10~ 5 mole of H 2 , 1 x 10~ 5 mole of O2, and 3.76 x 10~ 5 mole of 
N 2 at P = 2.83230 x 10 6 Pa and T = 1542.7 X@ Thus, the initial molar concentrations 
are 

p H2 = 6.533 x 10" 5 mole/cm 3 , 

p 02 = 3.267 x 10 -5 mole/cm 3 , 

p H2 = 1.228 x 10" 4 mole /cm 3 . 

The initial mass fractions are calculated via Fj = M{p i / p. They are 

Y H2 = 0.0285, 

Y Q2 = 0.226, 
Y N2 = 0.745. 

To avoid issues associated with numerical roundoff errors at very early time for species 
with very small compositions, the minor species were initialized at a small non-zero value 
near machine precision; each was assigned a value of 10~ 15 mole. The minor species all have 
Pj = 1.803 x 10~ 16 mole/ cm 3 . They have correspondingly small initial mass fractions. 

We seek the reaction dynamics as the system proceeds from its initial state to its final 
state. We use the reversible detailed kinetics mechanism of Table [i~2l This problem requires 
a detailed numerical solution. Such a solution was performed by solving the appropriate 
equations for a mixture of nine interacting species: H 2 , H, O, 2 , OH, H 2 0, H0 2j H 2 2 , 
and N 2 . The dynamics of the reaction process are reflected in Figs. I1.15H1.171 



20 This temperature and pressure correspond to that of the same ambient mixture of H2, O2 and N2 which 
was shocked from 1.01325 x 10 5 Pa, 298 K, to a value associated with a freely propagating detonation. 



Relevant comparisons of reaction dynamics will be made later in Sec. 110.2.81 
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Figure 1.15: Plot oiY H3 (t), Y H (t), Y (t), Y Q2 {t), W*), Y H2 o(t), Y H02 (t), Y H2 o 2 (t), YnM 
for adiabatic, isochoric combustion of a mixture of 2H 2 + O2 + 3.767V 2 initially at T = 
1542.7 K, P = 2.8323 x 10 6 Pa. 
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Figure 1.16: Plot of T(t), for adiabatic, isochoric combustion of a mixture of 2_£/ 2 +C ) 2+3.76iV2 
initially at T = 1542.7 K, P = 2.8323 x 10 6 Pa. 
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Figure 1.17: Plot of P(t), for adiabatic, isochoric combustion of a mixture of 2H 2 + 2 + 
3.76N 2 initially at T = 1542.7 K, P = 2.8323 x 10 6 Pa. 

At early time, t < 10~ 7 s, the pressure, temperature, and major reactant species con- 
centrations (H 2 , O2, N 2 ) are nearly constant. However, the minor species, e.g. OH, H0 2 , 
and the major product, H 2 0, are undergoing very rapid growth, albeit with math fractions 
whose value remains small. In this period, the material is in what is known as the induction 
period. 

After a certain critical mass of minor species has accumulated, exothermic recombination 
of these minor species to form the major product H 2 induces the temperature to rise, which 
accelerates further the reaction rates. This is manifested in a thermal explosion. A common 
definition of the end of the induction period is the induction time, t = ti n d, the time when 
dT/dt goes through a maximum. Here, one finds 



^ind 



6.6 x 10"' s. 



'1.3711 



A close-up view of the species concentration profiles is given in Fig. 11.181 

At the end of the induction zone, there is a final relaxation to equilibrium. The equilib- 
rium mass fractions of each species are 

(1.372) 
(1.373) 
(1.374) 
(1.375) 
(1.376) 
(1.377) 



Yo 2 ~- 


= 1.85 x 1Q- 2 , 


Y H ~- 


= 5.41 x 1CT 4 , 


Yoh - 


= 2.45 x 1(T 2 , 


Yo ~- 


= 3.88 x nr 3 , 


Yr 2 = 


= 3.75 x nr 3 , 


Yh 2 o = 


= 2.04 x 10 _1 , 
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Figure 1.18: Plot near thermal explosion time of Y H . 2 (t), Y H (t), Y (t), Yo 2 (t), Yoijif), 
YH 2 o(t), Yno 2 {t)i ^H 2 o 2 {t), ^N 2 (t), f° r adiabatic, isochoric combustion of a mixture of 
2H 2 + 2 + 3.76N 2 initially at at T = 1542.7 K, P = 2.8323 x 10 6 Pa. 
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Yh 2 o 2 - 
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Yn 2 ~- 


= 7.45 x 10 _1 . 



(1.378) 
(1.379) 
(1.380) 



We note that because our model takes A^2 to be inert that its value remains unchanged. 
Other than N 2 , the final products are dominated by H 2 0. The equilibrium temperature is 
3382.3 K and 5.53 x 10 6 Pa. 
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Chapter 2 



Gas mixtures 



One is often faced with mixtures of simple compressible substances, and it the thermody- 
namics of such mixtures upon which attention is now fixed. Here, a discussion of some of 
the fundamentals of mixture theory will be given. In general, thermodynamics of mixtures 
can be a challenging topic about which much remains to be learned. In particular, these 
notes will focus on ideal mixtures of ideal gases, for which results are often consistent with 
intuition. The chemical engineering literature contains a full discussion of the many nuances 
associated with non-ideal mixtures of non-ideal mate rials. Relevant background for this 
chapter is found in standard undergraduate texts JTTrl Some of these notes on mixtures are 



adaptations of material found in these texts, especially Borgnakke and Sonntag. 



2.1 Some general issues 

Consider a mixture of N components, each a pure substance, so that the total mass and 
total number are 

N 



m = nil + iti>2 + m>3 + • • • + raw = /_, m *> mass (g), (2-1) 

N 

n = ri\ + ?7,2 + n^ + ... + n^ = y^ ni, number (mole). (2-2) 



1 Borgnakke, C, and Sonntag, R. E., 2009, Fundamentals of Thermodynamics, Seventh Edition, John 
Wiley, New York. 

2 Sandler, S. I., 1998, Chemical and Engineering Thermodynamics, Third Edition, John Wiley, New York. 

3 Smith, J. M., Van Ness, H. C, and Abbott, M., 2004, Introduction to Chemical Engineering Thermody- 
namics, Seventh Edition, McGraw-Hill, New York. 

4 Tester, J. W. and Modell, M., 1997, Thermodynamics and Its Applications, Third Edition, Prentice Hall, 
Upper Saddle River, New Jersey. 

73 



74 CHAPTER 2. GAS MIXTURES 

Recall 1 mole = 6.02214129 x 10 23 molecules. The mass fraction of component i is denned 

as Yf. 

Yi = — -, mass fraction, dimensionless. (2-3) 

m 

The mole fraction of component i is defined as yi. 

Hi = — , mole fraction, dimensionless. (2-4) 

n 

Now, the molecular mass of species i is the mass of a mole of species i. It units are typi- 
cally g/mole. Molecular mass is sometimes called "molecular weight," but this is formally 
incorrect, as it is a mass measure, not a force measure. Mathematically, the definition of Mj 
corresponds to 

Mi = — -, molecular mass I ) . (2-5) 

Ui \moles 

One gets mass fraction in terms of mole fraction as 

Yi = -, (2.6) 



m 
rijMj 

m 
UiMi 



N 

UiMi 



EN 



EUnjMj 



njMj 



n 

mi 




m, 


m,j ' 
m 




m i 


MjVti 




Mi 



(2.7) 
(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 



±£f ^M- 

n *— '3=1 J J 

njMj 
n 

ViMj 

Similarly, one finds mole fraction in terms of mass fraction by the following: 

Hi = ~, (2-13) 

(2-14) 

(2.15) 
(2.16) 
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The mixture itself has a mean molecular mass: 

777 

M = — , (2.17) 



n 



i=l m i 

J 

n 

/V 



(2.18) 



£^r> (2.i9) 

i=l 

TV 

Y^ViMi- (2.20) 



i=l 



I 

Example 2.1 

Air is often modelled as a mixture in the following molar ratios: 

2 + 3.76iV 2 . (2.21) 

Find the mole fractions, the mass fractions, and the mean molecular mass of the mixture. 

Take 2 to be species 1 and _/V 2 to be species 2. Consider the number of moles of 2 to be 

n\ = 1 mole, 

and iV 2 to be 

n 2 = 3.76 mole. 

The molecular mass of 2 is M\ = 32 g/mole. The molecular mass of iV 2 is M 2 = 28 g /mole. The 
total number of moles is 

n = 1 jnoZe + 3.76 mole = 4.76 mole. 

So, the mole fractions are 

1 mole 

yi = = 0.2101. 

4.76 moZe 

3.76 mole 

2/2 = t= r = 0.7899. 

4.76 ?77o(e 

Note that 

AT 

£lfc = l. (2-22) 

That is to say, j/i + y 2 = 0.2101 + 0.7899 = 1. Now, for the masses, one has 

mi = rii Mi = (1 moZe) (32 — — ) = 32 g, 
V mole ■> 

m 2 = n 2 M 2 = (3.76 moZe) (28 — 9 — ) = 105.28 g, 

v mole) 

So, one has 

m = mi + m 2 = 32 g + 105.28 g = 137.28 g. 

The mass fractions then are 

777i 32 q 

Yi = — = — = 0.2331, 

m 137.28 g 
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m 2 105.28 g 

Y 2 = — = = 0.7669. 

m 137.28 g 



Note that 

N 



^Yi = l. (2.23) 

That is, Yi +Y 2 = 0.2331 + 0.7669 = 1. Now, for the mixture molecular mass, one has 

,, m 137.28g , g 

M = — = — f- = 28.84 



n 4.76 mole mole 

Check against another formula. 

JV 



M = s p yi M i = yiM 1 +y 2 M 2 = (0.2101) (32 — V ) + (0.7899) (28 — V) = 28.84 



mole) V mole) mole 



Now, postulates for mixtures are not as well established as those for pure substances. 
The literature has much controversial discussion of the subject. A strong advocate of the 
axiomatic approach, IC. A. Truesdellj proposed the following "metaphysical principles" for 
mixtures, which are worth considering 

1. All properties of the mixture must be mathematical consequences of properties of the 
constituents. 

2. So as to describe the motion of a constituent, we may in imagination isolate it from the 
rest of the mixture, provided we allow properly for the actions of the other constituents 
upon it. 

3. The motion of the mixture is governed by the same equations as is a single body. 

Most important for the present discussion is the first principle. When coupled with fluid 
mechanics, the second two take on additional importance. The approach of mixture theory 
is to divide and conquer. One typically treats each of the constituents as a single material 
and then devises appropriate average or mixture properties from those of the constituents. 
The best example of this is air, which is not a single material, but is often treated as such. 

2.2 Ideal and non-ideal mixtures 

A general extensive property, such as energy E, for an A^-species mixture will be such that 

E = E(T,P, ni ,n 2 ,...,n N ). (2.24) 



5 C. A. Truesdell, 1984, Rational Thermodynamics, Springer- Ver lag, New York. 
\CC BY-JVCTnTII 08 August 2012, J. M. Powers. 



2.3. IDEAL MIXTURES OF IDEAL GASES 77 

A partial molar property is a generalization of an intensive property, and is denned such that 
it is the partial derivative of an extensive property with respect to number of moles, with T 
and P held constant. For internal energy, the partial molar internal energy is 



dE 
dm 



(2.25) 



Pressure and temperature are held constant because those are convenient variables to control 
in an experiment. One also has the partial molar volume 



dV 
dni 



(2.26) 

T,P,n jt i^j 



It shall be soon seen that there are other natural ways to think of the volume per mole. 
Now, in general one would expect to find 

e, = e l (T,P,n 1 ,n 2 ,...,n N ), (2.27) 

v, = Vi(T,P,ni,n 2 ,...,niv). (2.28) 

This is the case for what is known as a non-ideal mixture. An ideal mixture is defined as a 
mixture for which the partial molar properties e-i and Vj are not functions of the composition; 
that is to say 

~e~i = ej(T, P), if ideal mixture, (2.29) 

Vj = Vj(T, P), if ideal mixture. (2.30) 

An ideal mixture also has the property that hi = hi(T,P), while for a non- ideal mixture 
hi = hi(T,P,ni, . . . ,n N ). Though not obvious, it will turn out that some properties of an 
ideal mixture will depend on composition. For example, the entropy of a constituent of an 
ideal mixture will be such that 

s l = s i (T,P,n 1 ,n 2 ,...,n N ). (2.31) 

2.3 Ideal mixtures of ideal gases 

The most straightforward mixture to consider is an ideal mixture of ideal gases. Even here, 
there are assumptions necessary that remain difficult to verify absolutely. 

2.3.1 Dalton model 

The most common model for a mixture of ideal gases is the Daltonj model. Key assumptions 
define this model: 



iJohn DaltoiH 1766-1844, English physicist. 
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• Each constituent shares a common temperature. 

• Each constituent occupies the entire volume. 

• Each constituent possesses a partial pressure which sums to form the total pressure of 
the mixture. 

These features characterize a Dalton model for any gas, ideal or non-ideal. One also takes 
for convenience 

• Each constituent behaves as an ideal gas. 

• The mixture behaves as a single ideal gas. 

It is more convenient to deal on a molar basis for such a theory. For the Dalton model, 
additional useful quantities, the species mass concentration p i} the mixture mass concentra- 
tion p, the species molar concentration p^, and the mixture molar concentration p, can be 
defined. As will be seen, these definitions for concentrations are useful; however, they are not 
in common usage. Following Borgnakke and Sonntag, the bar notation, 7 , will be reserved for 
properties which are mole-based rather than mass-based. As mentioned earlier, the notion 
of a partial molal property is discussed extensively in the chemical engineering literature 
and has implications beyond those considered here. For the Dalton model, in which each 
component occupies the same volume, one has 

V t = V. (2.32) 

The mixture mass concentration, also called the density is simply 

m / g 

V ' V crrv 



P=^ H4 • (2-33) 



The mixture molar concentration is 



n fmole\ 

~P = Vr — r • 2 - 34 

V \ cm 6 ' 



For species i, the equivalents are 



V \ cm 6 / 
rii ( mole\ 

P* = T7> — T ■ 2 - 36 

V \ cm 6 J 

One can find a convenient relation between species molar concentration and species mole 
fraction by the following operations, beginning with Eq. (12.361) : 

n>i n 
Pi = ,;- 2.37 

V n 

rij n , 

= yip- (2-39) 
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A similar relation exists between species molar concentration and species mass fraction via 

rii m Mi 

* - OT' (2 - 40) 



m UnM, 



i ±y± % 



V mMi' 



(2.41) 



rrii 1 , 

- "iiw (2 - 42) 

- p w < 2 - 43 ' 

The specific volumes, mass and molar, are similar. One takes 

V V 

v = — , v=— , (2.44) 

m n 

V V 

v t = — , v { = — . (2.45) 

m% ^ 

Note that this definition of molar specific volume is not the partial molar volume defined in 
the chemical engineering literature, which takes the form v, = dV / dni\T,p, n - ,v£j- 
For the partial pressure of species i, one can say for the Dalton model 

N 



p = J2 p >- ( 2 - 46 ) 



For species i, one has 



So, for the mixture, one has 
One could also say 



i=l 



PiV = mRT, (2.47) 

mRT 

Pi = -y-, (2-48) 

E* = E^. < 2 - 49 > 



— AT 

P = — J>. (2.50) 



PV = nRT. (2.51) 



77, 

P = -PT = pPT. (2.52) 
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Here, n is the total number of moles in the system. Additionally R is the universal gas 
constant with value 

i? = 8.3144621 . (2.53) 

mole K 

Sometimes this is expressed in terms of kj, the Boltzrnannj constant and Na, Avogadro'cl 
number: 

R = k^A, (2.54) 

o, molecule 

M A = 6.02214129 x 10 23 , (2.55) 

mole 

k b = 1.3806488 x 10" 23 -. (2.56) 

K molecule 

With the Boltzmann constant and Avogadro's number, the ideal gas law, Eq. 1 12. 51 j) . can be 
rewritten as 

PV = nN A k b T, (2.57) 

where uNa is the number of molecules. 



I 

Example 2.2 

Compare the molar specific volume denned here with the partial molar volume from the chemical 
engineering literature. 



The partial molar volume v^, is given by 



dV 



(2.58) 



T,P, nj ,i^j 



For the ideal gas, one has 

A' 



PV = RT^nk, (2.59) 

k=l 

V = * T ^ n \ (2.60) 



dV 
drii 



T,P, nj ,iy£j 



RTJ21 


i^fe 


p 
RTY.t 


i dm 


p 


i Ski 



p 

=0 =0 =1 =0 



RT\ S u + 8 2i +...+ Su +...+ 6 



Ni 



P 



(2.61) 
(2.62) 

(2.63) 



Ludwig Boltzmann 1844-1906, Austrian physicist. 



* Lorenzo Romano Amedeo Carlo Bernadette Avogadro di Quaregn a~e"di Cerreto] 1776-1856, Italian sci- 



entist. 
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RT 

v, = — , (2.64) 

Dfc=i n k 

v 

= -. (2.66) 

n 

Here, the so-called Kroneckeifj delta function has been employed, which is much the same as the identity 
matrix: 

S^ = 0, k^i, (2.67) 

5 kl = 1, k = i. (2.68) 

Contrast this with the earlier adopted definition of molar specific volume 

V 



», 



(2.69) 



So, why is there a difference? The molar specific volume is a simple definition. One takes the 
instantaneous volume V, which is shared by all species in the Dalton model, and scales it by the 
instantaneous number of moles of species i, and acquires a natural definition of molar specific volume 
consistent with the notion of a mass specific volume. On the other hand, the partial molar volume 
specifies how the volume changes if the number of moles of species i changes, while holding T and P 
and all other species mole numbers constant. One can imagine adding a mole of species i, which would 
necessitate a change in V in order to guarantee the P remain fixed. 

I 



2.3.1.1 Binary mixtures 

Consider now a binary mixture of two components A and B. This is easily extended to a 
general mixture of iV components. First, the total number of moles is the sum of the parts: 

n = n A + n B . (2.70) 

Now, write the ideal gas law for each component: 

PaVa = n A RT A , (2.71) 

PbVb = n B RT B . (2.72) 



But by the assumptions of the Dalton model, V A = V B = V, and T A = T B = T, so 



One also has 



PaV = 


n A RT, 


PbV = 


n B RT. 


PV = 


nRT. 



(2.73) 

(2.74) 

(2.75) 



s Leopold Kronecker, 1823-1891, German mathematician. 
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Solving for n, ua and ng, one finds 



PV 

n = w , (2.76) 

- - w- (2 - 77) 

n B = -j-. (2.78) 



Now, n = n A + n s , so one has 



PV 
Pa 
P 


nRT 

n A 

• 
n 




= Va, 


Pa ~- 


= VaP- 



RT RT RT 

P = P A + P B . (2.80) 

That is the total pressure is the sum of the partial pressures. This is a mixture rule for 
pressure 

One can also scale each constituent ideal gas law by the mixture ideal gas law to get 

™ nJtT (2.81) 

(2.82) 

(2.83) 
(2.84) 

Likewise 

Pb = VbP (2.85) 

Now, one also desires rational mixture rules for energy, enthalpy, and entropy. Invoke Trues- 
dell's principles on a mass basis for internal energy. Then, the total internal energy E (with 
units J) for the binary mixture must be 

E = me = mAeA + inBeB, (2.86) 

(m A m B \ 
= to e A H e B ), (2.87) 

V TO TO, / 

= m{Y A eA + Y B e B ), (2.88) 

e = Y A e A + Y B e B . (2.89) 

For the enthalpy, one has 

H = mh = rriAhA + m B h B , (2.90) 

= m (!2± kil+ ™« Aj ,) i (2 . 91) 

V TO TO, / 

= to (Y A h A + Y B h B ) , (2.92) 

h = Y A h A + Y B h B . (2.93) 
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It is easy to extend this to a mole fraction basis rather than a mass fraction basis. One can 
also obtain a gas constant for the mixture on a mass basis. For the mixture, one has 

(2.94) 

(2.95) 

(2.96) 

(2.97) 

(2.98) 

(2.99) 
(2.100) 
(2.101) 



(2.102) 

(2.103) 

(2.104) 
(2.105) 

Note that s A is evaluated at T and P A , while sb is evaluated at T and Pb- For a calorically 
perfect ideal gas, one has 





PV 


= 


nRT = mRT, 


PV 

T 


= mR 


= 


nR, 






= 


(n A + n B )R, 






— 


(m A m B \ - 

\M A + Mb) ' 






= 


( R R 

{ mA M A +mB M B 






= 


{m A R A + rn B R B ) , 




R 


= 


(1!A Ra + !HIL Rb ) 
v m m / 




R 


= 


(Y A R A + Y B R B ) . 


the entropy, one has 








S = 


ms = 


= 


m A SA + m B s B , 






= 


(m A m B s 

m s A ^ s B 

V m m 






= 


m (Y A s A + Y B s B ) , 




s 


= 


Y a sa + Y b sb- 



T\ „ . (P A 
TJ ~\P, 



sa = s ToA + cpAln( — )-R A ln[^), (2.106) 



v 



= s° A + c PA \n — )-R A ]n [ ^- . (2.107) 



Likewise 



— S T,A 






S T ,A + CpAln \ 


kT J 


i-^(t 


S °T ,B + c pb In 







sb = 4 b + Cpb In — -i2 B In ^- . (2.108) 



Here, the "o" denotes some reference state. As a superscript, it typically means that the 
property is evaluated at a reference pressure. For example, s^ A denotes the portion of the 
entropy of component A that is evaluated at the reference pressure P and is allowed to vary 
with temperature T. Note also that s A = s A (T, P, y A ) and Sb = Sb(T, P, x/b), so the entropy 
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of a single constituent depends on the composition of the mixture and not just on T and P. 
This contrasts with energy and enthalpy for which e A = e A (T), e B = e B (T), h A = h A (T), 
h-B = h B (T) if the mixture is composed of ideal gases. Occasionally, one finds h A and h B 
used as a notation. This denotes that the enthalpy is evaluated at the reference pressure. 
However, if the gas is ideal, the enthalpy is not a function of pressure and h A = h° A , h B = h° B . 
If one is employing a calorically imperfect ideal gas model, then one finds for species i 
that 

Po 



s Ti -R i \n(^ r ) , i = A,B. (2.109) 



2.3.1.2 Entropy of mixing 



I 

Example 2.3 

Initially calorically perfect ideal gases A and B are segregated within the same large volume by 
a thin frictionless, thermally conducting diaphragm. Thus, both are at the same initial pressure and 
temperature, P\ and T\. The total volume is thermally insulated and fixed, so there are no global heat 
or work exchanges with the environment. The diaphragm is removed, and A and B are allowed to mix. 
Assume A has mass m A and B has mass tub- The gases are allowed to have distinct molecular masses, 
Ma and Mb- Find the final temperature T2, pressure P2, and the change in entropy. 

The ideal gas law holds that at the initial state 

V A1 = ^^, V BX = 25^L. (2.110) 

"1 "1 

At the final state one has 

V 2 = V A 2 = V B 2 = Vax + Vbi = {m A R A + m B R B )y. (2.111) 



Mass conservation gives 



One also has the first law 



rri2 = mi = m A + ms- (2.112) 



E 2 -E 1 = Q-W, (2.113) 

E 2 -E 1 = 0, (2.114) 

E 2 = E u (2.115) 

m 2 e 2 = m A eAi +m B e B i, (2.116) 

(m A +m B )e2 = m A e A1 + m B e B i-, (2.117) 

= m A (e A i- e 2 ) + m B {eBi- e 2 ), (2.118) 

= m A c vA (Ti - T 2 ) + itibc v b(Ti - T 2 ), (2.119) 

T itiaCvaTx + itibCvbTx ^ 

m A c vA + rnsCvB 

= T x . (2.121) 



\CC BY-NClM} 08 August 2012, J. M. Powers. 



2.3. IDEAL MIXTURES OF IDEAL GASES 



85 



The final pressure by Dalton's law then is 



PA2 + PB2, 

m A R A T 2 m B R B T 2 



V 2 



V-2 



tuaRaTi m B R B Ti 
V 2 V 2 ' 

{m A R A + m B R B )T 1 
V 2 ' 

(m A R A + m B R B ) T\ 
(m A R A + m B R B )j± ' 

= Pi- 

So, the initial and final temperatures and pressures are identical. 
Now, the entropy change of gas A is 



SA2 - s A1 



,'T A2 
c PA h ( — 

c PA lr [ — 



R A ln 



PA2 

Pai 

RAln( y -^ 

\VAlPl 

cpa In I — - ) —Ra In I 

=0 
„ , ( VAlP\ 

-R A lny A2 . 



Likewise 

SB2 - SB1 

So, the change in entropy of the mixture is 



-R B \ny B2 . 



AS = m A (s A2 - s A1 ) + m B (s B2 - s B1 ) 
= -m A R A \ny A2 -m B R B lny B2 , 

-(n A M A )(^hny A2 -{ri^M^(-^- 



=Ra 



=Re 



R(n A \ny A2 + n B \ny B 2) 

( 

n A 



-R 



n A In 



n A + n B 



n B In 



II B 



n A + n B 



\ 



_n 



<() 



lnys2, 

J 



o. 



2.122) 
2.123) 

2.124) 

2.125) 

2.126) 
2.127) 



2.128) 
2.129) 
2.130) 

2.131) 
2.132) 

2.133) 

2.134) 
2.135) 

2.136) 
2.137) 
2.138) 
2.139) 



J 
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For an iV-component mixture, mixed in the same fashion such that P and T are constant, 
this extends to 

TV 



AS = -Rj2 n klny k , (2.140) 

k=l 

TV 

= -#J]— nlny fe , (2-141) 

fc=i 

TV 

= -RnJ2—^y k , (2.142) 

fe=i 

TV 

fe=i 

TV 

= -RmJ2 ln yt k i (2.144) 



k=l 



As __ As 
~R~1^ 



■Rm (In yf + In yf + . . . + In y v N N ) , (2. 145) 

-Rm\n{yfyf...yf) 1 (2.146) 

-i?mlnmyf), (2.147) 

-ln(f[yA. (2.148) 



vA=l 



Note that there is a fundamental dependency of the mixing entropy on the mole fractions. 
Since < y^ < 1, the product is guaranteed to be between and 1. The natural logarithm 
of such a number is negative, and thus the entropy change for the mixture is guaranteed 
positive semi-definite. Note also that for the entropy of mixing, Truesdell's third principle 
is not enforced. 

Now, if one mole of pure N 2 is mixed with one mole of pure O2, one certainly expects 
the resulting homogeneous mixture to have a higher entropy than the two pure components. 
But what if one mole of pure N 2 is mixed with another mole of pure N 2 . Then, we would 
expect no increase in entropy. However, if we had the unusual ability to distinguish iV 2 
molecules whose origin was from each respective original chamber, then indeed there would 
be an entropy of mixing. Increases in entropy thus do correspond to increases in disorder. 

2.3.1.3 Mixtures of constant mass fraction 

If the mass fractions, and thus the mole fractions, remain constant during a process, the 
equations simplify. This is often the case for common non-reacting mixtures. Air at moderate 
values of temperature and pressure behaves this way. In this case, all of Truesdell's principles 
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can be enforced. For a calorically perfect ideal gas, one would have 

e 2 -ei = YACvAfa-Tj+YBCvBiTz-Ti), (2.149) 

= c^Ti-T^. (2.150) 

where 

c v = Y A c vA + Y B c vB . (2.151) 

Similarly for enthalpy 

h 2 -h 1 = YACpApt-Tj + YBCpafa-T!), (2.152) 

= cpiTz-n). (2.153) 

where 

c P = Y A c PA + Y B c PB . (2.154) 

For the entropy 
s 2 - si = Y A (s A2 - s A i) + Y b (sb2 ~ sbi), (2.155) 

= F A (c PA m (^) - 7? A ln Q|)) + F B (c PB ln (^j - R B ln (^j (2.156) 
= c P \n(^j-Rln(^j. (2.157) 

The mixture behaves as a pure substance when the appropriate mixture properties are de- 
fined. One can also take 

7 = —. (2.158) 

c v 

Note that some intuitive definitions do not hold: with 7^ = Cp A /c vA , 75 = Cp B /c vB , 7 7^ 

YaIa + VbTb- 

2.3.2 Summary of properties for the Dalton mixture model 

2.3.2.1 Mass basis 

Listed here is a summary of mixture properties for an TV-component mixture of ideal gases 
on a mass basis: 

N 

(2.159) 



M -- 


= ^2 yi M u 


P = 


N 

= 52 Pi, 



t=l 



(2.160) 
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N 

e = 

i=l 

N 



if ideal gas 



\CC BY-NC^ND} 08 August 2012, J. M. Powers. 



(2.161) 



^1=1 Vi 

N 

Y, Y ^ ( 2 - 162 ) 



h = J2 Y i h i> (2.163) 

»=i 

=R 

s N N TTz? s n 

* - | = E^ = E^- = #E*. ( 2 - 164 ) 

TV 

c„ = )YjC vi i (2.165) 

Cn = cp — R, if ideal gas (2.166) 

TV 

c P = ^Y iCpi , (2.167) 

y^^ v. 
7 = ~= tS 1 ' CPi , (2-168) 

TV 

5 = j2 YiSi > ( 2 - 169 ) 

* = ^, (2.170) 

Pi = y t P, (2.171) 

A = Y iP , (2.172) 

u 1 

Vi = 77 = — , 

ii Pi 

V = K, (2-174) 

T = T 4 , (2.175) 

hi = h°, if ideal gas, (2.176) 

K = e t + — = e l + P i v l = e i + R l T, (2.177) 

if ideal gas 

hi = h° Totl + f c Pi (f)df, (2.178) 

J T 



;2.173) 
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Tc -m d f- Rt m(^ 

To T \Po 



*°T.,i+ I -^dT-^i^)' ( 2 - 179 ) 





~ S T,i 


Si -- 


if ideal gas 


p* -- 


if ideal gas if ideal gas 

= Pl R i T = pR l TY l = ^, 

Vi 


p -- 


if ideal gas 

N 

- v- Y RT 
= p RT = pRTj2^r = —i 

i=l 


h -- 


if ideal gas 
N T 

= J2^ h °To,i+ / c P (f)df, 



(2.180) 



(2.181) 



(2.182) 



(2.183) 

if ideal gas 

p 

h = e + — = e + Pv=e + RT, (2.184) 

if ideal gas 



i=l ° \i=l 

V v/- 



if ideal gas 



These relations are not obvious. A few are derived in examples here. 



(2.185) 



I 

Example 2.4 

Derive the expression h = e + P/p. 

Start from the equation for the constituent hi, multiply by mass fractions, sum over all species, 
and use properties of mixtures: 

u. 

(2.186) 

(2.187) 
(2.188) 



hi - 


= ei H , 

Pi 


Yh t -- 


— * i&i \ J i j 

Pi 


N 


N N 


i=\ 
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N 



N 



A 



j2 Y ihi = J2 Yiei+ 51 Yi 



1=1 



= h 



i=l i=l 



JV 



Pt 



h = e + T^YiRi, 



= R 



e + RT, 
P 



(2.189) 

(2.190) 

(2.191) 
(2.192) 



J 



I 

Example 2.5 

Find the expression for mixture entropy of the ideal gas. 



*T„,i 



I i.Sj. 



^ dT-IUln. 



N 



^rff-Y<Wg 



t T 

N „t 



N N N T ,~, N , 

A — 1 A — 1 A — 1 J- o i — 1 N 



JV 



j=l 

,-T N 



i = l 
JV 






S T + 



i = l 
P, 



P, 

Pj. 
Po 



T frjh\ N 

cjfldf-^R.m 

To T . =1 \Po 



(2.193) 
(2.194) 

(2.195) 

(2.196) 
(2.197) 



All except the last term are natural extensions of the property for a single material. Consider now the 
last term involving pressure ratios. 



A' 



E y ^ ln "F 



p 



Po 



-^(E4 ln (S) +1 ^- ln ^)' 

-R(±Y t " /M > 



i 5) +m ^_i n P 



tt Y.U Y fil M i KP ° J p ° p ' 



( 



-R 



\ 



N 

E 



Yi/Mi 



| H\ + l n £. _ i n P 



^iKELtYi/Mj \PoJ Po Po 



\ 



(2.198) 
(2.199) 
(2.200) 

(2.201) 



/ 
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-R 



-R 



-R 



-R 



-R 



-R 



-R 



-R 



N 



X] Vi ln 



i=l 

N 



In 



P 
ft 



In. 



ft 



5>ir 



JV 



nnir' 



vi=l 



p p 

ln 1- ln — 

ft ft 



P ft 



A 



H^nfr 



In 



P 1J r Vft 

Z — 1 

ft 



pEiliiN pEi!Li» 



' P 2 - 



N 



In I] [§Y 



' N 



p. 



n n v 



2V 

8=1 
Pni' 



Po 



So, the mixture entropy becomes 



cp(T) 



N 



T T 
T 



df-R[\n\\\yt 



In. 



Po 



In. 



Po 



cp(T) 



P 



AT 



df- Pin— -Pin ]Jy«" 



2.202) 
2.203) 
2.204) 
2.205) 
2.206) 
2.207) 
2.208) 
2.209) 



2.210) 



2.2111 



classical entropy of a single body non-Truesdellian 

The extra entropy is not found in the theory for a single material, and in fact is not in the form suggested 
by Truesdell's postulates. While it is in fact possible to redefine the constituent entropy definition in 
such a fashion that the mixture entropy in fact takes on the classical form of a single material via the 
definition Si = s^, i + J T cpi(T)/T dT — P 2 ; ln (Pj/P ) + Pj ln j/j, this has the disadvantage of predicting 
no entropy change after mixing two pure substances. Such a theory would suggest that this obviously 
irreversible process is in fact reversible. 

I 



2.3.2.2 Molar basis 

On a molar basis, one has equivalent relations to those found on a mass basis. 

A? 



Eft 



i=l 



n p 

V = M' 



(2.212) 
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V 1 



h 



c P 



V JV J, n p 

N 

^ yiei = eM, 

i=l 

N 

J2 Vihi = hM, 

i=l 

N 

/, yicvi = c v M, 
c P - R, 

N 
^2 ViCPi = C P M 



vM, 



i=l 



N 






c p __ l^i=iVi c P 



N 



EiV _ 

i=l U * C 



A? 



^2 Vi S i = sM i 



i=\ 



ViP 



Pi_ 



V v 



Vi 


__ 


n % 


= - = — = ViMi, 
Vi Pi 


v, 


= 


dV 

drii 


V 
= — = U = vM, 

PT n J 1 






if ideal gas 


P 


= 


ViP, 


P 


= 






if ideal gas 


Pi 


= 


~RT 
PiRT = — , 




if ideal gas 


h 


= 


p — 

e + — = e + Pv= e + RT = hM, 

if ideal gas 






hi 


= 


h i , if ideal gas, 


hi 


— 


e,- + 


Pi 

— = e, : + PiVi = e, : + Pvi = e, 



if ideal gas 



2.213) 

2.214) 

2.215) 

2.216) 
2.217) 
2.218) 

2.219) 

2.220) 
2.221) 
2.222) 
2.223) 

2.224) 
2.225) 

2.226) 

2.227) 

2.228) 
2.229) 
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hi 



s, 



T 

c Pi (f) df = hiMi, 

'T 



if ideal gas 



T ,i 



C Pi( T ) «f, "nn fVi P 



dT-R\n 



T a T 



Pn 



(2.230) 



(2.231) 



if ideal gas 



S, 



s Ti -R\n\ — 



SiM t , 



(2.232) 



if ideal gas 



TV 



i=l 



r T V^o 



A? 



.Rln ] Jyf =sM. 



vi=l 



if ideal gas 



(2.233) 



2.3.3 Amagat model 



The Amagato model is an entirely different paradigm than the Dalton model. It is not used 
as often. In the Amagat model, 

• all components share a common temperature T , 

• all components share a common pressure P, 

• each component has a different volume. 

Consider, for example, a binary mixture of calorically perfect ideal gases, A and B. For 
the mixture, one has 

PV = nRT, (2.234) 



with 

For the components one has 



Then, n = ua + n p reduces to 



n = n A + n B . 

PV A = n A RT, 
PV B = n B RT. 

PV PV A PV r 



RT RT RT 



(2.235) 

(2.236) 

(2.237) 

(2.238) 



ic 



Emile Hilaire Amagat, 1841-1925, French physicist. 
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Thus 

V = Va + V b , (2.239) 

V A V r 
1 = -£ + -^-. (2.240) 
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Chapter 3 

Mathematical foundations of 
thermodynamics 



Every mathematician knows it is impossible to understand an elementary course 
in thermodynamics. 

Vladimir Igorevich Arnol'd (1937-2010), "Contact Geometry: The Geometrical 



Method of Gibbs' Thermodynamics," in Proceedings of the Gibbs Symposium, 
D. Caldi and G. Mostow, eds., American Mathematical Society, 1990, p. 163. 

This chapter focuses on mathematical formalism which can be applied to thermody- 
namics. Understanding of calculus of many variables at an undergraduate level is sufficient 
mathematical background for this chapter. Some details can be found in standard sourcesux 



3.1 Exact differentials and state functions 

In thermodynamics, one is faced with many systems of the form of the well-known Gibbs 
equation: 

de = Tds - Pdv. (3.1) 

This is known to be an exact differential with the consequence that internal energy e is a 
function of the state of the system and not the details of any process which led to the state. 
As a counter-example, the work, 

Sw = Pdv, (3.2) 

can be shown to be an inexact differential. Thus, the work depends upon the path of the 
process. 



Abbott, M. M., and Van Ness, H. C, 1972, Thermodynamics, Schaum's Outline Series in Engineering, 
McGraw-Hill, New York. See Chapter 3. 

2 Borgnakke, C, and Sonntag, R. E, 2009, Fundamentals of Thermodynamics, Seventh Edition, John 
Wiley, New York. See Chapters 13 and 15. 

3 Vincenti, W. C, and Kruger, C. H., 1965, Introduction to Physical Gas Dynamics, John Wiley, New 
York. See Chapter 3. 
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I 

Example 3.1 

Show the work is not a state function. 

// work were a state function, one might expect it to have the form 

w = w(P,v), provisional assumption, to be tested. 

In such a case, one would have the corresponding differential form 

dw 



dw 
dw = — 
dv 



dv 



Now, since dw = Pdv + OdP, one deduces that 

dw 

dv 

dw 

dP 



dP 

P, 

0. 



dP. 



Integrating Eq. (|3.5[) . one finds 



Pv + f(P), 



(3.3) 



(3.4) 

(3.5) 
(3.6) 

(3.7) 

where f(P) is some function of P to be determined. Differentiating Eq. (|3.7j) with respect to P, one 
gets 



dw 
dP 



v + 



df(P) 
dP ' 



Now, use Eq. (|3.6[) to eliminate dw/dP\ v in Eq. (|3.8|) so as to obtain 

,. , d f(P) 





df{P) 
dP 



dP 



(3.8) 

(3.9) 
(3.10) 



Equation p.lOp cannot be: a function of P only cannot be a function of v. So, w cannot be a state 
property: 

w^w(P,v). (3.11) 



Consider now the more general form 

ipidxi + -02^2 + • • • + ipNdx^f = 2^ "4>idXi. 



N 



(3.12) 



i=i 



Here, tpi and Xi, i = ~L...,N, may be thermodynamic variables. This form is known in 
mathematics as a Pfajjj differential form. As formulated, one takes at this stage 



^Johann Friedrich Pfaff, 1765-1825, German mathematician. 
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• Xi. independent thermodynamic variables, 

• tpi. thermodynamic variables which are functions of x^ 

Now, if the differential in Eq. (13.120 . when set to a differential dy, can be integrated to form 
the function 

y = y(x 1 ,x 2 ,...,x N ), (3.13) 

the differential is said to be exact. In such a case, one has 

TV 

dy = ipidxi + ip 2 dx 2 + . . . + ^^dx^ = 2^ 4>idxi. (3-14) 



t=i 



Now, if the algebraic definition of Eq. (13.1 3D holds, what amounts to the definition of the 
partial derivative gives the parallel result that 



dy 



dy 



dxi 



dxi 



dy 



Ejjyi 



dxo 



dXn 



dy 



Xj,j& 



dx N 



dx 



N- 



(3.15) 



x j: j^N 



Now, combining Eqs. (I3.14p and (]3.15j) to eliminate dy, one gets 



ijj 1 dx 1 + ip 2 dx 2 + . . . + i>Ndx 



dy 



N 



dx\ 



dx\ 



dy 



Xjj^l 



dx-. 



dx-2 



dy 



xj,i& 



dxN 



dx 



N- 



Xj ,j^N 



(3.16) 



Rearranging, one gets 
dy 







dx i 



■01 dx\ + 



dy 



Xjj^l 



dx-, 



V> 2 I dx 2 + • • • + I - — 

x 3 ,m I \ dxN 



XjJ^N 



ipN ) dx^. 

(3.17) 

The variables x^, i = 1,...,N, are independent. Thus, their differentials, dxi, i = 
1, . . . , N, are all independent in Eq. (13.17ft . and in general non-zero. For equality, one must 
require that each of the coefficients be zero, so 



ti 



dy 



dx\ 



iih 



dy 



Xj,j^l 



dx-. 



■w 



dy 



N 



x,j& 



dXN 



(3.18) 



x 3 ,j^N 



When dy is exact, one says that each of the ^ and Xi are conjugate to each other. 

From here on out, for notational ease, the j ^ l,j ^ 2, . . . , j ^ N will be ignored in 
the notation for the partial derivatives. It becomes especially confusing for higher order 
derivatives, and is fairly obvious for all derivatives. 

If y and all its derivatives are continuous and differentiable, then one has for all i = 
1,...,N and k = l,...,N that 

d 2 y d 2 y 

dxkdxi dxidxk 
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Now, from Eq. (13.181) . one has 



ipk 



dy 



dxi 



ipi 



dy 
dxi 



(3.20) 



Taking the partial of the first of Eq. (13.20ft with respect to X\ and the second with respect 
to Xk, one gets 



dtpk 



dxi 



d_y chpi 

dxidxk dx k 



try 

dx k dxi ' 



(3.21) 



Since by Eq. (13.190 the order of the mixed second partials does not matter, one deduces from 
Eq. (ET2TJ) that 



dip k 



dxi 



dipi 



dxi 



(3.22) 



This is a necessary and sufficient condition for the exact-ness of Eq. (13.121) . It is a gen- 
eralization of what can be found in most introductory calculus texts for functions of two 
variables. 

For the Gibbs equation, ( 13.11) . de = —Pdv + Tds, one has 



y —> e, xi—>v, x 2 — > s, ip t 
and one expects the natural, or canonical form of 

e = e(v, s). 



-P i> 2 



T. 



(3.23) 



(3.24) 



Here, —P is conjugate to v, and T is conjugate to s. Application of the general form of 
Eq. ( 13.22ft to the Gibbs equation ( 13.1ft gives then 



dT 

dv 



dP 

ds 



(3.25) 



Equation (j3.25|) is known as a MaxwelU relation. Moreover, specialization of Eq. (J3.20P to 
the Gibbs equation (13.1ft gives 



p= — 

dv 

-.N 



T = — 
ds 



(3.26) 



If the general differential dy = ^«=i ^idxi is exact, one also can show 



-B sr^N 



The path integral yB — Ua = J A J2i=i Tpidxi is independent of the path of the integral. 
The integral around a closed contour is zero: 



j> dy= j>^2 ^i dx i = °- 

i=l 



(3.27) 



'James Clerk Maxwell, 1831-1879, Scottish physicist and mathematician. 
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The function y can only be determined to within an additive constant. That is, there 
is no absolute value of y; physical significance is only ascribed to differences in y. 
In fact, other means, extraneous to this analysis, can be used to provide absolute 
specification of key thermodynamic variables. This will be important especially for 
flows with reaction. 



I 

Example 3.2 

Show the heat transfer q is not a state function. Assume all processes are fully reversible. The first 
law gives 



de 
6q 



5q — Sw, 
de + 8w, 
de + Pdv. 



Take now the non-canonical, although acceptable, form e = e(T, v). Then, one gets 

de , de lrT , 
de = — dv + — dT. 
dv T dT v 

So 

rip. de 

dT + Pdv, 

dT. 



6q = — 
dv 



de 
dV+ dT 



de 

dv 



\dv+ |i 
dT 



=M 

M dv + N dT. 



=N 



Now, by Eq. (|3.22|l . for 5q to be exact, one must have 



This reduces to 



dM 
~dT 



d 2 e 
dTdi 



dN 
dv 



dP 
dT 



d 2 e 
dvdT' 



(3.28) 
(3.29) 
(3.30) 



(3.31) 

(3.32) 
(3.33) 

(3.34) 

(3.35) 
(3.36) 

(3.37) 



This can only be true if dP/dT\ v = 0. But this is not the case; consider an ideal gas for which 
dP/dT\ v = = R/v. So, Sq is not exact. 

I 



I 

Example 3.3 

Show conditions for ds to be exact in the Gibbs equation. 



de 



Tds - Pdv, 



(3.38) 
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de p . 

as = — + —dv, 



I ( '§1 

T\dv 

1 de 

T fa 



dv 



de 

df 

' dv 



I + ^dv, 



eM 



Again, invoking Eq. (|3.22p . one gets then 



d_ 

dT 

1 d 2 e 1 de 

T dTdv ~ T 1 lh> 

1 de 
~T2 fo 



T lh) 



1 de 
T df 

eN 



d_ 

dv 



dT. 



+ 



M 

1 dP 

f 1)T 



1 de 
f df 

N 



1 dP 

+ fdf 



P 

P 

f* 



1 d 2 e 
fdvdT 1 

0. 



(3.39) 
(3.40) 
(3.41) 



(3.42) 

(3.43) 
(3.44) 



This is the condition for an exact ds. Experiment can show if it is true. For example, for an ideal gas, 
one finds from experiment that e = e(T) and Pv = RT, so one gets 

(3.45) 
(3.46) 

So, ds is exact for an ideal gas. In fact, the relation is verified for so many gases, ideal and non-ideal, 
that one simply asserts that ds is exact, rendering s to be path-independent and a state variable. 

I 



1 R 

T v 


1 RT 

~ f^~ 


= 




= 


= 



3.2 Two independent variables 

Consider a general implicit function linking three variables, x, y, z: 

f(x,y,z) = 0. 



(3.47) 



In (x, y,z) space, this will represent a surface. If the function can be inverted, it will be 
possible to write the explicit forms 



x = x(y,z), y = y(x,z), z = z(x,y). 
Differentiating the first two of the Eqs. (I3.48|) gives 

JO" 

dz, 

dz 





dx 


dx = 


- 




dy 




dy 


dy = 


dx 



dy + 


dx 
dz 


dx + 


dy_ 
dz 



(3.48) 

(3.49) 
(3.50) 
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Now, use Eq. (J3.50P to eliminate dy in Eq. (13.490 

dy 



dx 
dy 



dy_ 
dx 



dx 
dx = — — 
dy 



dx 



dx 



dx + — 
dz 



dx 

dz) + — 

dz 



dz, 



Odx + Odz 







=dy 








dx 
dy 


dy 
z dz 


dx 

x 9Z 


J dz, 

y) 


dx 
dy 


dy 

z 9X 


r¥+{% 


dy 

z 3Z 


dx 

x 9Z 



dz. 



=0 



Since x and y are independent, so are dx and dy, and the coefficients on each in Eq. 
must be zero. Therefore, from the coefficient on dx in Eq. ( 13.53ft 



0, 

1. 



dx 


dy 




dy 


z dx 


z 




dx 
dy 


dy_ 

z dx 



dx 
dy 

and also from the coefficient on dz in Eq. (I3.53|) 



dy\ 
dx I 



dx 


dy 


dx 


dy 


z dz 


x 9Z 




dx 






dz 



0. 



dx 
dz 



dy_ 
dx 



dz 

dy 



dx 
dy 

-1. 



dy_ 
dz 



If one now divides Eq. (J3.49P by a fourth differential, dw, one gets 



dx 
dw 



dx 
dy 



dy 
dw 



dx 

dz 



dz 
dw 



Demanding that z be held constant in Eq. (I3.60P gives 



dx 
dw 

dx I 
dw I 



dy I 
dw I 



dx 
dw 



dw 
dy 



dx 
dy 
dx 
dy 
dx 
dy 



dy 
dw 



(3.51) 

(3.52) 
(3.53) 

£L53]) 

(3.54) 
(3.55) 
(3.56) 

(3.57) 
(3.58) 
(3.59) 

(3.60) 

(3.61) 
(3.62) 
(3.63) 
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If x = x(y, w), one then gets 



dx 

ax = — — 

dy 



dx 

d y + ^~ 

dw 



dw. 



Divide now by dy while holding z constant so 



dx 


dx 


dx 


dw 


— 


- — 


-L- 


— 


6y 


z d v 


w dw 


y d y 



(3.64) 



(3.65) 



These general operations can be applied to a wide variety of thermodynamic operations. 



I 

Example 3.4 

Apply Eq. (J3.65P to a standard (P, v, T) system and let 

dx dT 

dy z dv s ' 

So, T = x, v = y, and s = z. Let now e = w. So, Eq. (|3.65[) becomes 



dT 
dv 



dT 
dv 



+ 



dT 
de 



de 

dv 



Now, by definition 



de_ 
df 



dT 
Now, by Eq. (|3.26p . one has de/dv\ s = — P, so one gets 



dT 

dv 



dT 
dv 



P 



For an ideal gas, e = e(T). Inverting, one gets T = T(e), and so dT/dv\ e = 0, thus 



dT 
dv 



P 



For an isentropic process in a calorically perfect ideal gas, one gets 

dT P _ RT 

dv c v c v v ' 

dT Rdv 

~T ~ ~c7V' 



In 



T 
To 

T 

T, 



"(7-lA 
v 

( 7 -l)ln^. 



(?) 



7-1 



(3.66) 

(3.67) 

(3.68) 
(3.69) 

(3.70) 
(3.71) 

(3.72) 
(3.73) 
(3.74) 
(3.75) 
(3.76) 



J 
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3.3 Legendre transformations 

The Gibbs equation (]3.1|) . de = —Pdv + Tds, is the fundamental equation of classical 
thermodynamics. It is a canonical form which suggests the most natural set of variables in 
which to express internal energy e are s and v. 

e = e(v,s). (3.77) 

However, v and s may not be convenient for a particular problem. There may be other com- 
binations of variables whose canonical form gives a more useful set of independent variables 
for a particular problem. An example is the enthalpy: 

h = e + Pv. (3.78) 

Differentiating the enthalpy gives 

dh = de + Pdv + vdP. (3.79) 

Use now Eq. ( 13.791) to eliminate de in the Gibbs equation, Eq. (|3.1|) . to give 

dh-Pdv-vdP = -Pdv + Tds, (3.80) 

=de 

dh = Tds + vdP. (3.81) 

So, the canonical variables for h are s and P. One then expects 

h = h(s,P). (3.82) 

This exercise can be systematized with the Legendrdj transformation^ which defines a set 
of second order polynomial combinations of variables. Consider again the exact differential 
Eq. fl3~Ti|) : 

dy = ipidxi + ijj 2 dx 2 + . . . + tp^dx^. (3.83) 

For N independent variables X{ and TV conjugate variables ^j, by definition there are 2^ — 1 
Legendre transformed variables: 

(3.84) 
(3.85) 



n 


= ri(^i 


,x 2 , 


X 3 , .. 


.,x N ) = 


y- 


-^ 1 x 1 , 


T 2 


= r 2 (x 1 , 


"02, 


x 3 ,.. 


■ ,Xn) = 


y- 


~ 4>2X 2 , 


TN 


= T N (Xi 


,x 2 ,x 3 ,...,ip N ) = 

ench mathematician 


--v- 


- Xp N XN, 


c Adrien-Marie Legendre[ 1752-1833, Fi 





(3.86) 

7 Two differentiable functions / and g are said to be Legendre transformations of each other if their first 
derivatives are inverse functions of each other: Df = (Dg)~ l . With some effort, not shown here, one can 
prove that the Legendre transformations of this section satisfy this general condition. 
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Tl, 2 

r l,3 



Tl,2(l/>l,l/>2i X 3 ,..., X N ) =y ~ IplX! - t/j 2 X 2 , 

n,3{ipi,x 2 , ip s ,...,x N )=y- tptXi - 1p 3 X 3 , 



N 



ti,...,n = T 1 ^ N (ip 1 ,ip 2 ,ip 3 ,...,ip N ) = y-^2^ 



./..■ ; . 



(3.87) 

(3.88) 

(3.89) 
(3.90) 



i=l 



Each r is a new dependent variable. Each r has the property that when it is known as a 
function of its N canonical variables, the remaining N variables from the original expression 
(the %i and the conjugate ipi) can be recovered by differentiation of t . In general this is not 
true for arbitrary transformations. 



I 

Example 3.5 

Let y = y(xi,X2,X3). This has the associated differential form 

dy = ipidxi + i'2dx 2 + ip 3 dx 3 . 
Choose now a Legendre transformed variable n = z(ifii, xi, X3): 

z = y- ipixi. 
Then 



dz 



dz 

dip! 



dipi 



d?, 


dz 




dX2 + 


dX2 


1>i,x 3 dX3 



dx 3 



V'l.Ea 



Now, differentiating Eq. (|3.92[) . one also gets 

dz = dy — ipidxi — Xidipi- 
Elimination of dy in Eq. (|3.94[) by using Eq. (|3.91|) gives 

dz = ipi dxi + ip2 dx2 + 1P3 dx 3 —ipi dx\ — x\ dipi, 



=dy 
-Xl dlpl + "02 dX2 + "03 dX3 



Thus, from Eq. (|3.93[) . one gets 

dz 



i/'2 



dz 
dxo 



tJ'3 



i>i,%3 



dz 

dX3 



(3.91) 

(3.92) 
(3.93) 

(3.94) 

(3.95) 
(3.96) 

(3.97) 



^1,Z2 



So, the original expression had three independent variables, Xi, x 2 , X3, and three conjugate variables 
tpl, ip2, ip3- Definition of the Legendre function z with canonical variables ipi, x%, and X3 allowed 
determination of the remaining variables x\, ip2, an d 1^3 in terms of the canonical variables. 

I 



For the Gibbs equation, (]3.ip . de = —Pdv + Tds, one has y = e, two canonical variables, 
x± = v and x 2 = s, and two conjugates, ipi = —P and ip 2 = T . Thus, N = 2, and one can 
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expect 2 2 — 1 = 3 Legendre transformations. They are 

T\ = y — %l)\Xi = h = h(P, s) = e + Pv, enthalpy, (3.98) 

T2 = y — -02^2 = a = a{v, T) = e — Ts, Hehnholtz free energy, (3.99) 
7"i,2 = V — "01^1 — "02^2 = g = g{P, T) = e + Pv — Ts, Gibbs free energy. 

(3.100) 

It has already been shown for the enthalpy that dh = Tds + vdP, so that the canonical 
variables are s and P. One then also has 



^ dh 
dh= — 

OS 



dh 
ds+ dP 



dP, 



from which one deduces that 



T 



dh 
ds 



dh 
dP 



(3.101) 



(3.102) 



From Eq. (13.102p . a second Maxwell relation can be deduced by differentiation of the first 
with respect to P and the second with respect to s: 



dT 
dP 



dv 
ds 



(3.103) 



The relations for Helmholt^j and Gibbs free energies each supply additional useful relations 
including two new Maxwell relations. First, consider the Hehnholtz free energy 

(3.104) 
(3.105) 
(3.106) 
(3.107) 

So, the canonical variables for a are v and T. The conjugate variables are — P and —s. Thus 

dT. (3.108) 



a 


= e-Ts, 




da 


= de — Tds — sdT, 






= (-Pdv + Tds) - Tds - 


-sdT, 




= -Pdv - sdT. 





da 

da = TT 
dv 



T 



da 

dv+ w 



So, one gets 



p= ^ 

dv 



da 

dT 



and the consequent Maxwell relation 



dP 
dT 



ds 
dv 



(3.109) 



(3.110) 



T 



8 - Hermann von Hehnholtz, 1821-1894, German physician and physicist. 



\CC BY-NGW)} 08 August 2012, J. M. Powers. 



106 



CHAPTER 3. MATHEMATICAL FOUNDATIONS OF THERMODYNAMICS 



For the Gibbs free energy 



e + Pv -Ts, 



=h 
h — Ts, 



dg = dh — Tds — sdT, 

= {Tds + vdP) -Tds - sdT, 



=dh 

vdP - sdT. 



(3.111) 

(3.112) 
(3.113) 
(3.114) 

(3.115) 



So, for Gibbs free energy, the canonical variables are P and T while the conjugate variables 
are v and — s. One then has g = g(P,T), which gives 



So, one finds 



A dg 

d9= dP 



dg 



T 



dP + ^L 

dT 



dP 



T 



dT. 



dg 
dT 



The resulting Maxwell function is then 



dv 
dT 



ds 



(3.116) 



(3.117) 



(3.118) 



T 



I 

Example 3.6 

Canonical Form 

If 



h(s,P) = c P T 



R/c P 



\ — J + (h - c P T ) 



(3.119) 



and cp, T , R, P , and h are all constants, derive both thermal and caloric state equations P(v,T) 
and e(v, T). 



Now, for this material 



dh 

ds 

dh_ 
dP 



RT n ( P 



R/cp 



exp — 
\cp 



Now, since 



Po \Po 



dh 
ds 
dh_ 
dP 



R/cp-l 



exp — 
\cp 



(3.120) 

(3.121) 

(3.122) 
(3.123) 
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one has 



'£ 



R/cp 



RT ( P 



Po \Pc 



exp i - , . 

R/cp -1 



exp — 



Dividing one by the other gives 



v 
Pv 



P 

R' 

RT, 



(3.124) 
(3.125) 

(3.126) 
(3.127) 



which is the thermal equation of state for an ideal gas. Substituting from Eq. (|3.124[) into the canonical 
equation for h, Eq. (|3.119[) . one also finds for the caloric equation of state 



h = c P T + (h - c P T ) , 
h = c P (T-T ) + h . 



(3.128) 
(3.129) 



which is useful in itself, and shows we actually have a calorically perfect gas. Substituting in for T and 
T 



' Pv P V 

h = cp 

1 R R 



Using h = e + Pv we get 



e + Pv = cp 



Pv P n v r 



R R 



h . 



e a + PoVo 



(3.130) 



(3.131) 



^ - l) Pv - (^ - 1 



O) \ *~-Oi 



e = (^ " l) (Pv - Poi 

e = (^ - l) (RT - RT ) + e , 

{c P -R)(T- T ) + e , 

(c P - (c P - c„)) (T - T ) + e , 

c v (T - T ) + e - 



(3.132) 

(3.133) 

(3.134) 

(3.135) 
(3.136) 

(3.137) 



So, one canonical equation gives us all the information one needs. Oftentimes, it is difficult to do 
a single experiment to get the canonical form. 

I 



3.4 Heat capacity 

Recall that 



cp 



de 

df 
dh 

dT 



(3.138) 
(3.139) 
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Then, perform operations on the Gibbs equation, Eq. (13. ip : 



de 



de 
dT 



Tds — Pdv, 
ds 



( V 



T 
T 



dT 
ds 

dT 



Likewise, 



dh 



dh 
dT 



Tds + vdP, 
ds 



p 
cp 



T 
T 



dT 
ds 
dT 



One finds further useful relations by operating on the Gibbs equation, Eq. (13. ip : 



de 



de 
dv 



Tds — Pdv, 
ds 



T 



T 
T 



dv 

dP_ 

dT 



T 



P. 



P. 



So, one can then say 



For an ideal gas, one has 



de 
dv 



e 


= et'i. 


V 


)• 


de 


de 
df 


de 

dT+ — 

dv 




( dP 


T 


= T d - 

d: 


P 

r 


-p = 

V 



dv, 



T 



P)dv. 



R\ RT 



= 0. 



3.140) 
3.141) 

3.142) 



3.143) 
3.144) 

3.145) 



3.146) 
3.147) 

3.148) 



3.149) 
3.150) 

3.151) 



Consequently, e is not a function of v for an ideal gas, so e = e(T) alone. Since h 
for an ideal gas reduces to h = e + RT 

h = e(T) + RT = h(T). 



3.152) 

3.153) 

e + Pv 

(3.154) 
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Now, return to general equations of state. With s = s(T, v) or s = s(T, P), one gets 

ds 



ds 
ds 



ds 
df 
ds 
df 



dT - 
dT 



Or 
ds 
dP 



dv, 



dP. 



(3.155) 
(3.156) 




cp 7m dv 

ds = —dT - — 

T dT 



dv, 
dP. 



(3.157) 
(3.158) 



Subtracting one from the other, one finds 

c v — Cp 







[cp — c v )dT = T 



dP 
dT+ — 
T dT 



dv 



dv 
dT 



dP, 



dP 
df 



dv + T 



dv 
df 



dP. 



(3.159) 
(3.160) 



Now, divide both sides by dT and hold either P or v constant. In either case, one gets 

(3.161) 



T dP 

Cp — c„ = 1 — — 

dT 



dv 
df 



I 

Example 3.7 

For an ideal gas find cp — c v . For the ideal gas, Pv = RT, one has 



dP 
df 



R 

! 

I! 



dv 

df 



R 
P' 



So 



Cp - c v 



T 

T 
R. 



RR 
RT' 



This holds even if the ideal gas is calorically imperfect. That is 

c P (T) - c v (T) = R. 



(3.162) 



(3.163) 

(3.164) 
(3.165) 



(3.166) 
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For the ratio of specific heats for a general material, one can use Eqs. ( 13.142ft and (13.1450 

to get 



Then apply Eq. (13.561) to get 



Then apply Eq. ( 13.581) to get 



7 






ds 
7 dT 



rp OS 

1 dT\P 

rp ds_ I 

1 dT\v 



dT 
ds 



dv 

ds 
dv 

dP 



ds 


dP 


\ ( 


dT 


dv 


dP 


T ~df 


J\ dv 


ds 

s 


ds 


\ 


fdP 


dT 


\ 


T 


dP 


J 


[df 


s dv 


,)• 



T 



dP 

dv 



(3.167) 



(3.168) 



(3.169) 
(3.170) 
(3.171) 
T data. The second term is related to the 



The first term can be obtained from P — 

isentropic sound speed of the material, which is also a measurable quantity. 



I 

Example 3.8 

For a calorically perfect ideal gas with gas constant R and specific heat at constant volume c v , find 
expressions for the thermodynamic variable s and thermodynamic potentials e, h, a, and g, as functions 
of T and P. 



First, get the entropy: 

de 

Tds 
Tds 

ds 

ds 

s- sq 
s - SQ 



Tds — Pdv, 

de + Pdv, 

c v dT + Pdv, 

dT P 
c v — + — dv, 

dT dv 

c v — +R-, 
T v 

dT f dv 

Cjr + JR-, 



c„ In 



Rbx 



'o 



Vo 

RT/P 



, T R 

In 1 In ■ 

T c v RTo/Po 



I — 
\To 



{ T_Po 

T P 



R/cv 



(3.172) 
(3.173) 
(3.174) 

(3.175) 
(3.176) 
(3.177) 
(3.178) 
(3.179) 

(3.180) 
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3.181) 



= 


'"(1) +1 "(t) 


; 


= 


b {ff M -- "%„(£• 


. (c p -c«)/c 


= 


'"©-(r 1 - 




s = 


s + c„ In ( — J + c„ In I -^ 


7-1 


Now, for the calorically perfect 


ideal gas, one has 

e = e + c v (T - T ). 




For the enthalpy, one gets 






h = 


e + Pv, 




= 


e + RT, 




= 


e + c v (T-T )+RT, 




= 


e + c v (T - T ) +RT + RT - 


RT , 


= 


e + RT„ +c v (T - T ) + R(T - 


-To), 


= 


=h 

h + {c v + R){T-T ), 





= h a + c p (T - T ) 
For the Helmholtz free energy, one gets 
a = e — Ts, 



e a + c v (T - T ) - T \ s + c v In ( — j + c v In I — 



TV , /Pn^ 7 ^ 1 



For the Gibbs free energy, one gets 
9 = h-Ts, 



h + c p (T - T ) - T [ s + c v In ( — I + c v In 



TV , /Po N7 



3.182) 
3.183) 
3.184) 

3.185) 

3.186) 
3.187) 
3.188) 
3.189) 
3.190) 

3.191) 

3.192) 

3.193) 
3.194) 

3.195) 
3.196) 

I 



3.5 Van der Waals gas 

A van der Waalqj gas is a common model for a non-ideal gas. It can capture some of the 



behavior of a gas as it approaches the vapor dome. Its form is 

RT a 

v — b v 



P (T,v)=-—^--, (3.197) 



s Johannes Diderik van der Waals, 1837-1923, Dutch thermodynamicist. 
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where b accounts for the finite volume of the molecules, and a accounts for intermolecular 
forces. 



I 

Example 3.9 

Find a general expression for e(T, v) if 



n/ T N RT a 

P(T,v) = — . 

V — V 



(3.198) 



Proceed as before. First, we have 



de 

de = t^: 
dT 

recalling from Eqs. (|3.138p and (|3.148|l that 

de_ 

df 

Now, for the van der Waals gas, we have 



dT+ 7T 
ov 



de 
dv 



dv, 



dP 
dT 



dP 
df 



R 

v — 6' 



dP 
dT 



P = J^-P 



v — b 
RT f RT a\ a 



v — b \v — b v 2 J v 



So, we have 



de 

Or 



a 

n- 



e(T,v) = — + /(T). 



(3.199) 

(3.200) 

(3.201) 
(3.202) 
(3.203) 

(3.204) 
(3.205) 



Here, f(T) is some as-of-yet arbitrary function of T. To evaluate f{T), take the derivative with respect 
to T holding v constant: 



de_ 

df 



4f_ 

dT 



(3.206) 



Since / is a function of T at most, here c v can be a function of T at most, so we allow c v = c v (T). 
Integrating, we find f(T) as 



f(T) = C+ / c v (T)dT, 
Jt 



where C is an integration constant. Thus, e is 



e(T,v) = C+ / c v (T)dT- -. 



(3.207) 



(3.208) 
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Taking C = e + a/v , we get 

e(T, v) = e + J c v (f)df + a(—--) 
We also find 

h = e + Pv = e +l c v {f)df + a( ) +- Pv, 



'./'„ 



h(T,v) = e + f c v {f)df + a(—--)+^j--. (3.211) 

Jt \v v J v - b v 



J 



3.6 Redlich-Kwong gas 

The Redlichl 10 l-Kwong equation of state 11 ! is 

RT a 

P ~V^b~ v(v + b)T^- (3 ' 212) 

It is modestly more accurate than the van der Waals equation in predicting material behavior. 



I 

Example 3.10 

For the case in which 6=0, find an expression for e(T, v) consistent with the Redlich-Kwong state 
equation. 

Here, the equation of state is now 

„ RT a 

P = 2^172" ( 3 - 213 ) 



Proceeding as before, we have 

de 
dv 



T 


m dP 

= T 

dT 


-P 

V 








-<! 


1 a \ 


-(¥- 


a 




1 2v 2 T 3 / 2 J 


w 2 T l/2 




3a 







2w 2 TV2- 
Integrating, we find 



(3.214) 
(3.215) 
(3.216) 



e(T,v) = -J^ m + f(T). (3.217) 



lc Otto Redlich, 1896-1978, Austrian chemical engineer. 

^^Redlich, O., and Kwong, J. N. S., 1949, "On the Thermodynamics of Solutions. V. An Equation of 
State. Fugacities of Gaseous Solutions," Chemical Reviews, 44(1): 233-244. 
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Here, f(T) is a yet-to-be-specified function of temperature only. Now, the specific heat is found by the 
temperature derivative of e: 



Cv(T,v)= — 



3a df 

+ -L- 



4wT 3 / 2 dT ' 



(3.218) 



Obviously, for this material, c,„ is a function of both T and v. 
Let us define c vo (T) via 



d[_ 
dT 



Cvo{T)- 



Integrating, then one gets 



f(T) = C+ / c vo {T)dT. 

il/2 



(3.219) 



(3.220) 



Let us take C = e + 3a/2/v /T . Thus, we arrive at the following expressions for c v (T, v) and e(T, v): 

3 a 



Cv(T,v) = c vo {T) + 



4uT 3 / 2 : 



e(T,v) 



■in 



1 



1 



fj T Cvo (T)dT + Y y— ^-^^ 



(3.221) 
(3.222) 



J 



3.7 Mixtures with variable composition 

Consider now mixtures of iV species. The focus here will be on extensive properties and 
molar properties. Assume that each species has nt moles, and the total number of moles is 
n = ^i=i n «- Now, one might expect the extensive energy to be a function of the entropy, 
the volume, and the number of moles of each species: 

E = E(V,S,m). (3.223) 

The extensive version of the Gibbs law in which all of the n$ are held constant is 

dE = -PdV + TdS. (3.224) 

Thus 

F)F, FiF, 

(3.225) 



dE 
dV 



S,n, 



P ?l 

OS 



T. 



V,m 



In general, since E = E(S, V,ni), one should expect, for systems in which the n^ are allowed 
to change that 



dE 



dE 
W 



dV 



S,n t 



d_E_ 
~dS 



N 



V,ni 



ds+Y: 



i=l 



dE 
On, 



dni. 



(3.226) 
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(3.227) 



Defining the new thermodynamic property, the chemical potential /i i5 as 

dE 

UIL% sy,nj 
one has the important Gibbs equation for multicomponent systems: 

N 

dE = -PdV + TdS + Y^ T^idrii- (3.228) 

t=i 

Obviously, by its definition, JI i is on a per mole basis, so it is given the appropriate overline 
notation. In Eq. (13.2281) . the independent variables and their conjugates are 

x x = V, ij) 1 = -P, (3.229) 

x 2 = S, iJ 2 = T, (3.230) 

x 3 = m, if>3='Pi, (3.231) 

X4 = n 2 , ip4 = ~p 2 , (3.232) 

x N+2 = n N , ipN+2 = V-n- (3.233) 

Equation (I3.228P has 2 N+l — 1 Legendre functions. Three are in wide usage: the extensive 
analog to those earlier found. They are 

H = E + PV, (3.234) 

A = E-TS, (3.235) 

G = E + PV-TS. (3.236) 

A set of non-traditional, but perfectly acceptable additional Legendre functions would be 
formed from E — ~\X\n\. Another set would be formed from E + PV — JL 2 n2. There are 
many more, but one in particular is sometimes noted in the literature: the so-called grand 
potential, Q. The grand potential is defined as 

N 

Q = E-TS~Y^ ft«i- (3.237) 

i=i 

Differentiating each defined Legendre function, Eqs. (13.234H3.237j) . and combining with 
Eq. (13.2281) . one finds 

N 



dH = TdS + VdP + J2~Pi dn *i ( 3 - 238 ) 

N 

dA = -SdT-PdV + J^Vidni, (3.239) 

t=i 

\CC BY-NC-NLk\ 08 August 2012, J. M. Powers. 



116 



CHAPTER 3. MATHEMATICAL FOUNDATIONS OF THERMODYNAMICS 



N 



dG = -SdT + VdP + ^-pidm, 

i=\ 

N 

-PdV - SdT - J2 rkdpi- 



dQ 



(3.240) 
(3.241) 



i=i 



Thus, canonical variables for H are H = H(S,P,rii). One finds a similar set of relations as 
before from each of the differential forms: 



T 

P 
V 



dE 

3S V,n 

dE 
" dV 
dH 



OH 

~dS 



5,71, 



dP 



S,n t 



dG 
dP 



dA 



V,m 



P,rn 

dA 

dV 



dG 
df 



T,Ui 



p,m 



dn 

dV 



df 



T.l 



V,-Pi 



■U; 



dtt 
dpi 



/',- 



dE 
drii 



dH 

dn~ 



dA 

S.P.rii ^ n i 



Ty,m 



dG 
dm 



(3.242) 
(3.243) 
(3.244) 
(3.245) 
(3.246) 

(3.247) 



T,P,n, 



Each of these induces a corresponding Maxwell relation, obtained by cross differentiation. 
These are 



dT 
W 
dT 
dP 
dP 
dT 
dV 

ar 

dT 

dpi 
dP 

dJI 



S,n z 



V,n, 



P,n t 



dP 

~ ~dS 

dV 

~dS 

dS 

dV 



v,m 



P,n, 



T,7li 

dS 

dP 



T.n-j 



dn k 



dS_ 

drii 

dV 
drii 



T,n t 



V, nj 



V,m 



T,P,m 



dn t 



(3.248) 
(3.249) 
(3.250) 
(3.251) 
(3.252) 
(3.253) 
(3.254) 



T,P,i 



\CC BY-JVC^JVal 08 August 2012, J. M. Powers. 



3.8. PARTIAL MOLAR PROPERTIES 



117 





dS 




OP 




dV 


T&i 


df 


1 


drii 




dn k 




d^k 


V,T,-p, 


j& 


d^i 


V,T.Ji,,i^i 



(3.255) 
(3.256) 



3.8 Partial molar properties 

3.8.1 Homogeneous functions 

In mathematics, a homogeneous function f(x\, . . . , x^) of order m is one such that 

f(Xx u ..., Xx N ) = X m f{x 1 , ...,x N ). (3.257) 

If m = 1, one has 

f(Xxu • • • , Xx N ) = Xf(x u ...,x N ). (3.258) 

Thermodynamic variables are examples of homogeneous functions. 

3.8.2 Gibbs free energy 

Consider an extensive property, such as the Gibbs free energy G. One has the canonical 
form 

G = G(T,P,n x ,n 2 ,...,n N ). (3.259) 

One would like to show that if each of the mole numbers n» is increased by a common factor, 
say A, with T and P constant, that G increases by the same factor A: 



XG(T, P, m, n 2 , . . . , n N ) = G(T, P, Xni, An 2 , . . . , Xn N ). 



(3.260) 



Differentiate both sides of Eq. (I3.260|) with respect to A, while holding P, T, and rij constant, 
to get 



G(T,P,m,n 2 ,...,n N ) 
dG 



dyXn-i 



d(Arai) dG 

n„p,T dX d{Xn 2 ) 



d(Xn 2 ) 



dG 



dG 



d(Xni 



nj,P,T 

dG 



ni 



nj,P,T 



d{Xn 2 ) 



dX d(XnN) 

n 2 + ... 



d(XnN) 



n,,PJ 

dG 



dX 



(3.261) 



m,P,T 



d(Xn N ) 



n N , (3.262) 



n h P,T 



This must hold for all A, including A = 1, so one requires 



G(T,P,m,n 2 ,...,n N ) 



dG 



drii 



dG 



iii 



rij ,P,T 



dm 



dG 



n 2 



rij ,P,T 



dn^ 



n N , 



N 

E 



dG 

dn.i 



rii. 



(3.263) 
(3.264) 
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Recall now from p. [77] the definition partial molar property, the derivative of an extensive 
variable with respect to species rii holding rij, i ^ j, T, and P constant. Because the result 
has units which are per unit mole, an overline superscript is utilized. The partial molar 
Gibbs free energy of species i, g i is then 

dG 
9i 



drii 



n u P,T 



so that Eq. (13.264)) becomes 



N 



G = E 



Wi. 



i=l 



Using the definition of chemical potential, Eq. (13.2471) . one also notes then that 



N 



G{T,P,n 2 ,ri 2 , 



n N 



J2^ 



rii. 



(3.265) 



(3.266) 



(3.267) 



«=i 



The temperature and pressure dependence of G must lie entirely within Jt^T, P, rij), which 
one notes is also allowed to be a function of rij as well. Consequently, one also sees that the 
Gibbs free energy per unit mole of species i is the chemical potential of that species: 

9i = N- (3-268) 

Using Eq. (13.2661) to eliminate G in Eq. (I3.236p . one recovers an equation for the energy: 

TV 

E = -PV + TS + ^Jl i ri l . (3.269) 



3.8.3 Other properties 



A similar result also holds for any other extensive property such as V , E, H , A, or S. One 
can also show that 

N 



V 



E 



ii, 



dV 
dm 



» = E 



E 

i=i 
y n ,9E 
^— ' * drii 

dH 

drii 



N 



rii,A,T 



m,V,S 



II; 



i=l 

N 



,P,S 



A 



S 



^ dA 
> rij 

^ % Pit,. 



i=i 

N 

E 

i=i 



I); 



OS 
dm 



(3.270) 
(3.271) 
(3.272) 
(3.273) 
(3.274) 



n jt E,T 
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Note that these expressions do not formally involve partial molar properties since P and T 
are not constant. 

Take now the appropriate partial molar derivatives of G for an ideal mixture of ideal 
gases to get some useful relations: 



8G 

dm 



T,P, nj 



G = H-TS 
dH 

dm 



T 



T,P.n,; 



dS 

drii 



T,P.n, 



Now, from the definition of an ideal mixture hi = hi(T, P), so one has 



v 



H = ^2n k h k (T,P), 



OH 



k=i 



_d_ 
dni 



N 



A' 



J2^kh k (T,P)\ , 



,k=l 



E^^(T.P), 



fc=l 



V 



drii 



^25 ik h k (T,P), 



fc=i 



hi(T,P). 



Here, the Kronecker delta function 5 k i has been again used. Now, for an ideal gas one further 
has hi = hi(T). The analysis is more complicated for the entropy, in which 



3.282 



S = J2n k (s° T>k -Rhi(^j 



Rln 



n k 






V 



Yl Hk ( S °TM 



fc=l 



Rlnfyjj -Rj2 n k^ 



i>k 






3.275 
3.276 



3.277 



3.278 



3.279 



3.280 



3.281 



3.283 



3.284 



3.285 



dS 

dm 



N 



T,P,n, 



d v— > / ( P 

— J2n k (s° T ^-R\n( — 



dn 



k=i 



P 



drii 



N 



T , p ,™j \k=l 



J^n fc ln 



n k 



Xq=i n i, 



(3.286) 
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N 



k=l- 



dn k 
drii 



E^U^-^ln 



w , / ' P 

Po 



drii 



N 



T,P, nj \ k=1 



^ n k In 



n k 






'T,i 



R\n( — 

P„ 



drii 



N 



J^n fc ln 



ii k 



N 
T , p , n j \k=l \2^iq=l 



EN 
a=i n <i 



(3.287) 
.(3.288) 



Evaluation of the final term on the right side requires closer examination, and in fact, after 
tedious but straightforward analysis, yields a simple result which can easily be verified by 
direct calculation: 



d 
drii 



N 



T,P,n, 



y^n k ln 



iik 






In 



ii; 



y \k=l \^q=l 

So, the partial molar entropy is in fact 



ds 

drii 



T,P,n 



r Ti -R\n[ — ) -Rln 



r T4 -Rln 



>T,i 



Rln 



P 
P, 
P 

Po 
I\ 

P, 






Hi 



(3.289) 






Rlny t 



Thus, one can in fact claim for the ideal mixture of ideal gases that 

9% = h- Tsi. 



(3.290) 

(3.291) 

(3.292) 
(3.293) 

(3.294) 



3.8.4 Relation between mixture and partial molar properties 

A simple analysis shows how the partial molar property for an individual species is related 
to the partial molar property for the mixture. Consider, for example, the Gibbs free energy. 
The mixture-averaged Gibbs free energy per unit mole is 



9 



G 



n 



Now, take a partial molar derivative and analyze to get 



dg 

drii 



T,P, nj 



1 dG 

n drii 



T,P, nj 



G dn 
n 2 drii 



(3.295) 



(3.296) 



T,P,i 
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1 dG 

n drii 


T,P,n 3 


G d 

n 2 drii 




(3.297) 


1 dG 

n drii 


T,P,n 3 


G y^ dn k 

n 2 ^-— ' drii 
fe=i l 




(3.298) 


1 dG 

n drii 


T,P,n 3 


G N 

2 / /^fc' 

fc=i 




(3.299) 


1 dG 

n drii 


T,P,n 3 


G 

9 ' 




(3.300) 


1 

-to- 
ri 


1 

n 








(3.301) 



Multiplying by n and rearranging, one gets 



9i = 9 + n 



A similar result holds for other properties. 



9g 

dm 



T,P,m 



(3.302) 



3.9 Frozen sound speed 



Let us develop a relation for what is known as the "frozen sound speed," denoted as c. This 
quantity is a thermodynamic property defined by the relationship 

, dP 



dp 



(3.303) 



Later in Sec. llO.LTl we shall see that this quantity describes the speed of acoustic waves, but 
at this point let us simply treat it as a problem in thermodynamics. The quantity is called 
"frozen" because the derivative is performed with all of the species mole numbers frozen at 
a constant value. Note that since v = 1/p, 



c 2 = 


dP 

dp 


dv dP 

s,n t d P dv 


1 

S,7li r 


dP 
dv 


So, we can say 












(po) 


2 dP 

dv 


s.rii 



dP 

dv 



(3.304) 



(3.305) 



Now, we know that the caloric equation of state for a mixture of ideal gases takes the 
form, from Eq. ( 12.1621) : 



N 



e--=J2 Y MT). (3.306) 
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Employing the ideal gas law, we could say instead 



i=l 



pRJ 



(3.307) 



In terms of number of moles, Hi, we could say 

A? 



^MfH (P_ 



(3.308) 



We can in fact generalize, and simply consider caloric equations of state of the form 

e = e{P,p,m), (3.309) 

or in terms of the specific volume v = 1/p, 

e = e(P,v,m). (3.310) 

These last two forms can be useful when temperature is unavailable, as can be the case for 
some materials. 

Now, reconsider the Gibbs equation for a multicomponent system, Eq. (13.2280 : 



a 



dE = -PdV + TdS + Y^ Vidni. 



(3.311) 



t=i 



Let us scale Eq. (13.31 ID by a fixed mass m, recalling that e = E/m, v = V/m, and s = S/m, 
so as to obtain 



N 



de = —Pdv + Tds + > —drii. 



i=\ 



(3.312) 



Considering Eq. (I3.312P with dv = and drii = 0, and scaling by dP, we can say 



de 



T — 
dP 



(3.313) 



Considering Eq. (I3.312[) with drii = 0, and dP = and scaling by dv, we can say 



de 
dv 

Applying now Eq. ( 13.59p . we find 

dP 

dv 



P,Ui 



dv 



(3.314) 



p,m 



ds 
dP 



v,n t 



dv 
ds 



1. 



(3.315) 



P,m 
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So, we get 



op 

dv 



ds_\ 
dv I p,m 

JEl\ 

dP \v,n, 



(3.316) 



Substituting Eq. (133161) into Eq. (ET305JI we find 



(pc) 



ds\ 
2 dv I P,nj 



ds_\ 

8P \V,Tli 



(3.317) 



Substituting Eqs. (13.31303.3141 ) into Eq. (133171) we get 

l( P+ 9e\ ) 

T y 1 T dv\p, ni J 



(pcY 



de 
dv I P,j 

1 9e I 

T dP I t),n< 

P + — I 
9P lu,nj 



(3.318) 
(3.319) 



So, the sound speed c is 



c = v 



\ 



p + % 



p,m 



del 
dP I v.rn 



(3.320) 



Eq. (13.3201) is useful because we can identify the frozen sound speed from data for e, P, and 
v alone. If 



de 



> — P, and 



p,m 



de 

dP 



>0, 



(3.321) 



V,Ui 



we will have a real sound speed. Other combinations are possible as well, but not observed 
in nature. 



I 

Example 3.11 

For an ideal mixture of calorically perfect ideal gases, find the frozen sound speed. 
For a calorically perfect ideal gas, we have 

e l = e;(T) = e + Cvi(T- T ), 

-U ( PV -T 



(3.322) 
(3.323) 



and 



JV 



J2 Y * e » ( 3 - 324 ) 
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N 

Errii 
— ei, 
m 

i=l 
N 1\J 

e^ 

m 

^mMif fPv 

E ~^r e ° + Cm i ~ " T ° 



Thus, we get the two relevant partial derivatives 



de 
dv 

de_ 
dP 



R 



N 



P,rii 



^ m m R~ Rl^ YlCm 

i=l i=l 



Pc v 
R : 






E 



m -™R R^^ m ~ R 

i—1 i—1 



5> 



Now, substitute Eqs. (|3.328|l3~329| into Eq. (J3.320JI to get 



'P+^ 






Pv 



'RT- 



RTc v 



1 + Bl 
RT R 

R 



RT 



R + c v 



(cp — Cv) + c v 



RT 



RT^, 



VrRT- 



(3.333) 


(3.334) 


(3.335) 


(3.336) 


(3.337) 
1 



3.325) 
3.326) 
3.327) 



3.328) 
3.329) 



3.330) 



3.331) 



3.332) 



3.10 Irreversibility in a closed multicomponent system 

Consider a thermodynamic system closed to mass exchanges with its surroundings coming 
into equilibrium. Allow the system to be exchanging work and heat with its surroundings. 
Assume the temperature difference between the system and its surroundings is so small that 
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both can be considered to be at temperature T. If 5Q is introduced into the system, then 
the surroundings suffer a loss of entropy: 

do surr = — . (3.338) 

The system's entropy S can change via this heat transfer, as well as via other internal 
irreversible processes, such as internal chemical reaction. The second law of thermodynamics 
requires that the entropy change of the universe be positive semi-definite: 

dS + dS SU rr > 0. (3.339) 

Eliminating dS surr , one requires for the system that 

dS > — . (3.340) 

Consider temporarily the assumption that the work and heat transfer are both reversible. 
Thus, the irreversibilities must be associated with internal chemical reaction. Now, the first 
law for the entire system gives 

dE = 5Q-5W, (3.341) 

= 5Q-PdV, (3.342) 

5Q = dE + PdV. (3.343) 

Note because the system is closed, there can be no species entering or exiting, and so there 
is no change dE attributable to drii. While within the system the drti may not be 0, the net 
contribution to the change in total internal energy is zero. A non-zero drii within the system 
simply re-partitions a fixed amount of total energy from one species to another. Substituting 
Eq. (13.3431) into Eq. (I3.340p to eliminate 5Q, one gets 

dS > -(dE + PdV), (3.344) 

=5Q 

TdS-dE-PdV > 0, (3.345) 

dE-TdS + PdV < 0. (3.346) 

Eq. (13.3461) involves properties only and need not require assumptions of reversibility for 
processes in its derivation. In special cases, it reduces to simpler forms. 

For processes which are isentropic and isochoric, the second law expression, Eq. (13.346)) . 
reduces to 

dE\ sy < 0. (3.347) 

For processes which are isoenergetic and isochoric, the second law expression, Eq. (13.346)) . 

reduces to 

dS\ Ey > 0. (3.348) 
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Now, using Eq. (13.2280 to eliminate dS in Eq. (I3.348[) . one can express the second law as 



(l P 1 N \ 

ij;dE + -dV - -5>i dn *J 



=dS 



> o, 



E,V 



1 N _ 

■-^Jtidrii >0. 

i=l 



(3.349) 



(3.350) 



irreversibility 



The irreversibility associated with the internal chemical reaction must be the left side of 
Eq. (133501) . 

Now, while most standard texts focusing on equilibrium thermodynamics go to great 
lengths to avoid the introduction of time, it really belongs in a discussion describing the 
approach to equilibrium. One can divide Eq. ( I3.350|) by a positive time increment dt to get 

N 



rp 7 j 



drii 



(3.351) 



Since T > 0, one can multiply Eq. ( 13.3511) by — T to get 



N 






j=i 



dt 



(3.352) 



This will hold if a model for drii/dt is employed which guarantees that the left side of 
Eq. ( 13.3521) is negative semi-definite. One will expect then for drii/dt to be related to the 
chemical potentials Jt i . 

Elimination of dE in Eq. (I3.346P in favor of dH from dH = dE + PdV + VdP gives 



dH - PdV -VdP-TdS + PdV < 0, 



=dE 



dH-VdP-TdS < 0. 
Thus, one finds for isobaric, isentropic equilibration that 

dH\ PS < 0. 
For the Helmholtz and Gibbs free energies, one analogously finds 



dA\ Ty < 0, 
dG\ TP < 0. 



(3.353) 
(3.354) 

(3.355) 



(3.356) 
(3.357) 
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The expression of the second law in terms of dG is especially useful as it may be easy in an 
experiment to control so that P and T are constant. This is especially true in an isobaric 
phase change, in which the temperature is guaranteed to be constant as well. 
Now, one has Eq. (ET255I) : 

A' 



G = J>^, (3.358) 

i=l 

N 

= ^riijli. (3.359) 



«=i 



^N — 



One also has from Eq. (I3.240p : dG = —SdT + VdP + ^2 i=1 fJ-idrii, holding T and P constant 
that 

JV 

dG\ T p = y^~Pid n i- (3.360) 

i=i 

Here, the drti are associated entirely with internal chemical reactions. Substituting Eq. (I3.360P 
into Eq. (I3.357p . one gets the important version of the second law which holds that 

N 

dG\ TP = ^2]J i dn i <0. (3.361) 

In terms of time rates of change, one can divide Eq. ( 13.3611) by a positive time increment 
dt > to get 

dG 
~dt 



£7J^<0. (3.362) 



3.11 Equilibrium in a two-component system 

A major task of non-equilibrium thermodynamics is to find a functional form for dni/dt 
which guarantees satisfaction of the second law, Eq. (I3.362p and gives predictions which 
agree with experiment. This will be discussed in more detail in the following chapter on 
thermochemistry. At this point, some simple examples will be given in which a naive but 
useful functional form for dni/dt is posed which leads at least to predictions of the correct 
equilibrium values. A much better model which gives the correct dynamics in the time 
domain of the system as it approaches equilibrium will be presented in the following Chapter H] 
on thermochemistry. 

3.11.1 Phase equilibrium 

Here, consider two examples describing systems in phase equilibrium. 

ICCBY-JVC^JVal 08 August 2012, J. M. Powers. 



128 CHAPTER 3. MATHEMATICAL FOUNDATIONS OF THERMODYNAMICS 



I 

Example 3.12 

Consider an equilibrium two-phase mixture of liquid and vapor H2O at T = 100 C, x = 0.5. Use 
the steam tables to check if equilibrium properties are satisfied. 

In a two-phase gas liquid mixture one can expect the following reaction: 

H 2 {l) ^H 2 {g) . (3.363) 

That is, one mole of liquid, in the forward phase change, evaporates to form one mole of gas. In the 
reverse phase change, one mole of gas condenses to form one mole of liquid. 

Because T is fixed at 100°C and the material is a two phase mixture, the pressure is also fixed at a 
constant. Here, there are two phases at saturation; g for gas and I for liquid. Equation (|3.361[) reduces 
to 

Jildni + ~p g dn g < 0. (3.364) 

Now, for the pure H2O if a loss of moles from one phase must be compensated by the addition to 
another. So, one must have 

dni + dn g = 0. (3.365) 

Hence 

dn g = —dni. (3.366) 

So, Eq. (|3.364p . using Eq. (|3.366[) becomes 

~ftldni — Jlgdni < 0, (3.367) 

dni{jl l --p g ) < 0. (3.368) 

At this stage of the analysis, most texts, grounded in equilibrium thermodynamics, assert that /I; = ~fi q , 
ignoring the fact that they could be different but dni could be zero. That approach will not be taken 
here. Instead divide Eq. (|3.368j) by a positive time increment, dt > to write the second law as 

^(ft-Tg < 0. (3.369) 

One convenient, albeit naive, way to guarantee second law satisfaction is to let 

— — = —n(Ji l — ~p„), k > 0, convenient, but naive model (3.370) 

dt 

Here, k is some positive semi-definite scalar rate constant which dictates the time scale of approach to 
equilibrium. Note that Eq. (|3.370[) is just a hypothesized model. It has no experimental verification; 
one can imagine that other more complex models exist which both agree with experiment and satisfy 
the second law. For the purposes of the present argument, however, Eq. (|3.370|l will suffice. With this 
assumption, the second law reduces to 

- «(fr - jL g ) 2 < 0, k>0, (3.371) 

which is always true. 

Eq. (|3.370[) has two important consequences: 

• Differences in chemical potential drive changes in the number of moles. 

• The number of moles of liquid, m, increases when the chemical potential of the liquid is less than that 
of the gas, /I; <~P q - That is to say, when the liquid has a lower chemical potential than the gas, the 
gas is driven towards the phase with the lower potential. Because such a phase change is isobaric and 
isothermal, the Gibbs free energy is the appropriate variable to consider, and one takes ~p = g. When 
this is so, the Gibbs free energy of the mixture, G = nipi + n g ~p is being driven to a lower value. So, 
when dG = 0, the system has a minimum G. 
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• The system is in equilibrium when the chemical potentials of liquid and gas are equal: ^ = fj, . 

The chemical potentials, and hence the molar specific Gibbs free energies must be the same for 
each constituent of the binary mixture at the phase equilibrium. That is 

9i=9 g - (3-372) 

Now, since both the liquid and gas have the same molecular mass, one also has the mass specific Gibbs 
free energies equal at phase equilibrium: 

9i = 9g- (3.373) 

This can be verified from the steam tables, using the definition g = h — Ts. From standard thermody- 
namic tables 

kj ( kj \ kj 

gi = hi - Tsi = 419.02 ((100 + 273.15) if) 1.3068- — - = -68.6 — , (3.374) 

kg \ kg A J kg 

kJ ( kj \ kj 

g„ = h Q -Ts Q = 2676.05 ((100 + 273.15) K) 7.3548 =-68.4—. (3.375) 

kg \ kg R J kg 

The two values are essentially the same; the difference is likely due to table inaccuracies. 

I 



3.11.2 Chemical equilibrium: introduction 

Here, consider two examples which identify the equilibrium state of a chemically reactive 
system. 

3.11.2.1 Isothermal, isochoric system 

The simplest system to consider is isothermal and isochoric. The isochoric assumption 
implies there is no work in coming to equilibrium. 



I 

Example 3.13 

At high temperatures, collisions between diatomic nitrogen molecules induce the production of 
monatomic nitrogen molecules. The chemical reaction can be described by the model 

N 2 + N 2 =; 2N + N 2 . (3.376) 

Here, one of the N2 molecules behaves as an inert third body. An N2 molecule has to collide with 
something, to induce the reaction. Some authors leave out the third body and write instead N2 ^= 2N , 
but this does not reflect the true physics as well. The inert third body is especially important when 
the time scales of reaction are considered. It plays no role in equilibrium chemistry. 

Consider 1 kmole of N2 and kmole of N at a pressure of 100 kPa and a temperature of 6000 K. 
Find the equilibrium concentrations of N and N2 if the equilibration process is isothermal and isochoric. 
Also perform a first and second law analysis with the aid of the ideal gas tables. 
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The ideal gas law can give the volume. 

ft = 2^, (3-377) 

V = ^, (3.378) 
(1 kmole) (8.314 I ^_) (6000 g) 

" looTi^ ' ( ^ 79j 

= 498.84 m 3 . (3.380) 

Initially, the mixture is all N2, so its partial pressure is the total pressure, and the initial partial pressure 
of N is 0. 

Now, every time an N2 molecule reacts and thus undergoes a negative change, 2 N molecules are 
created and thus undergo a positive change, so 

— driN 2 = -drip?. (3.381) 

This can be parameterized by a reaction progress variable £, also called the degree of reaction, defined 
such that 

dC, = -dn N21 (3.382) 

dC, = -dn N . (3.383) 

As an aside, one can integrate this, taking £ = at the initial state to get 

C = "JV 2 lt=o ~ n N 2 , (3.384) 

C = \n N . (3.385) 

Thus, 

n N2 = n N2 \ t=0 -(, (3.386) 

n N = 20 (3.387) 

One can also eliminate £ to get tin in terms of un 2 '■ 

n N = 2(n N2 \ t=0 - n N2 ) . (3.388) 

Now, for the reaction, one must have, for second law satisfaction, that 

T i N 2 dn N 2 +JI N dn N < 0, (3.389) 

7% 2 (- d O+7%(2dC) < 0, (3.390) 

(-fJ N2 + 2fi N ) d( < (3.391) 

(-J1 N2 + 2J1 N ) ^ < 0. (3.392) 

In order to satisfy the second law, one can usefully, but naively, hypothesize that the non- equilibrium 
reaction kinetics are given by 

— = — fe(— /Jjy 2 +2~p N ), k > 0, convenient, but naive model (3.393) 
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Note there are other ways to guarantee second law satisfaction. In fact, a more complicated model is 
well known to fit data well, and will be studied later in Chapter [4] For the present purposes, this naive 
model will suffice. With this assumption, the second law reduces to 

- k{-JL N2 + 2Jl N f < 0, k > 0, (3.394) 

which is always true. Obviously, the reaction ceases when dQ/dt = 0, which holds only when 

27%=7% 2 . (3.395) 

Away from equilibrium, for the reaction to go forward, one must expect dQ/dt > 0, and then one 
must have 

- Ji N2 + 2Jl n < 0, (3.396) 

2Jl n <Jl N2 . (3.397) 

The chemical potentials are the molar specific Gibbs free energies; thus, for the reaction to go forward, 
one must have 

2g N <g N2 . (3.398) 

Substituting using the definitions of Gibbs free energy, one gets 

2 (h N - T s N ) < h N2 -T s N2 , (3.399) 

2(h N -T^ iN -R]n(^yj\ < h N2 -T(r TtN2 -R]n(^\), (3.400) 

2 (h N - T s° T ^ N ) - (h N2 - T s° TN2 ) < -2RT In (j^j+RT In (j^-Y (3.401) 



-2 (h N - T r T>N ) + (h N2 - T r T>N2 ) > 2RT\n(^)-RT\n0ij^ 



(3.402) 
(3.403) 



-2(h N -Ts° T . N ) + (h N2 -Ts° T , N2 ) > RT In ( ^ -^- 

-2 (h N - T s° T N ) + (h N2 - T s° T N J > RTlnf^^-). (3.404) 

\yN 2 r ) 

At the initial state, one has x/n = 0, so the right hand side approaches — oo, and the inequality holds. 
At equilibrium, one has equality. 

- 2 (h N - T s° T ^ N ) + (h N2 - T s° TtN2 ) = RT\n(^^-). (3.405) 

Taking numerical values from Borgnakke and Sonntag's Table A. 9: 

/ /jj / uj 

2 5.9727 x 10 5 - (6000 K) 216.926 



kmole \ kg K 

kj ( k J 

2.05848 x 10 5 - (6000 A') 292.984 - — - 

kmole \ kg K 



•314-^— )(6000A)ln(^L £ 
kmole K J \ y^ 2 F 

-2.87635 = lnf-^-— ), (3.406) 

' \VN 2 PoJ 

=\uK P 
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0.0563399 



=K r 



Vn 2 Po ' 



«jv+«jv, I , . RT 

{n N + n N2 )- 



( ""2 A 
\n N +n N2 J 



PoV 



>N 



RT 



n N2 P V 
(2(njv 2 | t= 



njvj) RT 



n N2 



PoV 1 



(2 (1 kmole - n N2 )f (8.314)(6000) 
n^ 2 (100)(498.84)' 



(3.407) 

(3.408) 

(3.409) 
(3.410) 
(3.411) 



This is a quadratic equation for tjjv 2 ■ It has two roots 

hn 2 = 0.888154 kmole physical; njv 2 = 1-12593 kmole, 



non-physical 



(3.412) 



The second root generates more N2 than at the start, and also yields non-physically negative tin 
— 0.25186 kmole. So, at equilibrium the physical root is 



n N = 2(1 - n N2 ) = 2(1 - 0.888154) = 0.223693 kmole. 



(3.413) 



The diatomic species is preferred. 

Note in the preceding analysis, the term Kp was introduced. This is the so-called equilibrium 
"constant" which is really a function of temperature. It will be described in more detail later in 
Sec. 14.41 but one notes that it is commonly tabulated for some reactions. Its tabular value can be 
derived from the more fundamental quantities shown in this example. Borgnakke and Sonntag's Table 
A. 11 gives for this reaction at 6000 K the value of InKp = —2.876. Note that Kp is fundamentally 
defined in terms of thermodynamic properties for a system which may or may not be at chemical 
equilibrium. Only at chemical equilibrium, can it can further be related to mole fraction and pressure 
ratios. 

The pressure at equilibrium is 



(n N2 + n N )RT 

V ' 

(0.888154 kmole + 0.223693 kmole) (8.314 



kJ 



kmole K 



(6000 K) 



498.84 



111.185 kPa. 



(3.414) 

(3.415) 
(3.416) 



The pressure has increased because there are more molecules with the volume and temperature being 
equal. 

The molar concentrations 'p i at equilibrium, are 



Pn 
Pn 2 



0.223693 kmole 

498.84 to 3 
0.888154 kmole 

498.84 m 3 



4.484 x 10 



a kmole , , 7 mole 
" 4 ,— = 4.484 x 10" 7 =-, 



1.78044 x 10" 



m 

, kmole 



1.78044 x 10" 



mole 



(3.417) 
(3.418) 



Now, consider the heat transfer. One knows for the isochoric process that Q = E% — E\. The initial 
energy is given by 



Ei 



nN 2 e jv 2 , 



(3.419) 



\CC BY-JVCTnTH 08 August 2012, J. M. Powers. 



3.11. EQ UILIBRIUM IN A TWO- COMPONENT SYSTEM 



133 



riN 2 {hN 2 ~ RT), 



kJ 
kmole 



= (1 kmole) I 2.05848 x 10 s 

= 1.555964 x 10 5 k J. 

The energy at the final state is 

E2 = n N2 eN 2 +n N ~e~N, 

= n N2 (h N2 - RT) + n N (h N - RT) , 



8.314 



kJ 



kmole K 



(6000 K) 



(0.888154 kmole) 2.05848 x 10 



+ (0.223693 kmole) [ 5.9727 x 10 
2.60966 x 10 5 k J. 



kJ 
kmole 

kJ 
kmole 



8.314 
314 



kJ 



kmole K 

kJ 
kmole K 



(6000 K) 



- (6000 K) 



So 



Q 



Ei — Ei , 

2.60966 x 10 5 kJ - 1.555964 x 10 5 kJ, 

1.05002 x 10 5 kJ. 



(3.420) 

(3.421) 
(3.422) 

(3.423) 

(3.424) 

(3.425) 

(3.426) 

(3.427) 



(3.428) 
(3.429) 
(3.430) 



Heat needed to be added to keep the system at the constant temperature. This is because the nitrogen 
dissociation process is endothermic. 

One can check for second law satisfaction in two ways. Fundamentally, one can demand that 
Eq. (|3.340p . dS > 5Q/T, be satisfied for the process, giving 



2 SY 



'-C4- 



For this isothermal process, this reduces to 



s 2 -s 1 > 9., 



{n N2 s N2 +n N SN)\ 2 
(n N2 s N2 + n N s N )\ 1 



, VN 2 P\\ . f_o -J,, (vnP 

n-N 2 [ s T N - R\n [ —-— + n N [ s T N - R In 



R In 



riN 2 \ St,n 2 - -R In 
tin 2 [st,n ? - R^ 



Po 
fVN 2 P 



\ Po 

Po 



TIN I S T] jv 



n N I S T N 



TT, (PN 



> 



> 



R\n 



P, 



s°t,n 2 ~R^ (^j) + n N (s° TtN - Rln (^ 



> 



T' 



Q 

T' 



Q 

T' 



(3.431) 

(3.432) 
(3.433) 

(3.434) 
(3.435) 



i?ln 



n Ny RT\ 
p oV J 

— ( njq 2 RT 



+ n N s^ n ~ R m 



npfRT 



n N 2 I S T N 2 



R\n 



V PoV 



n N \ S T N ~ R^ n 
=0 



PoV 

— friNRT\ 



iT^J 



> % 

~ T 



(3.436) 
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Now, at the initial state tjjv = kmole, and RT / P /V has a constant value of 



RT 



5.314 



kJ 



kmole 



x) (6000 K) 



1 



PoV 



(100 /fcPa)(498.84m 3 ) 



kmole 



(3.437) 



so Eq. (|3.436p reduces to 
(n N2 [st 



T.N 2 



Rhi 



Tl N2 



1 kmole 



+ n N \s TN - 

n N 2 [St,N 2 



V 1 kmole/ 
-Rln 



UN 2 



1 kmole 



> 



T' 



(3.438) 


105002 


6000 ' 


(3.439) 



((0.888143) (292.984- 8.314 In (0.88143)) + (0.223714) (216.926 - 8.314 In (0.223714))) | 2 

- ((1) (292.984- 8.314 In (l)))^ > 

kJ kJ 

19.4181 — > 17.5004 — . 
K K 

Indeed, the second law is satisfied. Moreover, the irreversibility of the chemical reaction is 19.4181 — 
17.5004 = +1.91772 kJ/K. 

For the isochoric, isothermal process, it is also appropriate to use Eq. (|3.356[) . dA\ TV < 0, to check 
for second law satisfaction. This turns out to give an identical result. Since by Eq. (|3.235[) . A = U — TS, 
A 2 — A\ = (E 2 — T2S2) — {Ei — T\Si). Since the process is isothermal, A 2 — A-y = E 2 — E\ — T(Si — S\). 
For A 2 - A 1 < 0, one must demand E 2 - E ± - T{S 2 - Si) < 0, or E 2 - E 1 < T(S 2 -Si), or 
S 2 — Si > (E 2 — Ei)/T . Since Q = E 2 — E\ for this isochoric process, one then recovers S 2 — S\ > Q/T. 

I 



3.11.2.2 Isothermal, isobaric system 

Allowing for isobaric rather than isochoric equilibration introduces small variation in the 
analysis. 



I 

Example 3.14 

Consider the same reaction 



N 2 + N 2 ^2N + N 2 . 



(3.440) 



for an isobaric and isothermal process. That is, consider 1 kmole of N 2 and kmole of N at a pressure 
of 100 kPa and a temperature of 6000 K. Using the ideal gas tables, find the equilibrium concentrations 
of N and N 2 if the equilibration process is isothermal and isobaric. 
The initial volume is the same as from the previous example: 



Vi 



498.84 m 3 . 



(3.441) 



Note the volume will change in this isobaric process. Initially, the mixture is all N 2 , so its partial 
pressure is the total pressure, and the initial partial pressure of TV is 0. 
A few other key results are identical to the previous example: 



n N = 2(n N2 \ t=Q - tin 2 ) , 



(3.442) 
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and 

2g N <g N2 . (3.443) 

Substituting using the definitions of Gibbs free energy, one gets 

2(h N -Ts N ) < h N2 -Ts N2 , (3.444) 

2(h N -T(r TtN -R\n(^£^ < h N2 - T (r TtN2 -R]n(^^y (3.445) 

2 (h N - T r T . N ) - (h N2 - T s° TN2 ) < -2RTln(^-) +RTln(^-) , (3.446) 

-2 (h N - T ^ N ) + (h N2 - T sSyvJ > 2RT\n(^-] -RT\n( Vj ^-\ , (3.447) 



-2(h N -Ts° T , N )+(h N2 -Ts° T , N2 ) > i£T In ( ^f p ^ ) 



(3.448) 



In this case P = P, so one gets 



-2(%-Tr TJV ) + (% 2 -Ts° riv J > #Tln(^M. (3.449) 

At the initial state, one has y^ = 0, so the right hand side approaches — oo, and the inequality holds. 
At equilibrium, one has equality. 

- 2 (h N - T s° T N ) + (h N2 - T s° T N2 ) = RThi(^). (3.450) 

Taking numerical values from Borgnakke and Sonntag's Table A. 9: 

/ u j ( fcj 

2 5.9727 x 10 5 - (6000 K) 216.926 



kmole \ kg K 

kj ( k J 

2.05848 x 10 5 - (6000 K) 292.984 - — - 

kmole \ kg K 



.314 - U - ) (6000 A') In ( & 
kmole K J \Vn 2 

-2.87635 = ln(^), (3.451) 

' . ' \VN 2 J 

=\n Kp 

0.0563399 = -^-, (3.452) 

=K P 



I n N y 

\n N +n N2 J 
*yn N +n t 



'N 



nN 2 {nN +n N2 )' 

( 2 (nN 2 \ t=0 - nN 2 )f 
n N2 {2 (n N2 \ t=0 - n N2 ) +n N2 )'' 

(2 (1 kmole — Hjv 2 )) 



(3.453) 

(3.454) 
(3.455) 
(3.456) 



riN 2 (2(1 kmole — tin 2 ) + tin 2 ) 
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This is a quadratic equation for tjjv 2 ■ It has two roots 

un 2 = 0.882147 kmole physical; tin 2 = 1.11785 kmole, non-physical (3.457) 

The second root generates more N 2 than at the start, and also yields non-physically negative tin = 
— 0.235706 kmole. So, at equilibrium the physical root is 

n N = 2(1 - n N2 ) = 2(1 - 0.882147) = 0.235706 kmole. (3.458) 

Again, the diatomic species is preferred. As the temperature is raised, one could show that the 
monatomic species would come to dominate. 
The volume at equilibrium is 

V 2 = fr^igggg , (3.459) 



(0.882147 kmole + 0.235706 kmole) (8.314 km k J e K ) (6000 K) 



(3.460) 



100 kPa 
= 557.630 m 3 . (3.461) 

The volume has increased because there are more molecules with the pressure and temperature being 
equal. 

The molar concentrations 'p i at equilibrium, are 

0.235706 kmole , kmole 7 mole 

P* = ,. 7 fi , fi 3 = 4-227 xlO- 4 — = 4.227 x 10" 7 ^, (3.462) 

557.636 m° m- 3 cm° 

0.882147 kmole n kmole R mole 

Pn 2 = „ 7fiqfi 3 = 1-58196 x 10" 3 3- = 1.58196 x 10" 6 g-. (3.463) 

557.636 m° mP cm° 

The molar concentrations are a little smaller than for the isochoric case, mainly because the volume is 
larger at equilibrium. 

Now, consider the heat transfer. One knows for the isobaric process that Q = Hi — H\. The initial 
enthalpy is given by 

fli = tin Jim = (1 kmole) (2.05848 x 10 5 ) = 2.05848 x 10 5 kJ. (3.464) 

\ kmole J 

The enthalpy at the final state is 



H2 = n,N 2 hN 2 +nNhN, (3.465) 

/ hj \ / tj \ 

= (0.882147 kmole) 2.05848 x 10 5 + (0.235706 kmole) 5.9727 x 10 5 (,3.466) 

\ kmole/ \ kmole/ 

= 3.22368 x 10 5 kJ. (3.467) 



So, 

Q = H 2 -H l = 3.22389 x 10 5 kJ - 2.05848 x 10 5 kJ = 1.16520 x 10 5 kJ. (3.468) 

Heat needed to be added to keep the system at the constant temperature. This is because the nitrogen 
dissociation process is endothermic. Relative to the isochoric process, more heat had to be added to 
maintain the temperature. This to counter the cooling effect of the expansion. 

Lastly, it is a straightforward exercise to show that the second law is satisfied for this process. 

I 
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3.11.3 Equilibrium condition 

The results of both of the previous examples, in which a functional form of a progress 
variable's time variation, d(,/dt, was postulated in order to satisfy the second law, gave a 
condition for equilibrium. This can be generalized so as to require at equilibrium that 

= 0. (3.469) 




Here, v^ represents the net number of moles of species i generated in the forward reaction. 
This will be discussed in detail in the following Sec. 14.41 So, in the phase equilibrium example, 
Eq. (ET4691 becomes 

fc(-l)+F,(l) = 0. (3.470) 

In the nitrogen chemistry example, Eq. (13.4690 becomes 

7% 2 (-l)+7%(2) = 0. (3.471) 

The negation of the term on the left side of Eq ( 13.4690 is sometimes defined as the 
chemical affinity, a: 



N 

a = — 



I>*^ ( 3 - 472 ) 
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Chapter 4 

Thermochemistry of a single reaction 



These four bodies are fire, air, water, earth. Fire occupies the highest place among 
them all... 



Aristotle (384 BC-322 BC), Meteorology, Book 1, § 2 



This chapter will further develop notions associated with the thermodynamics of chemical 
reactions. The focus will be on chemical reaction of iV species compo sed of L elements 
reacting in J = 1 reaction. Several sources can be consulted as references J tItt 



4.1 Molecular mass 

The molecular mass of a molecule is a straightforward notion from chemistry. One simply 
sums the product of the number of atoms and each atom's atomic mass to form the molecular 
mass. If one defines L as the number of elements present in species i, <j>u as the number of 
moles of atomic element / in species i, and M.[ as the atomic mass of element /, the molecular 
mass Mi of species i 

L 

M i = Y / Mi<fm- (4-1) 

i=i 

In vector form, one would say 

M T = M T ■ <p, or M = (j> T ■ M. (4.2) 



1 Borgnakke, C, and Sonntag, R. E., 2009, Fundamentals of Thermodynamics, Seventh Edition, John 
Wiley, New York. See Chapters 14 and 15. 

2 Abbott, M. M., and Van Ness, H. C, 1972, Thermodynamics, Schaum's Outline Series in Engineering, 
McGraw-Hill, New York. See Chapter 7. 

3 Kondepudi, D., and Prigogine, I., 1998, Modern Thermodynamics: From Heat Engines to Dissipative 
Structures, John Wiley, New York. See Chapters 4, 5, 7, and 9. 

4 Turns, S. R., 2011, An Introduction to Combustion, Third Edition, McGraw-Hill, Boston. See Chapter 
2. 

5 Kuo, K. K., 2005, Principles of Combustion, Second Edition, John Wiley, New York. See Chapters 1, 2. 
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Here, M is the vector of length N containing the molecular masses, M. is the vector of length 
L containing the elemental masses, and (ft is the matrix of dimension L x N containing the 
number of moles of each element in each species. Generally, (ft is full rank. If N > L, (ft has 
rank L. If TV < L, eft has rank N. In any problem involving an actual chemical reaction, one 
will find N > L, and in most cases N > L. In isolated problems not involving a reaction, 
one may have N < L. In any case, M lies in the column space of cft T , which is the row space 
of (ft. 



I 

Example 4-1 

Find the molecular mass of H2O. 

Here, one has two elements H and O, so L = 2, and one species, so N = 1; thus, in this isolated 
problem, N < L. Take i = 1 for species H2O. Take I = 1 for element H . Take I = 2 for element O. 
From the periodic table, one gets M\ = 1 g/mole for H, M.2 = 16 g / 'mole for O. For element 1, there 
are 2 atoms, so <f>n = 2. For element 2, there is 1 atom so 02i = 1- So, the molecular mass of species 
1, H 2 is 

Ml = (Mi M 2 ) ■(*£), (4.3) 

= MkPu +M2&21, (4.4) 

= (l_£_) (2) +(16-^(1), (4.5) 

V mole' V mole J 

= 18 -?—. (4.6) 



J 



I 

Example 4- 2 

Find the molecular masses of the two species C$Hi$ and CO2. 

Here, the vector matrix notation is exercised. In a certain sense this is overkill, but it is useful to 
be able to understand a general notation. 

One has N = 2 species, and takes i = 1 for Cs-ffis and i = 2 for C0 2 - One also has L = 3 elements 
and takes I = 1 for C, I = 2 for H, and I = 3 for O. Now, for each element, one has A4\ = 12 g/mole, 
M.2 = 1 g/mole, M.3 = 16 g/mole. The molecular masses are then given by 



(Mi M 2 ) = (Mi M 2 M 3 )- &i &2 , (4.7) 




= (12 1 16) ■ 18 , (4.8) 

VO 2/ 

= (114 44). (4.9) 

That is, for C%H\%, one has molecular mass Mi = 114 g/mole. For CO2, one has molecular mass 
M 2 = 44 g/mole. 

I 
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4.2 Stoichiometry 

4.2.1 General development 

Stoichiometry represents a mass balance on each element in a chemical reaction. For example, 
in the simple global reaction 

2H 2 + 2 i=f 2H 2 0, (4.10) 

one has 4 H atoms in both the reactant and product sides and 2 O atoms in both the reactant 
and product sides. In this section stoichiometry will be systematized. 

Consider now a general reaction with N species. This reaction can be represented by 

N N 

E^-E^x- ( 4 - n ) 

Here, Xi i s the i th chemical species, v[ is the forward stoichiometric coefficient of the i th 
reaction, and v" is the reverse stoichiometric coefficient of the i th reaction. Both v[ and v'[ 
are to be interpreted as pure dimensionless numbers. 

In Equation (14.1 Oft , one has N = 3 species. One might take Xi = H 2 , X2 = 2 , and 
X3 = H2O. The reaction is written in more general form as 



Here, one has 



(2)xi + (l)X2 + (0)xa ^ 


(0)xi + (0)X2 + (2)X3, 


(4.12) 


(2)H 2 + (1)0 2 + {0)H 2 O ^ 


(0)if 2 + (0)O 2 + (2)if 2 0. 


(4.13) 


u[ = 2, 


^ = 0, 


(4.14) 


v'2 = 1, 


^ = 0, 


(4.15) 


u' 3 = 0, 


v'i = 2. 


(4.16) 



It is common and useful to define another pure dimensionless number, the net stoichio- 
metric coefficients for species i, U{. Here, V{ represents the net production of number if the 
reaction goes forward. It is given by 



For the reaction 2H 2 + 2 





»i = ^l- 


-<■ 




2H 2 0, 


one has 






V\ = 


v'l-v[ = 


0-2 = 


-2, 


v 2 = 


a 1 
v 2 -v 2 = 


0-1 = 


-1, 


^3 = 


II 1 

v 3 -v 3 = 


2-0 = 


2. 


s possible to summarize a 


chemica 




N 








E^^ 


= 0. 






i=l 
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(4.18) 
(4.19) 
(4.20) 

action as 

(4.21) 
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In vector notation, one would say 

v T ■ X = 0. (4.22) 

For the reaction of this section, one might write the non-traditional form 

- 2H 2 -0 2 + 2H 2 = 0. (4.23) 

It remains to enforce a stoichiometric balance. This is achieved if, for each element, / = 
1, . . . , L, one has the following equality: 

N 

J2^u l = 0, l = l,...,L. (4.24) 

i=l 

That is to say, for each element, the sum of the product of the net species production and 
the number of elements in the species must be zero. In vector notation, this becomes 

cf> ■ v = 0. (4.25) 

One may recall from linear algebra that this demands that u lie in the right null space of <p. 



I 

Example 4-3 

Show stoichiometric balance is achieved for — 2H2 — O2 + 2H2O = 0. 

Here again, the number of elements L = 2, and one can take I = 1 for H and / = 2 for O. Also 
the number of species N = 3, and one takes i = 1 for H2, % = 2 for O2, and i = 3 for H2O. Then, for 
element 1, H, in species 1, H2, one has 

(4.26) 

Similarly, one gets 

(4.27) 
(4.28) 
(4.29) 
(4.30) 
(4.31) 

In matrix form then, J^i=i 'Pli^i = gives 

2 s o(s)-cs)- 

This is two equations in three unknowns. Thus, it is formally underconstrained. Certainly the trivial 
solution v\ = V2 = vz = will satisfy, but one seeks non-trivial solutions. Assume vj, has a known value 
v-i = £. Then, the system reduces to 

n) (s) -(■-?)■ 
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011 


= 2. 


H 


in i?2- 


012 = 


0, 




H in 2 , 


013 = 


2. 




H in H 2 


021 = 


0. 




O in H 2 , 


022 = 


2. 




Oin0 2 , 


023 = 


1. 




O in H 2 0. 
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The inversion here is easy, and one finds v\ = — £, v 2 = — tt£- Or in vector form, 

(4.34) 





^el 1 (4.35) 

Again, this amounts to saying the solution vector (i/i, v 2 , v^) T lies in the right null space of the coefficient 
matrix <pn. 

Here, £ is any real scalar. If one takes £ = 2, one gets 





(4.36) 
\vaj V 2 J 

This simply corresponds to 

- 2H 2 -0 2 + 2H 2 = 0. (4.37) 

If one takes £ = —4, one still achieves stoichiometric balance, with 

(4.38) 
\u 3 J \-4/ 

which corresponds to the equally valid 

4ff 2 + 20 2 - 4ff 2 = 0. (4.39) 

In summary, i/te stoichiometric coefficients are non-unique but partially constrained by mass conserva- 
tion. Which set is chosen is to some extent arbitrary, and often based on traditional conventions from 
chemistry. But others are equally valid. 

I 





There is a small issue with units here, which will be seen to be difficult to reconcile. 
In practice, it will have little to no importance. In the previous example, one might be 
tempted to ascribe units of moles to z^. Later, it will be seen that in classical reaction 
kinetics, v^ is best interpreted as a pure dimensionless number, consistent with the definition 
of this section. So, in the context of the previous example, one would then take £ to be 
dimensionless as well, which is perfectly acceptable for the example. In later problems, it 
will be more useful to give £ the units of moles. Note that multiplication of £ by any scalar, 
e.g. mole/(6.02 x 10 23 ), still yields an acceptable result. 



I 

Example 4-4 

Balance an equation for hypothesized ethane combustion 



v[C 2 Hq + v' 2 2 i=* 4C0 2 + v'lH 2 0. (4.40) 
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One could also say in terms of the net stoichiometric coefficients 
u x C 2 H & + v 2 2 + v z C0 2 + i> 4 H 2 = 0. 



Here, one takes xi 
L = 3 elements: I = 



= C 2 Hq 7 X2 = 

l:C,l = 2 



2 , X3 C0 2 , Xa = H 2 0. So, there are N 
H , I = 3 : O. One then has 



4>n 

012 
013 
014 
021 
022 
023 
024 
031 
032 
033 
034 

N 



2- 
0. 
1. 
0. 
G. 
0. 
0. 
2. 
0. 
2- 
2. 

1. 



C 

a 
a 
c 

H 
H 
H 
H 

o 
o 

o 
o 



n C 2 H 6 , 
n0 2 , 
nC0 2 , 
n H 2 0, 
n C 2 H 6 , 
n0 2 , 
n C0 2l 
n H 2 0, 
n C 2 H 6l 
n0 2 , 
nC0 2 , 
nH 2 0, 



(4.41) 


4 species. There are also 


(4.42) 


(4.43) 


(4.44) 


(4.45) 


(4.46) 


(4.47) 


(4.48) 


(4.49) 


(4.50) 


(4.51) 


(4.52) 


(4.53) 


(4.54) 



So, the stoichiometry equation, J2i=i 4>ii v i = 0, is given by 



2 10 
6 2 
2 2 1 




(4.55) 



Here, there are three equations in four unknowns, so the system is underconstrained. There are many 
ways to address this problem. Here, choose the robust way of casting the system into row echelon form. 
This is easily achieved by Gaussian elimination. Row echelon form seeks to have zeros in the lower left 
part of the matrix. The lower left corner has a zero already, so that is useful. Now, multiply the top 
equation by 3 and subtract the result from the second to get 



2 10 
0-32 
2 2 1 




(4.56) 



Next switch the last two equations to get 





Now, divide the first by 2, the second by 2 and the third by —3 to get unity in the diagonal: 



(4.57) 





(4.58) 
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So-called bound variables have non-zero coefficients on the diagonal, so one can take the bound variables 
to be v\, v 2 , and v 3 . The remaining variables are free variables. Here, one takes the free variable to be 
1/4. So, set 1/4 = £, and rewrite the system as 





(4.59) 



Solving, one finds 





£eR. (4.60) 

Again one finds a non-unique solution in the right null space of 0. If one chooses £ = 6, then one gets 

(4.61) 



(A-( 



. 1/4 / \ 6 

which corresponds to the stoichiometrically balanced reaction 

2C 2 H 6 + 70 2 <=> 4:C0 2 + GH 2 0. (4.62) 

In this example, £ is dimensionless. 

I 



I 

Example 4-5 

Consider stoichiometric balance for a propane oxidation reaction which may produce carbon monox- 
ide and hydroxy 1 in addition to carbon dioxide and water. 

The hypothesized reaction takes the form 

i/JCs^s + v' 2 2 ^ v'iCOi + v'iCO + 4H 2 + vgOH. (4.63) 

In terms of net stoichiometric coefficients, this becomes 

^CzHs + v 2 2 + v-iC0 2 + v A CO + v 5 H 2 + u 6 OH = 0. (4.64) 

There are N = 6 species and L = 3 elements. One then has 

0n = 3, C in C 3 H 8 , (4.65) 

0i 2 = 0, Cin(9 2 , (4.66) 

013 = 1, CinC0 2 , (4.67) 

0i 4 = 1, C in CO, (4.68) 

015 = 0, C in H 2 0, (4.69) 

0i 6 = 0, C in OH, (4.70) 

02i = 8, H in C 3 H 8 , (4.71) 
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The equation <p • v 



022 = 0, H 

023 = 0, H 

024 = 0, H 

025 = 2, H 

026 = 1, H 

031 = 0, O 

032 = 2, O 

033 = 2, O 

034 = 1, O 

035 = 1, O 

036 = 1, O 

0, then becomes 




n0 2 , 

nC0 2 , 

nCO, 

nH 2 0, 

nOH, 

n C 3 H S , 

n0 2 , 

nC0 2 , 

nCO, 

nff 2 0, 

n OH. 



V2 

W 



Multiplying the first equation by —8/3 and adding it to the second gives 

V2 
"3 





Trading the second and third rows gives 




1 

2 

3 




v 5 



V2 

W 



Dividing the first row by 3, the second by 2 and the third by —8/3 gives 





V2 
V\ 

w 



(4.72) 
(4.73) 
(4.74) 
(4.75) 
(4.76) 
(4.77) 
(4.78) 
(4.79) 
(4.80) 
(4.81) 
(4.82) 



(4.83) 



(4.84) 



(4.85) 



Take bound variables to be vi, v%, and v-$ and free variables to be 1/4, 1/5, and vq. 
v 5 = £ 2 , and v 6 = £3, and get 



(4.86) 



So, set 1/4 = £1, 




(4.87) 



16 



3t 
8«. 
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Solving, one finds 




i(4^ - 106 - 76) 
fC-SCi + 66 + 36) 



(4.88) 



For all the coefficients, one then has 



( Vl \ 

v-i 

V 3 

w 



/ §(-26-6) 
i(46 - 106 - 76 



f 



V 



(-86 + 66 + 36) 
6 
6 
6 



\ 


4 




-10 




-7 


_6 

8 


-8 
8 


+ t 


6 




+t 


3 




/ 



V J 




8 
^ i 





^ 8 / 



(4.89) 



Here, one finds three independent vectors in the right null space. To simplify the notation, take 
6 = 6/8, 6 = 6/8, and 6 = 6/8. Then, 



v 2 
v 3 

w 



f°l 




f~ 2 \ 

-10 




-7 


-8 
8 


+ 6 


6 



+ 6 


3 




o o 




8 
^ J 





^ 8 J 



(4.90) 



The most general reaction that can achieve a stoichiometric balance is given by 
(-26 - ia)C 3 H 8 + (46 - 106 - 76)0 2 + (-86 + 66 + 3| 3 )C0 2 + 86 CO + 86 H 2 + 86 OH = 0. (4.91) 

Rearranging, one gets 

(26 + ia)C 3 H s + (-46 + 106 + 76)0 2 - (-86 + 66 + 36)C0 2 + 86 CO + 86 H 2 + 86 OH. (4.92) 

This will be balanced for all 6, 6, all( l 6- The values that are actually achieved in practice depend 
on the thermodynamics of the problem. Stoichiometry only provides some limitations. 
A slightly more familiar form is found by taking 6 = 1/2 and rearranging, giving 



[I + 6) C 3 H 8 + (5 - 46 + 76) 2 ^ (3 - 86 + 36) C0 2 + 4 H 2 + 86 CO + 86 OH. 



(4.93) 



One notes that often the production of CO and OH will be small. If there is no production of CO or 
OH, 6=6 = and one recovers the familiar balance of 



C 3 H 8 + 50 2 ^3C0 2 +4 H 2 0. 



(4.94) 



One also notes that stoichiometry alone admits unusual solutions. For instance, if 6 = 100 6 = 1/2, 
and 6 = 1, one nas 



2 C 3 H 8 + 794 C0 2 ^ 388 2 + 4 H 2 + 800 CO + 8 OH. 



(4.95) 



This reaction is certainly admitted by stoichiometry but is not observed in nature. To determine 
precisely which of the infinitely many possible final states are realized requires a consideration of the 



0. 



equilibrium condition J2i=i v iP 

Looked at in another way, we can think of three independent classes of reactions admitted by the 
stoichiometry, one for each of the linearly independent null space vectors. Taking first 6 = 1/4, 6 = 0, 
6 = 0, one gets, after rearrangement 



2CO + 2 ^2C*0 2 , 



(4.96) 
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as one class of reaction admitted by stoichiometry. Taking next £1 = 0, £2 = 1/2, £3 = 0, one gets 

C 3 H$ + 50 2 - 3C0 2 + 4H 2 0, (4.97) 

as the second class admitted by stoichiometry. The third class is given by taking £1 = 0, £2 = 0, £3 = 1, 
and is 

C 3 H S + 70 2 ^ 3C0 2 + 80H. (4.98) 

In this example, both £ and £ are dimensionless. 

I 

In general, one can expect to find the stoichiometric coefficients for N species composed 
of L elements to be of the following form: 

N-L 

Vi=J2 Vik ^ i = l,...,N. (4.99) 

fe=i 

Here, V^ is a dimensionless component of a full rank matrix of dimension N x (N — L) 
and rank N — L, and £& is a dimensionless component of a vector of parameters of length 
N — L. The matrix whose components are V^ are constructed by populating its columns 
with vectors which lie in the right null space of 4>u. Note that multiplication of £*. by any 
constant gives another set of i/j, and mass conservation for each element is still satisfied. 

4.2.2 Fuel-air mixtures 

In combustion with air, one often models air as a simple mixture of diatomic oxygen and 
inert diatomic nitrogen in the 

air: v' air (0 2 + 3.767V 2 ). (4.100) 

The air- fuel ratio, A and its reciprocal, the fuel- air ratio, T , can be defined on a mass 
and mole basis. 

* * v fifY* nil* / \ 

•A-mass > •A-mole • (4.1U1J 

m fuel n fuel 

Via the molecular masses, one has 

•A-mass 77 ^moIeTT • (4.1UZJ 

m /uel nfuel M fuel M fuel 

If there is not enough air to burn all the fuel, the mixture is said to be rich. If there is 
excess air, the mixture is said to be lean. If there is just enough, the mixture is said to be 
stoichiometric. The equivalence ratio, $, is defined as the actual fuel-air ratio scaled by the 
stoichiometric fuel-air ratio: 

-r ''actual _ -^stoichiometric t , -r r\q\ 

J~ stoichiometric ^actual 
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The ratio $ is the same whether jF's are taken on a mass or mole basis, because the ratio of 
molecular masses cancel. 



I 

Example 4-6 

Calculate the stoichiometry of the combustion of methane with air with an equivalence ratio of 
$ = 0.5. If the pressure is 0.1 MPa, find the dew point of the products. 



First calculate the coefficients for stoichiometric combustion: 



Or 



v^CHi + v' 2 (0 2 + 3.76iV 2 ) t=f v'lCO-x + v'lH 2 + ^N 2 . 



v x CH± + v 2 2 + v 3 C0 2 + v A H 2 + (u 5 + 3.76is 2 )N 2 = 0. 



(4.104) 



(4.105) 



Here, one has N = 5 species and L = 4 elements. Adopting a slightly more intuitive procedure for 
variety, one writes a conservation equation for each element to get 

(4.106) 
(4.107) 
(4.108) 
(4.109) 

In matrix form this becomes 



v\ + v-z 


= o, 


C, 


4vi + 2^4 


= o, 


H 


2^2 + 2^3 + Vi 


= o, 


(). 


3.76^2 + ^5 


= o, 


N 



1 





1 





°\ 




/° 


4 








2 


°1 


v 2 


1° 





2 


2 


1 




vz 


1° 





3.76 








1/ 




Vo 



(4.110) 



Now, one might expect to have one free variable, since one has five unknowns in four equations. 
While casting the equation in row echelon form is guaranteed to yield a proper solution, one can often 
use intuition to get a solution more rapidly. One certainly expects that CH^ will need to be present 
for the reaction to take place. One might also expect to find an answer if there is one mole of CH4. So 
take v\ = — 1. Realize that one could also get a physically valid answer by assuming v\ to be equal to 
any scalar. With v\ = —1, one gets 



10 

2 

2 2 10 

,3.76 1 



One easily finds the unique inverse does exist, and that the solution is 




(4.111) 





(4.112) 



If there had been more than one free variable, the 4x4 matrix would have been singular, and no unique 
inverse would have existed. 
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In any case, the reaction under stoichiometric conditions is 

- CH 4 -20 2 + C0 2 + 2H 2 +(7.52 + (3.76) {-2))N 2 = 0, (4.113) 

CH± + 2(0 2 + 3.76N 2 ) — C0 2 + 2ff 2 + 7.52iV 2 . (4.114) 

For the stoichiometric reaction, the fuel-air ratio on a mole basis is 

^stoichiometric = „ , „,„ „„-, = 0.1050. (4.115) 

2 + 2(3. 7o) 
Now, $ = 0.5, so 

•s actual — ^J~ stoichiometric? ^4.11DJ 

= (0.5)(0.1050), (4.117) 

= 0.0525. (4.118) 

By inspection, one can write the actual reaction equation as 

CH 4 + 4(0 2 + 3.767V 2 ) ^ C0 2 + 2iJ 2 + 20 2 + 15.04iV 2 . (4.119) 

Check: 

^actual = ; r = 0.0525. (4.120) 

4 + 4(3.76) ^ i 

For the dew point of the products, one needs the partial pressure of H 2 0. The mole fraction of 
H 2 is 

y H2 o = = 0.0499 (4.121) 

y 2 1 + 2 + 2 + 15.04 v ' 

So, the partial pressure of H 2 is 

P H20 = y H20 P = 0.0499(100 kPa) = 4.99 kPa. (4.122) 

From the steam tables, the saturation temperature at this pressure is T sa t = Td ew point = 32.88°C. If 
the products cool to this temperature in an exhaust device, the water could condense in the apparatus. 



4.3 First law analysis of reacting systems 

One can easily use the first law to learn much about chemically reacting systems. 

4.3.1 Enthalpy of formation 

The enthalpy of formation is the enthalpy that is required to form a molecule from combining 
its constituents at P = 0.1 MP a and T = 298 K. Consider the reaction (taken here to be 
irreversible) 

C + 2 ^C0 2 . (4.123) 
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In order to maintain the process at constant temperature, it is found that heat transfer to 
the volume is necessary. For the steady constant pressure process, one has 

E 2 -E x = iQ 2 -iiy 2 , (4.124) 

= 1Q2- [ PdV, (4.125) 

= iQ2-P(V 2 -Vi), ( 4 - 126 ) 

,Q 2 = E 2 -E 1 + P(V 2 -V l ), (4.127) 

= H 2 -H t , (4.128) 

1^2 -[^products -Hreactantsi ^4.1/JJ 

= ^2 n i h i ~ ^2 Uihi - (4.130) 

products reactants 

In this reaction, one measures that iQ 2 = —393522 kJ for the reaction of 1 kmole of C 
and 2 . That is, the reaction liberates such energy to the environment. So, measuring the 
heat transfer can give a measure of the enthalpy difference between reactants and products. 
Assign a value of enthalpy zero to elements in their standard state at the reference state. 
Thus, C and 2 both have enthalpies of kJ /kmole at T = 298 K, P = 0.1 MPa. This 
enthalpy is designated, for species i, 

h°f,i = h Toi i, (4-131) 

and is called the enthalpy of formation. So, the energy balance for the products and reactants, 
here both at the standard state, becomes 



1Q2 — n co 2 hf : co 2 ~ n chf >c — n o 2 hf : o 2 ' 

-393522 kJ = (1 kmole)h° fro - (1 kmole) (0 r—r-) 

J ' 2 \ kmolej 





(4.132) 


kJ \ 
kmolej 


(1 kmole) 1 ). 

\ kmole J 




(4.133) 



Thus, the enthalpy of formation of C0 2 is hj- C02 = —393522 kJ '/kmole, since the reaction 
involved creation of 1 kmole of C0 2 . 

Often values of enthalpy are tabulated in the forms of enthalpy differences A/^. These 
are defined such that 



hi = hli+ihi-Zi), (4.134) 




= h° u + Ahi. (4.135) 

Lastly, one notes for an ideal gas that the enthalpy is a function of temperature only, 
and so does not depend on the reference pressure; hence 



h i = h i , Ahi = A/i i7 if ideal gas. (4.136) 
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I 

Example 4-7 

(Borgnakke and Sonntag, p. 575). Consider the following irreversible reaction in a steady state, 
steady flow process confined to the standard state of P = 0.1 MPa, T = 298 K: 

CH 4 + 20 2 -> C0 2 + 2H 2 0{£). (4.137) 

The first law holds that 

Qcv = J^ rnhi - ^2 n t hi. (4.138) 

products reactants 

All components are at their reference states. Borgnakke and Sonntag's Table A. 10 gives properties, 
and one finds 

Qcv = n C o 2 hco 2 + n H 2 ohH 2 o ~ n C H 4 hcH 4 - n 02 h 02 , (4.139) 

J k,J \ , ( kJ 

= (1 kmole) -393522 + (2 kmole) -285830 



kmolej \ kmole 

-(1 kmole) ( -74873 -^— ) - (2 kmole) (0 — -^— ) , (4.140) 

\ kmolej \ kmolej 

-890309 kJ. (4.141) 



A more detailed analysis is required in the likely case in which the system is not at the 
reference state. 



I 

Example 4-8 

(adopted from Moran and Shapirqj) A mixture of 1 kmole of gaseous methane and 2 kmole of 
oxygen initially at 298 K and 101.325 kPa burns completely in a closed, rigid, container. Heat transfer 
occurs until the final temperature is 900 K . Find the heat transfer and the final pressure. 

The combustion is stoichiometric. Assume that no small concentration species are generated. The 
global reaction is given by 

CH 4 + 20 2 -> C0 2 + 2H 2 0. (4.142) 

The first law analysis for the closed system is slightly different: 

E 2 -E x = iQj, - X W 2 . (4.143) 

Since the process is isochoric, \W 2 = 0. So 

lQa = E 2 -E 1 , (4.144) 

= n C o 2 eco 2 + n H2 oeH 2 o - ncH 4 ecH 4 - no 2 eo 21 (4.145) 



6 Moran, M. J., and Shapiro, H. N., 2003, Fundamentals of Engineering Thermodynamics, Fifth Edition, 
John Wiley, New York. p. 619. 
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nco 2 { h co 2 ~ RT2) + n H2 o(hH 2 o ~ RT 2 ) - n C H i [h C H A - RTx) - no 2 (ho 2 - RTi), 

h C o 2 + 2h H2 o - h C Hi - 2ho 2 - 3i?(T 2 - Xi), 

(h°C0 2 j + A/jco 2 ) + 2 (h°H 2 OJ + &h H2 o) - (h°c Hi j + ^h CH J - 2(h°o 2 j + Aho 2 ) 

-iR{T 2 -T x ), 

(-393522 + 28030) + 2(-241826 + 21937) - (-74873 + 0) - 2(0 + 0) 

-3(8.314)(900- 298), 

-745412 kJ. 



For the pressures, one has 



P1V1 = (nc Hi +no 2 )RT u 
{n C Hi +n 02 )RTi 



V'i 



kg K 



(1 kmole + 2 kmole) (8.314 ^%) (298 K) 



101.325 kPa 



73.36 m 3 . 



Now, V<i = V\, so 



Po 



(nco 2 +n Hn0 )RT 2 

V 2 
(1 kmole + 2 kmole) (8.314 ■^ R \ (900 A') 

73.36 m 3 : 

306.0 fcPa. 



4.146) 
4.147) 

4.148) 

4.149) 
4.150) 



4.151) 
4.152) 

4.153) 
4.154) 



4.155) 

4.156) 
4.157) 



The pressure increased in the reaction. This is entirely attributable to the temperature rise, as the 
number of moles remained constant here. 



4.3.2 Enthalpy and internal energy of combustion 

The enthalpy of combustion is the difference between the enthalpy of products and reactants 
when complete combustion occurs at a given pressure and temperature. It is also known 
as the heating value or the heat of reaction. The internal energy of combustion is related 
and is the difference between the internal energy of products and reactants when complete 
combustion occurs at a given volume and temperature. 

The term higher heating value refers to the energy of combustion when liquid water is in 
the products. Lower heating value refers to the energy of combustion when water vapor is 
in the product. 
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4.3.3 Adiabatic flame temperature in isochoric stoichiometric sys- 
tems 

The adiabatic flame temperature refers to the temperature which is achieved when a fuel and 
oxidizer are combined with no loss of work or heat energy. Thus, it must occur in a closed, 
insulated, fixed volume. It is generally the highest temperature that one can expect to 
achieve in a combustion process. It generally requires an iterative solution. Of all mixtures, 
stoichiometric mixtures will yield the highest adiabatic flame temperatures because there is 
no need to heat the excess fuel or oxidizer. 

Here, four examples will be presented to illustrate the following points. 

• The adiabatic flame temperature can be well over 5000 K for seemingly ordinary 
mixtures. 

• Dilution of the mixture with an inert diluent lowers the adiabatic flame temperature. 
The same effect would happen in rich and lean mixtures. 

• Preheating the mixture, such as one might find in the compression stroke of an engine, 
increases the adiabatic flame temperature. 

• Consideration of the presence of minor species lowers the adiabatic flame temperature. 
4.3.3.1 Undiluted, cold mixture 



I 

Example 4-9 

A closed, fixed, adiabatic volume contains a stoichiometric mixture of 2 kmole of H 2 and 1 kmole 
of 2 at 100 kPa and 298 K . Find the adiabatic flame temperature assuming the irreversible reaction 

2H 2 + 2 ^ 2H 2 0. (4.158) 

The volume is given by 

V = ("^"Q^i , (4.159) 

(2 kmole + 1 kmole) (8.314 km k J e K ) (298 K) 



100 kPa 



74.33 m 3 . 



The first law gives 

E 2 — E\ 

E 2 — E\ 

nH 2 0&H 2 - n H 2 eH 2 - no 2 eo 2 

nn 2 o{hH 2 o ~ RT 2 ) - n H2 (h H2 - RTt) - no 2 (ho 2 ~ RT\) 
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! 


(4.160) 




(4.161) 


o, 

0, 
0, 


(4.162) 
(4.163) 
(4.164) 
(4.165) 



2h H2 o -2h H2 - h 02 +R(-2T 2 + 3Ti) 


= o, 


—0 —0 

2h H2 o + (8.314) ((-2)T 2 + (3) (298)) 


= o, 


h H2 o ~ 8.314T 2 + 3716.4 


= o, 


h° f! H 2 o + &h H2 o - 8.314T 2 + 3716.4 


= o, 


-241826 + Ah H2 o - 8.314T 2 + 3716.4 


= o, 


-238110+ Ah H2 o - 8.314T 2 


= 0. 
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(4.166) 

(4.167) 
(4.168) 
(4.169) 
(4.170) 

(4.171) 

At this point, one begins an iteration process, guessing a value of T 2 and an associated AhH 2 o- When 
T 2 is guessed at 5600 K, the left side becomes —6507.04. When T 2 is guessed at 6000 K, the left side 
becomes 14301.4. Interpolate then to arrive at 

T 2 = 5725 K. (4.172) 

This is an extremely high temperature. At such temperatures, in fact, one can expect other species to 
co-exist in the equilibrium state in large quantities. These may include H, OH, O, H0 2 , and H 2 2l 
among others. 

The final pressure is given by 

P 2 = ^#^, (4.173) 



(2 kmole) (8.314 ^^) (5725 K) 



(4.174) 



74.33 to 3 
1280.71 kPa. (4.175) 



The final concentration of H 2 is 



2 kmole 9 kmole , , _„, 

Ph.o = 7 , ^ 3 = 2m x 10 — • 4 ' 176 

2 74.33 m 6 m 6 



4.3.3.2 Dilute, cold mixture 



I 

Example 4-10 

Consider a variant on the previous example in which the mixture is diluted with an inert, taken 
here to be 7V 2 . A closed, fixed, adiabatic volume contains a stoichiometric mixture of 2 kmole of i/ 2 , 
1 kmole of 2 , and 8 kmole of -/V 2 at 100 kPa and 298 K. Find the adiabatic flame temperature and 
the final pressure, assuming the irreversible reaction 

2H 2 + 2 + 8N 2 -> 2H 2 + 8N 2 . (4.177) 



The volume is given by 

T/ (nH 2 + no 2 + n N2 )RTi 



(4.178) 



(4.179) 



Pi 

(2 kmole + 1 kmole + 8 kmole) (8.314 km k J e K ) (298 K) 
100 kPa ' 

272.533 m 3 . (4.180) 
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The first law gives 



E 2 — E\ = \Q 2 — 1W2, 
Ei — Ei = 0, 



nH 2 oeH 2 o ~ riH 2 eH 2 ~ no 2 e,o 2 + n N2 (e N22 - e N2l ) = 0, 

nn 2 o{hH 2 o - RT2) - n H2 {h H2 - RT\) - no 2 {ho 2 - RT\) + n N2 ((h N22 - RT 2 ) - (h N2l - RTi)) = 0, 

2h H20 -2h H2 - h 02 +R{-10T 2 + im) + 8( h N22 -h N2l ) = 0, 

=° =° =Ah N2 =0 

2h H2 o + (8.314) (-10T 2 + (ll)(298)) + 8A^Ar 22 = 0, 

2h H2 o ~ 83.14T 2 + 27253.3 + 8Ah N22 = 0, 

2h° f> H 2 o + 2A ~h H2 o - 83.14T 2 + 27253.3 + 8A^at 22 = 0, 

2(-241826) + 2A7^ 20 -83.14T 2 + 27253.3 + 8A^at 22 = 0, 

-456399 + 2Ah H2 o - 83.14T 2 + 8A^tv 22 = 0, 



At this point, one begins an iteration process, guessing a value of T 2 and an associated Ahn 2 o- When 
T 2 is guessed at 2000 K, the left side becomes —28006.7. When T 2 is guessed at 2200 K, the left side 
becomes 33895.3. Interpolate then to arrive at 

T 2 = 2090.5 K. (4.181) 

The inert diluent significantly lowers the adiabatic flame temperature. This is because the N 2 serves as 
a heat sink for the energy of reaction. If the mixture were at non-stoichiometric conditions, the excess 
species would also serve as a heat sink, and the adiabatic flame temperature would be lower than that 
of the stoichiometric mixture. 
The final pressure is given by 

P 2 = (j^O+p^l i (4.182) 



(2 kmole + 8 kmole) (8.314 km k J e K ) (2090.5 K) 

272.533 m 3 ' 

637.74 kPa. (4.184) 



(4.183) 



The final concentrations of H 2 and N 2 are 



?*° = 27l^53W= 7 - 34Xl0 " 3 — (4 - 185) 

8 kmole , kmole 

p = — = 2.94 x 10" 2 5-. 4.186 

HN2 272.533 m 3 m 3 v ' 

I 



4.3.3.3 Dilute, preheated mixture 



I 

Example J^.ll 

Consider a variant on the previous example in which the diluted mixture is preheated to 1000 K . 

One can achieve this via an isentropic compression of the cold mixture, such as might occur in an engine. 
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To simplify the analysis here, the temperature of the mixture will be increased, while the pressure will 
be maintained. A closed, fixed, adiabatic volume contains a stoichiometric mixture of 2 kmole of H2, 
1 kmole of O2, and 8 kmole of N2 at 100 kPa and 1000 K. Find the adiabatic flame temperature and 
the final pressure, assuming the irreversible reaction 

2H 2 + 2 + 8N 2 -> 2H 2 + 8N 2 . (4.187) 

The volume is given by 

V = ( n ^2 + n o 2 +n N2 )RT 1 
Pi 



(2 kmole + 1 kmole + 8 kmole) (8.314 . ¥ „ ) (1000 K 

v ' V kmole K / v 



The first law gives 



100 fc p« (4 - 189) 

914.54 m 3 . (4.190) 



E 2 — Ei = 1Q2 — 1W2, 
E2 — Ei = 0, 



nH 2 oeH 2 o - n H2 e H2 - n 02 e 02 + n N2 (e N22 - e N2l ) = 0, 

riH 2 o(hH 2 o - RT2) - riH 2 {hH 2 - RT\) - no 2 {ho 2 - RT\) + n N2 ((h N22 - RT 2 ) - (/ijv 2l - RTi)) = 0, 

2h H2O -2h H2 -h O2 +R{-10T2 + nT 1 )+8(h N22 -h N21 ) = 0, 

2(-241826 + Ah H2 o) - 2(20663) - 22703 + (8.314) (-10T 2 + (11)(1000)) + 8A^jv 22 - 8(21463) = 0, 

2Ah H2 o - 83.14T 2 - 627931 + 8A^at 2 , = 0, 



At this point, one begins an iteration process, guessing a value of T2 and an associated Ahn 2 o- When 
T2 is guessed at 2600 K, the left side becomes —11351. When T2 is guessed at 2800 K, the left side 
becomes 52787. Interpolate then to arrive at 

T 2 = 2635.4 K. (4.191) 

The preheating raised the adiabatic flame temperature. Note that the preheating was by 1000 K — 
298 K = 702 K. The new adiabatic flame temperature is only 2635.4 K - 2090.5 K = 544.9 K greater. 
The final pressure is given by 

„ _ (n Ba o+n Na )M± U.192) 



V 
(2 kmole + 8 kmole) (8.314 km k J e K ) (2635.4 K) 



914.54 m d 
= 239.58 kPa. 

The final concentrations of H2O and N% are 



p H n = = 2.19x10 



2 kmole Q kmole 

914.54 m 3 

8 kmole Q kmole 

p N = r = 8.75 x 10~ 3 =-. 

HN2 914.54 m 3 m 3 



(4.193) 


(4.194) 


(4.195) 


(4.196) 
1 
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4.3.3.4 Dilute, preheated mixture with minor species 



I 

Example 4- IS 

Consider a variant on the previous example. Here, allow for minor species to be present at equilib- 
rium. A closed, fixed, adiabatic volume contains a stoichiometric mixture of 2 kmole of H2, 1 kmole 
of O2, and 8 kmole of N2 at 100 kPa and 1000 K. Find the adiabatic flame temperature and the final 
pressure, assuming reversible reactions. 

Here, the details of the analysis are omitted, but the result is given which is the consequence of a 
calculation involving detailed reactions rates involving equations of the form to be studied in Sec. 15.11 
One can also solve an optimization problem to minimize the Gibbs free energy of a wide variety of 
products to get the same answer; for a general discussion, see Sec. 15.2.11 In this case, the equilibrium 
temperature and pressure are found to be 



T = 2484.8 K, P = 227.89 kPa. 

Equilibrium species concentrations are found to be 

_ 4 kmole 



minor product 


Ph 2 ~- 


= 1.3 x 


11) 




77T 3 


minor product 


Ph = 


= 1.9 x 


10" 


-5 


kmole 
m 3 


minor product 


Po = 


= 5.7 x 


10" 


-0 


kmole 
m 3 


minor product 


Po 2 = 


= 3.6 x 


10" 


-5 


kmole 

7T7, 3 


minor product 


Poh ~- 


= 5.9 x 


lo- 


-5 


kmole 
m 3 


major product 


Ph 2 o '- 


= 2.0 x 


ur 


-3 


kmole 
m 3 


trace product 


Pho 2 = 


= 1.1 X 


10" 


-8 


kmole 
m 3 


trace product 


Ph 2 o 2 = 


= 1.2 x 


10" 


-'.) 


kmole 
m 3 


trace product 


Pn ~- 


= 1.7 x 


10" 


-'.) 


kmole 

77T, 3 


trace product 


Pnh = 


= 3.7 x 


10~ 


-1( 


kmole 


m 3 


trace product 


Pnh 2 


= 1.5 x 


10" 


-1( 


kmole 
m 3 


trace product 


Pnh 3 


= 3.1 x 


10" 


-1( 


kmole 
m 3 


trace product 


Pnnh - 


= 1.0 x 


10" 


-1( 


kmole 
m 3 


minor product 


Pno = 


= 3.1 x 


10" 


-6 


kmole 
m a 


trace product 


Pno 2 ~ 


= 5.3 x 


10" 


-9 


kmole 
m a 


trace product 


Pn 2 o = 


= 2.6 x 


10" 


-9 


kmole 


™3 ' 



(4.197) 

(4.198) 
(4.199) 
(4.200) 
(4.201) 
(4.202) 
(4.203) 
(4.204) 
(4.205) 
(4.206) 
(4.207) 
(4.208) 
(4.209) 
(4.210) 
(4.211) 
(4.212) 
(4.213) 
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trace product Phno = 1-7 x 10 ~ 9 — , (4.214) 

major product ~p N = 8.7 x 10" 3 5—. (4.215) 

•m 6 

Note that the concentrations of the major products went down when the minor species were considered. 
The adiabatic flame temperature also went down by a significant amount: 2635 K— 2484.8 K = 150.2 K . 
Some thermal energy was necessary to break the bonds which induce the presence of minor species. 

I 



4.4 Chemical equilibrium 

Often reactions are not simply unidirectional, as alluded to in the previous example. The 
reverse reaction, especially at high temperature, can be important. 
Consider the four species reaction 

v[Xi + ^2X2 ^ ife + <Xa (4.216) 

In terms of the net stoichiometric coefficients, this becomes 

^lXl + ^2X2 + ^3X3 + ^4%4 = 0. (4.217) 

One can define a variable £, the reaction progress. Take the dimension of C, to be mole. 
When t — 0, one takes £ = 0. Now, as the reaction goes forward, one takes dC, > 0. And a 
forward reaction will decrease the number of moles of Xi an d X2 while increasing the number 
of moles of X3 an d Xi- This will occur in ratios dictated by the stoichiometric coefficients of 
the problem: 



(4.218) 
(4.219) 
(4.220) 
(4.221) 

Note that if n« is taken to have units of mole, v[, and v" are taken as dimensionless, then C, 
must have units of mole. In terms of the net stoichiometric coefficients, one has 

dm = MC (4.222) 

dn 2 = v 2 dC, (4.223) 

dn 3 = i/gdC, (4.224) 

dn 4 = u 4 d(. (4.225) 
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drii = 


= -<d(, 


dn 2 = 


= -^2 d C, 


dn 3 = 


= +^d(, 


dn^ = 


= +u'ldC 
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Again, for argument's sake, assume that at t = 0, one has 



n lli=0 


= n lo , 


n 2\t=0 


= n 2o , 


n s\t=o 


= ri3o, 


n ±\t=o 


= n 4o . 



(4.226) 
(4.227) 

(4.228) 
(4.229) 



Then, after integrating, one finds 



m = i/iC + nio, (4.230) 

n 2 = v 2 ( + n 2o , (4.231) 

n 3 = v 3 ( + n 3o , (4.232) 

n 4 = uaC, + riA . (4.233) 

One can also eliminate the parameter ( in a variety of fashions and parameterize the 
reaction by one of the species mole numbers. Choosing, for example, n\ as a parameter, one 

gets 

ti-\ — n-\ n 

C = — -. (4.234) 

v\ 

Eliminating (", one finds all other mole numbers in terms of ri\. 

(4.235) 
(4.236) 
(4.237) 



n\ 


- ni 


+ n 2o , 


V 2 


"l 


m 

= v z 


-nio 


+ n 3o , 


m 

= Va 


- nio 


+ n 4o . 



Written another way, one has 

ni - nip __ n 2 - n 2o __ n 3 - n 3o __ n 4 - n Ao 

V\ V 2 V 3 Va, 

For an iY-species reaction, Yli=i u iXi — 0, one can generalize to say 



C (4-238) 



dn t = = Vid(, (4.239) 

m = Vi( + n io , (4.240) 

^^ = C- (4-241) 

v% 

Note that 

d n i . , nl . 

- = „. (4.242) 
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Now, from the previous Chapter [3], one manifestation of the second law is Eq. (I3.36ip : 

JV 

dG\ TP = J2^ dn * ^ °- (4.243) 

Now, one can eliminate drii in Eq. (I4.243P by use of Eq. (14.2391) to get 

TV 

dG\ TP = ^7J 4 MC<0, (4.244) 



dG 



i=l 

N 



T,P 



J>^<0, (4.245) 



i=i 



-a < 0. (4.246) 



Then, for the reaction to go forward, one must require that the affinity, defined earlier in 
Eq. (E322D, be positive: 

a > 0. (4.247) 

One also knows from Chapter [3] that the irreversibility takes the form of Eq. (13.350^ : 

1 N 
--^■pidm > 0, (4.248) 

«=i 

N 

T 



1 N 
--dCj>^ > 0, (4.249) 



i=l 

N 



ld(f_ 



^E^ ^ °- ( 4 - 25 °) 



T dt 



N 



In terms of the chemical affinity, a = — ^2 i=1 f-i^i, Eq. ( 14.250ft can be written as 

— r«>0. (4.251) 

T dt ~ K ' 

Now, one straightforward, albeit naive, way to guarantee positive semi-definiteness of the 
irreversibility and thus satisfaction of the second law is to construct the chemical kinetic rate 
equation so that 



dC 

dt 



N 



-k/ ^ iXjVj = ka, k>0, provisional, naive assumption (4.252) 



i=l 



This provisional assumption of convenience will be supplanted later in Sec. 14.51 by a form 
which agrees well with experiment. Here, k is a positive semi-definite scalar. In general, it is 
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a function of temperature, k = k(T), so that reactions proceed rapidly at high temperature 
and slowly at low temperature. Then, certainly the reaction progress variable (" will cease 
to change when the equilibrium condition 



N 



Yl w* = °> 



(4.253) 



i=l 



is met. This is equivalent to requiring 

a = 0. (4.254) 

Now, while Eq. (14.2530 is the most compact form of the equilibrium condition, it is not 
the most commonly used form. One can perform the following analysis to obtain the form in 
most common usage. Start by employing Eq. (13. 268ft equating the chemical potential with 
the Gibbs free energy per unit mole for each species i: yu, =~9i- Then, employ the definition 
of Gibbs free energy for an ideal gas, and carry out a set of operations: 



TV 



i=\ 



TV 



^2(hi-Tsi 



0, at equilibrium, 

0, at equilibrium. 



(4.255) 
(4.256) 



i=l 



For the ideal gas, one can substitute for hi(T) and Si(T,P) and write the equilibrium con- 
dition as 



/ 



N 

E 

i=l 



( 



T 

c Pi {f) df -T 

'To 

^ ' 






\\ 



S° 



, T ^ldf-Rln^^ 

- 1 oil I rri 

T 1 



Pn 



=ST,i 



0, 



>) 



(4.257) 



Now, writing the equilibrium condition in terms of the enthalpies and entropies referred to 
the standard pressure, one gets 



E(^-r(^-i!ln(^) 



0. 



N 



J2{ h °Ti- Ts h) u * 



N 



Y RTu t In 



i=i 



i=i 



Pn 



(4.258) 
(4.259) 



~9T,i~t 1 T,; 
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RT 



RT 




-T,&,i v * = RT J2 ln { y -rr) > ( 4 - 26 °) 



(4.261) 
(4.262) 



-P ( ~) 



=K F 



N 



i=l 



y<P 



X P = [ ^ , (4.264) 



K ' = p" 11^, (4-265) 

JV /p.\^ 

if P = [ I -^ I , at equilibrium. (4.266) 

Here, /Cp is what is known as the pressure-based equilibrium constant. It is dimensionless. 
Despite its name, it is not a constant. It is defined in terms of thermodynamic properties, 
and for the ideal gas is a function of T only: 

Kp = exp I — ■= — j , generally valid. (4.267) 

Only at equilibrium does the property Kp also equal the product of the partial pressures 
as in Eq. (I4.266J) . The subscript P for pressure comes about because it is also related to 
the product of the ratio of the partial pressure to the reference pressure raised to the net 
stoichiometric coefficients. Also, the net change in Gibbs free energy of the reaction at the 
reference pressure, AG , which is a function of T only, has been defined as 

TV 

AG° = ^r r/t . (4.268) 

i=i 

The term AG° has units of kJ/kmole; it traditionally does not get an overbar. If AG° > 0, 
one has < Kp < 1, and reactants are favored over products. If AG" < 0, one gets Kp > 1, 
and products are favored over reactants. One can also deduce that higher pressures P push 
the equilibrium in such a fashion that fewer moles are present, all else being equal. One can 
also define AG° in terms of the chemical affinity, referred to the reference pressure, as 

AG° = -a°. (4.269) 
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One can also define another convenient thermodynamic property, which for an ideal gas 
is a function of T alone, the equilibrium constant K c : 

/ p \T,f=i v i / /\Q°\ 

K c = f =M exp i-^r) , generally valid. (4.270) 

This property is dimensional, and the units depend on the stoichiometry of the reaction. 
The units of K c will be (mole/ 'cm 3 )^^ 1 " 1 . 

The equilibrium condition, Eq. (I4.266J) . is often written in terms of molar concentrations 
and K c . This can be achieved by the operations, valid only at an equilibrium state: 

k " = n (^T> ( 4 - 271 ) 



exp 



-AG°\ [RT\ Y:=lUl ^ 







RT J \PoJ 



\~Pi\ (4-272) 



i=\ 



££i"« /_Ano\ Ji 



P n \ z -= 1 "' ( -AG° 
exp 



RT V RT 



\Pi\ (4-273) 



Ei^c 



j=l 



A f 



K c = \~Pi V \ at equilibrium. (4.274) 



i=l 



One must be careful to distinguish between the general definition of K c as given in Eq. (j4.270|) . 
and the fact that at equilibrium it is driven to also have the value of product of molar species 
concentrations, raised to the appropriate stoichiometric power, as given in Eq. (I4.274|) . 

4.5 Chemical kinetics of a single isothermal reaction 

In the same fashion in ordinary mechanics that an understanding of statics enables an under- 
standing of dynamics, an understanding of chemical equilibrium is necessary to understand 
to more challenging topic of chemical kinetics. Chemical kinetics describes the time-evolution 
of systems which may have an initial state far from equilibrium; it typically describes the 
path of such systems to an equilibrium state. Here, gas phase kinetics of ideal gas mixtures 
that obey Dalton's law will be studied. Important topics such as catalysis and solid or liquid 
reactions will not be considered. 

Further, this section will be restricted to strictly isothermal systems. This simplifies the 
analysis greatly. It is straightforward to extend the analysis of this system to non-isothermal 
systems. One must then make further appeal to the energy equation to get an equation for 
temperature evolution. 

The general form for evolution of species is taken to be 
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KB "7- (427B) 

Multiplying both sides of Eq. (14.275ft by molecular mass Mi and using Eq. (J2.43P to exchange 
Pj for mass fraction Yi then gives the alternate form 

—^ = -*—±. 4.276 

dt p y ' 

4.5.1 Isochoric systems 

Consider the evolution of species concentration in a system which is isothermal, isochoric 
and spatially homogeneous. The system is undergoing a single chemical reaction involving 
TV species of the familiar form of Eq. (14.211) : 

TV 

£>*Xi = 0. (4.277) 

i=i 

Because the density is constant for the isochoric system, Eq. (14.2751) reduces to 

^ = c*. (4.278) 

dt 

Then, experiment, as well as a more fundamental molecular collision theory, shows that the 
evolution of species concentration i is given by 



-=k{T) 




^ = Vi aTPexv(=^) \f[pk' k ) l-^f[pk k , isochoric system (4.279) 



This relation actually holds for isochoric, non-isothermal systems as well, which will not be 
considered in any detail here. Here, some new variables are defined as follows: 

• a: a kinetic rate constant called the collision frequency factor. Its units will depend 
on the actual reaction and could involve various combinations of length, time, and 
temperature. It is constructed so that dpi/dt has units of mole/ cm? /s; this requires 
it to have units of (mole/cm 3 p 1 ~ u M~^k=i u kj/s/K^. Here, u' M is a coefficient which is 
present if an inert third body participates in the reaction. 

• /3: a dimensionless parameter whose value is set by experiments, sometimes combined 
with guiding theory, to account for weak temperature dependency of reaction rates. 
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• £: the activation energy. It has units of cal/mole, though others are often used, and is 
fit by both experiment and fundamental theory to account for the strong temperature 
dependency of reaction. 

Note that in Eq. (14.2790 that molar concentrations are raised to the v' k and v^ powers. As 
it does not make sense to raise a physical quantity to a power with units, one traditionally 
interprets the values of v^, u' k , as well as u' k ' to be dimensionless pure numbers. They are also 
interpreted in a standard fashion: the smallest integer values that actually correspond to the 
underlying molecular collision which has been modelled. While stoichiometric balance can 
be achieved by a variety of uj. values, the kinetic rates are linked to one particular set which 
is defined by the community. 

Equation (14.2790 is written in such a way that the species concentration production rate 
increases when 

• The net number of moles generated in the reaction, measured by u i: increases, 

• The temperature increases; here, the sensitivity may be very high, as one observes in 
nature, 

• The species concentrations of species involved in the forward reaction increase; this 
embodies the principle that the collision-based reaction rates are enhanced when there 
are more molecules to collide, 

• The species concentrations of species involved in the reverse reaction decrease. 

Here, three intermediate variables which are in common usage have been defined. First one 
takes the reaction rate to be 

\ 

(4.280) 




(4.281) 



fc=i 

=k{T), Arrhenius rate \ forward 



fc=l 
reverse reaction'' 



law of mass action 



The reaction rate r has units of mole/cm 3 / s. 

The temperature-dependency of the reaction rate is embodied in k(T) is defined by what 
is known as an Arrheniuqj rate law: 



k(T) 



aT? 



exp 



-£_ 



(4.282) 



ISvante A rrhenius, 1859-1927, Swedish physicist. 
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This equation was advocated by van't HofO in 1884; in 1889 Arrhenius gave a physical justi- 
fication. The units of k(T) actually depend on the reaction. This is a weakness of the theory, 
and precludes a clean non-dimensionalization. The units must be (mole/ cm 3 )( 1 ~ u M~^-' k = 1 v <°> fs. 
In terms of reaction progress, one can also take 

r 4§- < 4 - 283 > 

The factor of 1/V is necessary because r has units of molar concentration per time and £ 
has units of mole. The over-riding importance of the temperature sensitivity is illustrated 
as part of the next example. The remainder of the expression involving the products of the 
species concentrations is the defining characteristic of systems which obey the law of mass 
action. Though the history is complex, most attribute the law of mass action to Guldbergp 
and Waaga 10 ! in 1864o Last, the overall molar production rate of species i, often written as 
obj. is defined as 



"i ■ 



Ui = ViT. (4.284) 

As Vi is considered to be dimensionless, the units of uOi must be mole/ cm 2, / s. 



I 

Example 4-13 

Study the nitrogen dissociation problem considered in an earlier example which was confined to 
equilibrium analysis, see Sec. 13.11.2.11 in which at t = s, 1 kmole of N 2 exists at P = 100 kPa and 
T = 6000 K . Take as before the reaction to be isothermal and isochoric. Consider again the elementary 
nitrogen dissociation reaction 

N 2 +N 2 ^2N + N 2 , (4.285) 

which has kinetic rate parameters of 

(4.286) 
(4.287) 
(4. 





21 cm 3 A' 16 

7n>' 1 n 




mole s 


p -- 


= -1.6, 


£ -- 


cal 
= 224928.4 -. 



In SI units, this becomes 



mole 



cm 3 K 16 \ ( \m \ f 1000 mole\ _„ _ ia m 3 K 1 - 



7.0 x 10 21 : — ; = 7.0 x 10 18 ^— ^ — , (4.289) 

mole s J \ 100 cm) \ kmole J kmole s 

cal \ ( J \ ( kJ \ ( 1000 mole\ kj 

224928.4 4.186 — - —- — - — : = 941550 -. 4.290 

mole J \ cal I \ 1000 J 1 \ kmole I kmole 



Jacobus Henricus van't Hoff, 1852-1922, Dutch chemist. 



Cato Maximilian Guldberg| 1836-1902, Norwegian mathematician and chemist. 



Peter Waage 1833-1900, Norwegian chemist. 



P. Waage and C. M. Guldberg, 1864, "Studies Concerning Affinity, Forhandlinger: Videnskabs-Selskabet 
i Christiania, 35. English translation: Journal of Chemical Education, 63(12): 1044-1047. 
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At the initial state, the material is all N2, so Pjv 2 = P = 100 kPa. The ideal gas law then gives at 
t = 



P\t= = PN 2 \ t=0 =PN 2 \ t=0 R T > ( 4 -291) 

T ' 

100 kPa 

(8-314 t^-k) (6000 K~Y 

n kmole 
2.00465 x 10 -3 3-. (4.294) 



-p N I n = AJ^, (4.292) 

1 nn i„ r>„ 

(4.293) 



Thus, the volume, constant for all time in the isochoric process, is 

rtjv, L_n 1 kmole 01 , 

V = 2 t=0 = = r- = 4.9884 x 10 2 m 3 . 4.295 

PN 2 \ t=0 2.00465x10-3^^ 

Now, the stoichiometry of the reaction is such that 

— dn,N 2 = —driN, (4.296) 

~(n N2 - n N2 \ t=0 ) = ~(n N - n N \ t=0 ), (4.297) 

— 1 kmole —0 

n N = 2(1 kmole -n N2 ), (4.298) 

tin ( 1 kmole n/v, \ 

f = 2(— ^ -fj, (4.299) 

/ 1 kmole \ 

*» = 2 ( 4.9884X10^3 -^)' (4 - 3 ° 0) 

= 2 2.00465 x 10~ 3 5 P/v • (4.301) 

Now, the general equation for kinetics of a single reaction, Eq. (|4.279[) . reduces for N2 molar 
concentration to 

^ = ^ 2 aT' 3 exp^=D(p N2 )^(p w )^^-^-(p JV2 )^(p w )^) (4.302) 

Realizing that v' N = 2, i/' N = 0, i/jv 2 = — 1, and i/jy = 2, one gets 

= fc(T) 

Examine the primary temperature dependency of the reaction 

k(T) = oT^exp^V (4.304) 

7.0 x 10- £*^) T- exp f " 941550 ^ ) , (4.305) 

kmole s J I 8.314 , U „ T ) 

/ \ kmole K / 

7-0 x 10 18 /-hl325xl0f \ 
= r i.e ex P \ t ) ( } 
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5000 7000 1 0000 



T(K) 



Figure 4.1: k(T) for Nitrogen dissociation example. 



Figure 14.11 gives a plot of k(T) which shows its very strong dependency on temperature. For this 
problem, T = 6000 K, so 



fc(6000) 



7.0 xlO 18 / -1.1325 x 10 5 

■ exp 



1.6 



6000 



40071.6 



6000 



kmole s 
Now, the equilibrium constant K c is needed. Recall 



Kr 



\RTj 



exp 



-AG° 
RT 



>N 



For this system, since X^=i u i — ^-: this reduces to 
P n \ f-(2g N -g°N 2 



K, 



=— exp 
RT ' 



RT 



Po_\ x f -(2(h N - Ts^ N )- (h N2 - T4 ;jV2 )) 
RTJ 6XP \ RT 



(4.307) 
(4.308) 

(4.309) 

(4.310) 
(4.311) 



100 \ /-(2(597270- (6000)216.926)- (205848- (6000)292. 984))\ 

(8.314)(6000)J SXP V (8.314)(6000) ) ' (4 ' 312) 

kmole , , , 

(4.313) 



0.000112112 



■/??. 



The differential equation for N% evolution is then given by 



dp 



N 2 



(ll 



40071.6 



Phi 1 



1 



(2 (2.00465 x 10 



-3 kmole 



PnJY 



kmole J " 2 V 0.000112112 ^ 



kmole 



Pn 2 



=/(Pjv 2 ) 
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f ( P. .) (kmole/m 3 /s) 



unstable 
equilibrium 



unstable 
equilibrium 



stable, 

physical 

equilibrium 



0.0025 




p (kmole/m 3 ) 

N 2 



Figure 4.2: Forcing function, f(p N2 ), which drives changes of p N2 as a function of p N , 2 in 
isothermal, isochoric problem. 



f(p N J- 



(4.314) 
(4.315) 



The system is at equilibrium when /(/5jv, ) = 0. This is an algebraic function of ~p N only, and can be 
plotted. Figure l4~2l gives a plot of f(j> N ) and shows that it has three potential equilibrium points. It 
is seen there are three roots. Solving for the equilibria requires solving 

(2 (2.00465 x 10" 3 *™4^) -7%J 2 \ 







40071.6 



kmole 



Pn 2 



1 



1 
0.000112112 



kmole 



The three roots are 
Pn 2 



kmole 




0.00178121 



kmolt 



0.00225611 



Pn 2 



kmole 



(4.316) 



(4.317) 



stable 



unstable 



By inspection of the topology of Fig. 14.21 the only stable root is 0.00178121 kmole/m 3 . This root 
agrees with the equilibrium value found in an earlier example for the same problem conditions. Small 
perturbations from this equilibrium induce the forcing function to supply dynamics which restore the 
system to its original equilibrium state. Small perturbations from the unstable equilibria induce non- 
restoring dynamics. For this root, one can then determine that the stable equilibrium value of ~p N = 
0.000446882 kmole/m 3 . 

One can examine this stability more formally. Define an equilibrium concentration p^ such that 

(4.318) 

Now, perform a Taylor series of f(~p N ) about ~p N 

df 



f(PN 2 



0. 
— eq 

z Pn 2 - 



f(PN 2 )~f{-p e l) + 



dpm 



2 Pjv 2 =Pn, 



1 d 2 f 

(PN 2 ~ P C N 2 ) + ^-p2~{PN 2 
z a PN 2 



TIY + 



(4.319) 
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Now, the first term of the Taylor series is zero by construction. Next, neglect all higher order terms as 
small so that the approximation becomes 



/(PjvJ 



df 



dpN-, 



(Pn 2 ~PnJ- 



Pn 2 —Pn^ 



Thus, near equilibrium, one can write 

dp N2 df 



dt dp N 



(Pn 2 ~ PnJ- 



Pn 2 =Pn 2 

Since the derivative of a constant is zero, one can also write the equation as 



J t (PN 2 P% 2 



df 



dPN 2 



(Pn 2 ~ PnJ- 



(4.320) 



(4.321) 



(4.322) 



Pn 2 =Pn 2 

This has a solution, valid near the equilibrium point, of 



(Pn 2 ~Pn 2 ) = Cexp 



df 



Pn 2 



<tPN 2 

Pn 2 +Cexp 



t 



Pn 2 —Pn 2 

df 



dpN 2 



Pn 2 =Pn 2 



(4.323) 



(4.324) 
(4.325) 



Here, C is some constant whose value is not important for this discussion. If the slope of / is positive, 
that is, 

df 



dp 



N 2 



> 0, unstable, (4.326) 

Pn 2 =Pn 2 

the equilibrium will be unstable. That is, a perturbation will grow without bound as t — > oo. If the 
slope is zero, 

= 0, neutrally stable, (4.327) 

Pn 2 —Pn 2 



dp 



n 2 



the solution is stable in that there is no unbounded growth, and moreover is known as neutrally stable. 
If the slope is negative, 



df 



dp 



N; 



< 0, asymptotically stable, 



(4.328) 



Pn 2 =Pjv, 



the solution is stable in that there is no unbounded growth, and moreover is known as asymptotically 
stable. 

A solution via numerical integration is found for Eq. (|4.314[) . The solution for ~p N , along with ~p N 
is plotted in Fig. 14.31 Linearization of Eq. (|4.314|) about the equilibrium state gives rise to the locally 
linearly valid 

— (p Na - 0.00178121) = -1209.39^ - 0.00178121) + . . . (4.329) 

This has local asymptotically stable solution 

p N = 0.00178121 + C exp (-1209.39*) . (4.330) 



\CC BY-NGW)} 08 August 2012, J. M. Powers. 



172 



CHAPTER 4. THERMOCHEMISTRY OF A SINGLE REACTION 



0.0020 



-^ 0.0015 



c 
o 

'+J 
03 

C 

<u 
u 
c 
o 
u 



0.0010 



0.0005 




0.001 0.002 0.003 0.004 0.005 



t(s) 



Figure 4.3: p^„{f) and p^(t) in isothermal, isochoric nitrogen dissociation problem. 



Here, C is some integration constant whose value is irrelevant for this analysis. The time scale of 
relaxation r is the time when the argument of the exponential is — 1 , which is 

r = = 8.27 x 10 -4 s. (4.331) 

1209.39 s" 1 v ; 

One usually finds this time scale to have high sensitivity to temperature, with high temperatures giving 
fast time constants and thus fast reactions. 

The equilibrium values agree exactly with those found in the earlier example. Here, the kinetics 
provide the details of how much time it takes to achieve equilibrium. This is one of the key questions 
of non-equilibrium thermodynamics. 

I 



4.5.2 Isobaric systems 

The form of the previous section is the most important as it is easily extended to a compu- 
tational grid with fixed volume elements in fluid flow problems. However, there is another 
important spatially homogeneous problem in which the formulation needs slight modifica- 
tion: isobaric reaction, with P equal to a constant. Again, in this section only isothermal 
conditions will be considered. 

In an isobaric problem, there can be volume change. Consider first the problem of isobaric 
expansion of an inert mixture. In such a mixture, the total number of moles of each species 
must be constant, so one gets 

dm 



dt 



0, 



inert, isobaric mixture. 



(4.332) 
Now, carry out the sequence of operations, realizing the total mass m is also constant: 

0, (4.333) 



Id 

— -77 ( n i) 

m at 
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d /rii\ 
dt \mJ 


= o, 


dt\Vm) 


= o, 


dt \pj 


= o, 


1#£ _ Pi_^P 

p dt p 2 dt 


= o, 


d~Pi 


-pidp 


dt 


p dt 
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(4.334) 

(4.335) 

(4.336) 

(4.337) 

(4.338) 

So, a global density decrease of the inert material due to volume increase of a fixed mass 
system induces a concentration decrease of each species. Extended to a material with a 
single reaction rate r, one could say either 

— = u { r + — — , or (4.339) 

dt p dt 

— I — ) = -z/jr, generally valid, (4.340) 

dt \p J p 

= ^. (4.341) 

P 

Equation (I4.34Q|) is consistent with Eq. (I4.275P and is actually valid for general systems with 
variable density, temperature, and pressure. 

However, in this section, it is required that pressure and temperature be constant. Now, 
differentiate the isobaric, isothermal, ideal gas law to get the density derivative. 

N 

P J>i!r, (4.342) 

(4.343) 



(4.344) 
(4.345) 
(4.346) 
(4.347) 





i=l 


= 


N J- 

4-f dt 


= 


N j- 

^ dt' 

«=1 


= 


■ SMS- 


= 


n 1 ^ n 

v-^ 1 dp r—v 

i=l r i=l 


dp 




dt 


V^ £i ' 
^—'j=l p 
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P^E 



N 
i=l 



E.=i Pi 

P r Ei=i ^ 
_p ■ 



piiTr£ 



t=i 



P 



IV 



p-R^ 7 " E fc =i v k 



(4.348) 

(4.349) 

(4.350) 
(4.351) 



vJV 



Note that if there is no net number change in the reaction, Efc=i u k = 0, the isobaric, 
isothermal reaction also guarantees there would be no density or volume change. It is 
convenient to define the net number change in the elementary reaction as An: 



An 



N 

£ 

fc=i 



Vk- 



(4.352) 



Here, An is taken to be a dimensionless pure number. It is associated with the number 
change in the elementary reaction and not the actual mole change in a physical system; it 
is, however, proportional to the actual mole change. 

Now, use Eq. (14.3510 to eliminate the density derivative in Eq. (I4.339P to get 



dpi 
dt 



ViT 



Pi pRTr Ef=i v k 



P 



\ 



_ — TV 

p,RT v^ 

2> fe 



p 



reaction effect 



fe=l 



(4.353) 



(4.354) 



expansion effect/ 



Vi 



2/iAn 



(4.355) 



^reaction effect expansion effect/ 



There are two terms dictating the rate change of species molar concentration. The first, a 
reaction effect, is precisely the same term that drove the isochoric reaction. The second is 
due to the fact that the volume can change if the number of moles change, and this induces 
an intrinsic change in concentration. Note that the term 'p i RT/P = y i} the mole fraction. 



I 

Example 4-14 

Study a variant of the nitrogen dissociation problem considered in an earlier example in which at 
t = s, 1 kmole of JV2 exists at P = 100 kPa and T = 6000 K. In this case, take the reaction to be 
isothermal and isobaric. Consider again the elementary nitrogen dissociation reaction 



iV 2 + iV 2 ^2iV + iV2, 



(4.356) 
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which has kinetic rate parameters of 





,, cm 3 A' 16 
7 n v i n 




mole s 


a -- 


= -1.6, 


7. -- 


cal 
= 224928.4 . 



mole 
In SI units, this becomes 



(4.357) 
(4.358) 
(4.359) 



3 zri-6 \ / i ™ \ 3 /mnn ™n/»\ ™3 z^i.6 



,, cm 3 A 16 \ ( 1 m \ /1000 mo/e\ 1R m a A' 1 

7.0 x 10 21 ; — ; = 7.0 x 10 18 : , 4.360 



r?io/e s J \ 100 cm/ \ kmole J kmole s 

cal \ ( J \ ( kJ \ ( 1000 mole\ kJ 

224928.4 4.186 — — ; = 941550 -. 4.361 

mole J \ cal) \1000 jj\ kmole J kmole y 

At the initial state, the material is all Ar 2 , so Pjv 2 = P = 100 kPa. The ideal gas law then gives at 
t = 



P = P N2 = p N2 RT, (4.362) 

P 

m" 

100 kPa 



PN 2 \ t = = =^> ( 4 -363 



(8-314 j^k) (6000 A)' 



(4.364) 



q kmole 
2.00465 x 10" 3 —. (4.365) 



Thus, the initial volume is 



nw, L_ n 1 kmole , , . 

y, = iValt_ = — = 4 4 x 1Q 2 3 4.366 

"- n t =o 2.00465 x 10-3 ^^ 
In this isobaric process, one always has P = 100 kPa. Now, in general 

P = RT(p N2 +p N ), (4.367) 

therefore one can write ~p N in terms of ~p N : 

p w = =f-pN 2 , (4-368) 

100 fcPa 
(8-314 Tsfc?) (6000/7)"^' ^ 

o kmole\ 

2.00465 x 10~ 3 5— - Pat • 4.370 

m 4 J 2 

Then, the equations for kinetics of a single isobaric isothermal reaction, Eq. (|4.354[) in conjunction 
with Eq. (|4.280p . reduce for N2 molar concentration to 

^ = (a^ex P (^)(p iV2 )^(p Jv r-(l-i-(p JV2 )- 2 (^)^)) U 2 -^^(^+^)Y 

=r 

(4.371) 
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Realizing that v' N = 2, v' N = 0, v>n 2 = — lj an< i V N = 2, one gets 

* w ' v ' 

=k(T) 

The temperature dependency of the reaction is unchanged from the previous reaction: 

k(T) = a^exp(=| 

m 3 A -i.6\ / -941550 T M T 

7.0 x 10 18 ; — T- 1 - 6 exp ' - 



kmole s) \ 8.314 . ¥ „ T 

7.0 xlO 18 /-1.1325xl0 5 



■ exp 



jn.6 <- y j, 

For this problem, T = 6000 K , so 

7.0 xlO 18 /-1.1325xl0 5 

k 6000) = r^- exp 

v ; 6000 16 V 6000 

■3 

m 

= 40130.2 . 

kmole s 

The equilibrium constant K c is also unchanged from the previous example. Recall 

K = fM Etl "ex ( ~- G ° 

c \rt) exp \ #r 

For this system, since Xh=i ^ = ^ n = 1; this reduces to 

AT/ V #T 

P„\ (-{Z?n-Tn 2 ) 



=— exp 

pry \ i?r 

p g \ / - (20& - r«5, „) - 0£ - T4 „)) 



=f^ ex P 



100 \ /-(2(597270- (6000)216.926)- (205848- (6000)292. 984))\ 



RTJ \ RT 

(8.314) (6000)7 GXP V (8.314) (6000) 

kmole 

= 0.000112112 — . 

m 6 

The differential equation for N2 evolution is then given by 

dp N ( m 3 \ , / 1 ((2.00465 x 10~ 3 ^™§k) -p 

40130.2 U, 1 



(4.372) 



4.373) 

4.374) 
4.375) 

4.376) 

4.377) 

4.378) 

4.379) 
4.380) 

4.381) 

4.382) 
4.383) 



dt V kmole J ' N2 \ 0.000112112 ^4^ Pn 2 



Pn 2 (8-314 ^M_) (6 000 K) 



100 kPa I 

(4.384) 
ICPnJ- (4-385) 



\CC BY-NCTND} 08 August 2012, J. M. Powers. 



4.5. CHEMICAL KINETICS OF A SINGLE ISOTHERMAL REACTION 



177 



f ( P ) (kmole/m 3 /s) 



stable, 

non-physical 

equilibrium 



Figure 4.4: Forcing function, f{p^ 2 ] 
isothermal, isobaric problem. 
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0.003 
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which drives changes of ~p N as a function of p N in 



The system is at equilibrium when f(~p N ) = 0. This is an algebraic function of ~p N only, and can be 
plotted. Figure l4~4l gives a plot of f(J) N ) and shows that it has four potential equilibrium points. It is 
seen there are four roots. Solving for the equilibria requires solving 



40130.2 



kmole 
Pn 2 (8-31 



Pn, 1 



1 



((2.00465 x 10 



-3 kmole \ — 



Pn 2 Y 



0.000112112 
kJ ^(6000K)\ 



kmole 



Pn 2 



kmole K , 



100 kPa 



The four roots are 



p N = -0.002005 



kmole 



kmole 



11V' 



stable , non — physical 




0.001583 



kmole 



0.00254 



kmole 



■in. 



(4.386) 



(4.387) 



stable, physical 



stable 



By inspection of the topology of Fig. 14.21 the only stable, physical root is 0.001583 kmole/m 3 . Small 
perturbations from this equilibrium induce the forcing function to supply dynamics which restore the 
system to its original equilibrium state. Small perturbations from the unstable equilibria induce non- 
restoring dynamics. For this root, one can then determine that the stable equilibrium value of ~p N = 
0.000421 kmole/m 3 . 

A numerical solution via an explicit technique such as a Runge-Kutta integration is found for 
Eq. (|4.386[) . The solution for ~p N ^, along with ~p N is plotted in Fig. 14.51 Linearization of Eq. (|4.386[) 
about the equilibrium state gives rise to the locally linearly valid 



d 



— (p N2 - 0.001583) = -967.073(7^ - 0.001583) + 



This has local solution 



p N = 0.001583 + C exp (-967.073i) 



(4.388) 
(4.389) 
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Figure 4.5: Pjv (£) and p N (t) in isobaric, isothermal nitrogen dissociation problem. 



Again, C is an irrelevant integration constant. The time scale of relaxation r is the time when the 
argument of the exponential is — 1 , which is 



1 



967.073 s- 



1.03 x 10 _J s. 



(4.390) 



Note that the time constant for the isobaric combustion is about a factor 1.25 greater than for isochoric 
combustion under the otherwise identical conditions. 

The equilibrium values agree exactly with those found in the earlier example. Again, the kinetics 
provide the details of how much time it takes to achieve equilibrium. 

I 



4.6 Some conservation and evolution equations 

Here, a few useful global conservation and evolution equations are presented for some key 
properties. Only some cases are considered, and one could develop more relations for other 
scenarios. 



4.6.1 Total mass conservation: isochoric reaction 



One can easily show that the isochoric reaction rate model, Eq. (j4.279p . satisfies the principle 
of mixture mass conservation. Begin with Eq. (14.279ft in a compact form, using the definition 
of the reaction rate r, Eq. (J4.281J) . and perform the following operations: 



d4h 
dt 



uir. 



(4.391) 
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dt \Mi 

d_ 
It 

d 

dt 



{pYi) = UiM ir , 



— (pYi) = Vi^Mifar, 
1=1 



--Mi 



d 



ll(p Y i) = ^MlfaiViT, 



dt 



N 



1=1 

N L 



i=\ i=\ 1=1 

( \ 



d 

dt 



N 
i=l 



L N 



^2^2 Midler, 



1=1 i=l 



dp 
~dt 



N 



-^2Mi^2<f>iiVi, 



1=1 i=l 



d ± = 0. 

dt 



•.N 



Note the term ^2 i=1 4>li v i = because of stoichiometry, Eq. (]4.24]h 



(4.392) 
(4.393) 
(4.394) 

(4.395) 
(4.396) 

(4.397) 

(4.398) 
(4.399) 



4.6.2 Element mass conservation: isochoric reaction 

Through a similar series of operations, one can show that the mass of each element, I = 
1,...,L, in conserved in this reaction, which is chemical, not nuclear. Once again, begin 
with Eq. (14.281!) and perform a set of operations, 



d 

It 



dt 

(<l>liPi) 



<t>uVir, l = l,...,L, 



N 

£ 

i=i 



dt 



hiPi) 



N 



/ = !,.. .,L, 



8=1 



(4.400) 
(4.401) 
(4.402) 

(4.403) 



1=1,. ..,L, 
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d f 



dt , 



*{£**) 




^2<f>uPi] = rJ^&iVi, l = l,...,L, (4.404) 



0, l = l,...,L. (4.405) 



The term Yl%=i 4>uPi represents the number of moles of element I per unit volume, by the 
following analysis 

N N 

sr^ , v^ moles element I moles species i moles element I „ . , , . 

Y, && = E — ; — r = / pi- 4 - 406 

* — ' * — ' moles species % volume volume 

Here, the elemental mole density, p^, for element / has been defined. So, the element 
concentration for each element remains constant in a constant volume reaction process: 

^ = 0, 1 = 1,. ..,L. (4.407) 

One can also multiply by the elemental mass, Aii to get the elemental mass density, p\: 

pt = M^ e , l = l,...,L. (4.408) 

Since Mi is a constant, one can incorporate this definition into Eq. (J4.407P to get 

^=0, 1 = 1,. ..,L. (4.409) 

The element mass density remains constant in the constant volume reaction. One could also 
simply say since the elements' density is constant, and the mixture is simply a sum of the 
elements, that the mixture density is conserved as well. 

4.6.3 Energy conservation: adiabatic, isochoric reaction 

Consider a simple application of the first law of thermodynamics to reaction kinetics: that 
of a closed, adiabatic, isochoric combustion process in a mixture of ideal gases. One may 
be interested in the rate of temperature change. First, because the system is closed, there 
can be no mass change, and because the system is isochoric, the total volume is a non-zero 
constant; hence, 

i(pV) = 0, (4.411) 



dt 



V% = 0, (4.412) 
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For such a process, the first law of thermodynamics is 

dE 



dt 



Q-W. 



But there is no heat transfer or work in the adiabatic isochoric process, so one gets 



dE 



d 



dt (me) = 0, 

de dm 
dt dt 



=o 



* = 0. 

dt 



(4.414) 

(4.415) 
(4.416) 
(4.417) 

(4.418) 



Thus, for the mixture of ideal gases, e(T, p 1 , . . . , Pjy) = e °- O ne can see h° w reaction rates 
affect temperature changes by expanding the derivative in Eq. f)4.418|) 



d 

Tt 



A 



J2 Y ^ 



0, 



.1=1 



A 



8=1 



d 
dt 



A 



t=l 



= o, 



^ / de, dF; 

z^ Y ~ + e 



(it dt 



N 

£ 

i=i 



/ 



dT dt dt 



V 



0. 



A / dT dYA 

i=l v 7 



dT 
"dT 



A? 



A 



/ I iCvi / ' 



j=l 



i=l 



A 



d^ 
"df 



(4.419) 
(4.420) 
(4.421) 

(4.422) 

(4.423) 
(4.424) 



dT ^— \ u 



d fMip, 



dt 
dT 



PC V 



' dt\ p 

dt ^ dt' 

i=i 
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N 











PQ 


dT 

lit 

dT 
~dt 


i=l 

pc v 


If one defines the net 


energy 


change 


of the reaction as 










AE 


N 
t=l 




one 


then gets 






dT 

~di 


rAE 

PC V 





(4.427) 

(4.428) 



(4.429) 



(4.430) 

The rate of temperature change is dependent on the absolute energies, not the energy dif- 
ferences. If the reaction is going forward, so r > 0, and that is a direction in which the net 
molar energy change is negative, then the temperature will rise. 

4.6.4 Energy conservation: adiabatic, isobaric reaction 

Solving for the reaction dynamics in an adiabatic isobaric system requires some non-obvious 
manipulations. First, the first law of thermodynamics says dE = 5Q — 5W. Since the process 
is adiabatic, one has SQ = 0, so dE + PdV = 0. Since it is isobaric, one gets d(E + PV) = 0, 
or dH = 0. So, the total enthalpy is constant. Then 

±H = 0, (4.431) 

dt 

— (mh) = 0, (4.432) 

f = 0, (4.433) 

N \ 



'J2 Y ^) = °> ( 4 - 434 ) 



dt , 

\j=l 
d 



££(%) = 0, (4.435) 



N 



T, Y *-ir + h *nr = °> ^ 4 - 436 ) 



dt dt 



N 

v^ dhi dT dYi 



dT dt dt 

CPi 
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N N 

E y « c «^ + Z>^r = °> ( 4 - 438 ) 

i=l 2=1 

Cll V ^ V V CLln . 

_5>„ + 5>_ = 0, (4.439) 

=c P 

dT v-^ d /p-M,- \ 

e '* + 5*'*(V) = °' (4 ' 440) 



A' 



C P 



dT ^ d /p, 



dt r^ dt \ p 



i=l 



£ + £**£* = 0. ,4.441) 



Now, use Eq (I4.340P to eliminate the term in Eq. (14.441 p involving molar concentration 
derivatives to get 

at N 
op=r + Y:hi— = 0, (4.442) 

^ = -iLLM. (4.443) 

dt pep 

So, the temperature derivative is known as an algebraic function. If one defines the net 
enthalpy change as 

JV 



AH = J2hi^i, (4.444) 



i=l 

one gets that Eq. (14. 443 p transforms to 

dT _ rAH 
dt pep 

or 



(4.445) 



dT , 

pep— = -rAH. (4.446) 

Equation (14. 446 \ is in a form which can easily be compared to a form to be derived later 
when we add variable pressure and diffusion effects. 

Now, differentiate the isobaric ideal gas law to get the density derivative. 

N 

P = ^hRT, (4.447) 

i=l 
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o - £x> + x>(- + *f). c^» 

N N N 

1 dT v-^ v^ 1 dp v^ 

= r*5> + r ^> + pi5> (4450) 

2=1 1=1 1=1 



1 dT V^W -= „ V^ 



Vi 



dp -THtT,i=iP l -rE l =i 

dt y N ,Bi 

£—il=l p 

One takes dT/dt from Eq. 04.4431) to get 

op r pcp Z^=i ft ~ r Z^=i ^ 

/—il=l o 



(4.451) 



(4.452) 



Now, recall from Eqs. ( 12.212ft and (12.218J) that p = p/M and cp = cpM, so p cp = pep. 
Then Equation ( 14.452ft can be reduced slightly: 



N _ 
^ - •• — P % 



I - r P ^ , ,4.453) 



EiV _ 
i=lP 



rp C ^ N _ , (4-454) 



Z^i=l cpT 2^i i=l v 

Li=l ft 

y- w „. (_5*_ _ i 



Ejv _ 
i=lft 

_^=1 "% \- CpJ 
rp -|- ^, (4.455) 

rt 

•^E^-i). (^ 

i=l x 7 

N / h \ 

rM E^(i^r _1 J' (4457) 



i=l 



%JV T" 



where M is the mean molecular mass. Note for exothermic reaction JE =1 v%hi < 0, so 
exothermic reaction induces a density decrease as the increased temperature at constant 
pressure causes the volume to increase. 

Then, using Eq. (14.457P to eliminate the density derivative in Eq. (14.339ft . and changing 
the dummy index from i to k, one gets an explicit expression for concentration evolution: 

f = -+^M|>(^-l), (4458) 
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' - » fl,. X 

P 



"M*?- 1 ) 



_ ^=1 

=Vi 

N 



(4.459) 



/ 



= ri^ + yilL^y^- 1 ))- ( 4 - 46 °) 

Defining the change of enthalpy of the reaction as AH = ^2 k=1 fkhk, and the change of 
number of the reaction as An = ^2 k=1 Vk, one can a ls° sa Y 

Exothermic reaction, AH < 0, and net number increases, An > 0, both tend to decrease the 
molar concentrations of the species in the isobaric reaction. 

Lastly, the evolution of the adiabatic, isobaric system, can be described by the simul- 
taneous, coupled ordinary differential equations: Eqs. (14.4431 14.452^ 14.4601) . These require 
numerical solution in general. Note also that one could also employ a more fundamental 
treatment as a differential algebraic system involving H = Hi, P = P\ = RT^2, i=1 J) i and 
Eq. (I4T3391 . 

4.6.5 Non-adiabatic isochoric combustion 

Consider briefly combustion in a fixed finite volume in which there is simple convective heat 
transfer with the surroundings. In general, the first law of thermodynamics is 

— = Q - W. (4.462) 

Because the system is isochoric W = 0. And using standard relations from simple convective 
heat transfer, one can say that 

^- = -hA(T-T OQ ). (4.463) 

at 

Here, h is the convective heat transfer coefficient and A is the surface area associated with 
the volume V, and T^ is the temperature of the surrounding medium. One can, much as 
before, write E in detail and get an equation for the evolution of T. 

4.6.6 Entropy evolution: Clausius-Duhem relation 

Now, consider whether the kinetics law that has been posed actually satisfies the second law 
of thermodynamics. Consider again Eq. (I3.350p . There is an algebraic relation on the right 
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side. If it can be shown that this algebraic relation is positive semi-definite, then the second 
law is satisfied, and the algebraic relation is known as a Clausiua 12 l-DuhenJ 13 l relation. 



Now, take Eq. (I3.350p and perform some straightforward operations on it: 



dS\ 



dS 
~dt 



E,V 



1 N _ 
i=\ 



E,V 



irreversibility 

V y-^_ drii 1 

1=1 



v 4*^m{w>» 



\ 



sk(T) 



forward reaction 



c k=i 

reverse reaction' 



(4.464) 

(4.465) 
(4.466) 

> 0,(4.467) 



i=l \k=l / V c k=l / 

^)(n?; ; )(i-^iift')(Ew) 



> o. 



(4.468) 
(4.469) 



Change the dummy index from k back to i. 

/ N 



dS 
~dt 



E,V 



^)(n^)|i 



u=l 



1 N 
i=l 



a > 0, 



V 
T dt' 



(4.470) 

(4.471) 
(4.472) 



Consider now the affinity a term in Eq. (14.4690 and expand it so that it has a more useful 
form: 



a 



N 
i=l 



N 



J2 9 i Ui > 



(4.473) 



i=l 



12 Rudolf Julius Emanuel Clausius, 1822-1888, German physicist. 
13 Pierre Maurice Marie Duhem, 1861-1916, French physicist. 
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f^+MB) 



A? 



A 



Efe-^^lnM 



i=l 



i=l 



P-V 

- 1 i. \ 



=AG° 



RT 



A 



\ 



V^ 



PT . ^ n \P 



*Tp 



N 



RT [\nKp-\uJ\ M 



8=1 



P 



P 



A? 



-PT In 



AT* 



mn 



j=l 



p 
p 



A 



Vlr) '" TT [PiRT 



-RT In ^ 



AT, 



n 



i=l 



P„ 



-^"■(^n^') 



(4.474) 
(4.475) 



(4.476) 

(4.477) 
(4.478) 
(4.479) 

(4.480) 

(4.481) 



Equation f)4.48ip is the common definition of affinity. Sometimes, it is written equivalently 

as 



a = RT In 



A", 



nN — Vi i ' 
i=l Pi J 

Another form can be found by employing the definition of K c from Eq. f)4.270|) to get 



(4.482) 



a 



-RT In 



RT 






exp 



AG° 



RT 



N 

n 

i=l 



l^ + ln (A 

RT \ \RT 



■Eili^ N 



m- 



* ii' 



i=l 



-AG° -RT In 



3l 

RT 



■EiLi"* * 



j=i 



(4.483) 
(4.484) 
(4.485) 
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To see clearly that the entropy production rate is positive semi-definite, substitute 
Eq. (|4.48ip into Eq. flP69j) to get 



dS_ 
~dt 






(4.486) 
> 0. (4.487) 



Define forward and reverse reaction coefficients, TV, and TV', respectively, as 

N 

W = k(T)Y[-p^' , (4.488) 



,„ _ HT) 



N 



n" = ^>Hpr". (4.489) 



,3 



A", 

Both TV and 72." have units of mole/cm 3 / s. It is easy to see that 

r = TV - TV'. (4.490) 

Note that since k(T) > 0, K c > 0, and p t > 0, that both K' > and 7e" > 0. Since 
i^j = v'l — v' i:i one finds that 

-fT^ = -^TTp^' = - (4491) 

Then, Eq. fj4.487[) reduces to 

dS_ 
~dt 



E,V 



~ ~ RVn ' ( l ~ I) ln (§) £ °' (4492) 

= W(K'-TV')\&n^jj\>Q. (4.493) 

Obviously, if the forward rate is greater than the reverse rate 1Z! — 1Z" > 0, ln(TZ'/7l") > 0, 
and the entropy production is positive. If the forward rate is less than the reverse rate, 
TV — TV' < 0, \n(TV /TV') < 0, and the entropy production is still positive. The production 
rate is zero when TV = TV' . 

Note that the affinity a can be written as 

a = RT hi (— J. (4.494) 

And so when the forward reaction rate exceeds the reverse, the affinity is positive. It is zero 
at equilibrium, when the forward reaction rate equals the reverse. 
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4.7 Simple one-step kinetics 

A common model in theoretical combustion is that of so-called simple one-step kinetics. Such 
a model, in which the molecular mass does not change, is quantitatively appropriate only 
for isomerization reactions. However, as a pedagogical tool as well as a qualitative model for 
real chemistry, it can be valuable. 
Consider the reversible reaction 

A ^ B. (4.495) 

where chemical species A and B have identical molecular masses M A = Mb = M. Consider 
further the case in which at the initial state, n moles of A only are present. Also take the 
reaction to be isochoric and isothermal. These assumptions can easily be relaxed for more 
general cases. Specializing then Eq. (14.240p for this case, one has 

n A = vaC, + n Ao , (4.496) 

=-1 =n 

n B = v B C + n Bo . (4.497) 



Thus 

n A = -C + n , (4.498) 

n B = C- (4.499) 

Now, n is constant throughout the reaction. Scale by this and define the dimensionless 
reaction progress as A = C,/n to get 



n A 



=VA 



-A + 1, (4.500) 



^ = A. (4.501) 



n 

--'.IB 



In terms of the mole fractions then, one has 



Va = 1-A, (4.502) 

Vb = A. (4.503) 



The reaction kinetics for each species reduce to 

d lA 
dt 

d~P B 

= r 

dt 



b(0) = 


n 

= y=Po, 

0. 
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(4.504) 
(4.505) 
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(I4.505P rives 




J t (PA + Ps) - 


-- o, 


Pa + Pb = 


= Po 


Pa ,Pb 

Po Po 


= 1. 


=VA =Vb 





(4.506) 
(4.507) 
(4.508) 



In terms of the mole fractions y^ one then has 

Va + Vb = 1- (4-509) 

The reaction rate r is then 

r = kpJl-lM), (4.510) 

i ; 

Po V K cPa/Po 

}_Vb_ 
K c y A 

K c \-\ 

Now, r = (l/V)d(/dt == (l/V)d(n \)/dt ■-■- (n /V)d(X)/dt == p dX/dt. So, the reaction 
dynamics can be described by a single ordinary differential equation in a single unknown: 

*.£ - M - A) (l - i-^) . (4.514) 



*?> ^ fi - 4-?#') • (4.5ii; 



kp VA I 1 - ^— I , (4.512) 



U-^-T^-rl 



Equation (14.515P is in equilibrium when 

A = — ^p ~ 1 - -L + . . . (4.516) 

As K c — > oo, the equilibrium value of A — > 1. In this limit, the reaction is irreversible. That 
is, the species B is preferred over A. Equation (14.515|) has exact solution 

1 - exp f-k (l + jL) t) 
A = \- V KcJ J . (4.517) 
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For k > 0, K c > 0, the equilibrium is stable. The time constant of relaxation r is 

1 



(i + A) 



k 



(4.518) 



For the isothermal, isochoric system, one should consider the second law in terms of the 
Helmholtz free energy. Combine then Eq. (13.3561) . dA\ Ty < 0, with Eq. (13.2391) . dA = 

—SdT — PdV + J2i=i T^idni and taking time derivatives, one finds 



dA 



T,V 



PdV + 2^-pidrn \ 




< 


0. 


(4.519) 


i=i / 


T,V 








cL4 

~dt 


T.y i= i Ui 


< 


0. 


(4.520) 


1 dA 

r"dt" 


V»_ 
«=i 


dpi, 
dt 


> 


0. 


(4.521) 



This is exactly the same form as Eq. (14.4871) . which can be directly substituted into Eq. (I4.52ip 
to give 



1 dA 
T ~dt 

dA 
~dt 



T,V 



T,V 



-rvkt) (n^) (i - ^rW) ln (iJK') " °' 



-7T Pi* < 0. 



For the assumptions of this section, Eq. ( 14.5231) reduces to 



dA 
~dt 



RTkp V{l - A) 1 



T,V 



kn RT(l - A) 1 



1 A 
~K~ c l-\ 

1 A 
iCl-A 



In 



In 



1 A 
K~ c l-\ 

A 
KZl- X 



<0, 
c 0. 



(4.523) 



(4.524) 



(4.525) 



Since the present analysis is nothing more than a special case of the previous section, 
Eq. (14.5250 certainly holds. One questions however the behavior in the irreversible limit, 
1/K C — > 0. Evaluating this limit, one finds 

/ \ 



dA 
lim — 

i/k c ^o dt 



kn RT 



T,V 



(1-A)ln( — ) +(l-A)lnA-(l-A)ln(l-A) + 



>o 



< 0. 



(4.526) 
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Now, performing the distinguished limit as A — ► 1; that is the reaction goes to completion, 
one notes that all terms are driven to zero for small l/K c . Recall that 1 — A goes to zero faster 
than ln(l — A) goes to — oo. Note that the entropy inequality is ill-defined for a formally 
irreversible reaction with \jK c = 0. 
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Chapter 5 

Thermochemistry of multiple 
reactions 



This chapter will extend notions associated with the thermodynamics of a single chemical 
reactions to systems i n wh ich many reactions occur simultaneously. Some background is in 
some standard sources 1W 



5.1 Summary of multiple reaction extensions 

Consider now the reaction of iV species, composed of L elements, in J reactions. This section 
will focus on the most common case in which J > (N — L), which is usually the case in large 
chemical kinetic systems in use in engineering models. While much of the analysis will only 
require J > 0, certain results will depend on J > (N — L). It is not difficult to study the 
complementary case where < J < (N — L). 

The molecular mass of species i is still given by Eq. ( 14.11) : 

L 

Mi = J2Mi(j>iu i = l,...,N. (5.1) 

i=i 

However, each reaction has a stoichiometric coefficient. The j th reaction can be summarized 
in the following ways: 

N N 

E^ - 5>^i' 3 = !,■■■, 1 (5-2) 

j=l i=l 

N 

^2xi"ij = 0, j = l,...,J. (5.3) 



lr rurns, S. R., 2011, An Introduction to Combustion, Third Edition, McGraw-Hill, Boston. Chapters 4-6. 
2 Kuo, K. K., 2005, Principles of Combustion, Second Edition, John Wiley, New York. Chapters 1 and 2. 
3 Kondepudi, D., and Prigogine, I., 1998, Modern Thermodynamics: From Heat Engines to Dissipative 
Structures, John Wiley, New York. Chapters 16 and 19. 
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Stoichiometry for the j th reaction and I th element is given by the extension of Eq. fl4.24[) : 

TV 

J^<fe^ = 0, l=l,...,L, j = l,...,J. (5.4) 

i=l 

The net change in Gibbs free energy and equilibrium constants of the j reaction are defined 
by extensions of Eqs. (142681) . (14T267D . fjOTDlk 

TV 

AG° = J29°T,iViJ, 3 = 1,..., J, (5.5) 

( — AG°\ 
-jfjr), 3 = 1,..., J, (5-6) 

; M#) exp W)- j=1 '-' J - (5 - 7) 

The equilibrium of the j th reaction is given by the extension of Eq. (I4.253|) : 

TV 

^JiiUij = 0, j = l,...,J, (5.8) 

i=l 

or the extension of Eq. ( 14.255J) : 

TV 

J2^ u v = °' 3 = 1,-.., J- (5.9) 

i=l 

The multi-reaction extension of Eq. ( 13.4721) for affinity is 

TV 

*j = ~ 5J ~PiVij, 3 = 1, ■ ■ ■ , J- (5-10) 



TV 



The multi-reaction extension of the affinity definition of Eq. (I4.494P is 

a j = W:\n\-^\, j = l,...,J. (5.11) 

In terms of the chemical affinity of each reaction, the equilibrium condition is simply the 
extension of Eq. (I4.254|) : 

aj = 0, 3 = 1,..., J. (5.12) 

At equilibrium, then the equilibrium constraints can be shown to reduce to the extension 
of Eq. (J4T2661) : 

N ' p \ v a 

■Li 



K n = U(y) > J = h--,J, (5-13) 
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or the extension of Eq. (J4.274P : 

Kej = 1^^ i = l,...,J. 



jV 



(5.14) 



i=l 



For isochoric reaction, the evolution of species concentration i due to the combined effect 
of J reactions is given by the extension of Eq. (14.2791) : 



dt £, * j V, 




i = l,...,JV. (5.15) 



=r,=(l/V)dfc/* 



The extension to isobaric reactions, not given here, is straightforward, and follows the same 
analysis as for a single reaction. Again, three intermediate variables which are in common 
usage have been defined. First, one takes the reaction rate of the j reaction to be the 
extension of Eq. (142801) : 



/ 



v j 



^ 



a/rfteapl^] (IK 



RT 



N 



A-j 



=kj(T) 



,fc=l 

forward reaction 



\ 



iV 



nc >J fc=l 
V v — —7 

\ reverse reaction / 



j = l,...,J, (5.16) 



or the extension of Eq. (14.281)) : 



ajT^ exp ■= 



-£-, 



RT 



N 



N 






-* *j 



^=1 



k=i 



=kj(T), Arrhenius rate \ 



forward reaction reverse reaction 



l_dQ 

V dt' 



law of mass action 



j = l,...,J, (5.17) 



(5.18) 



Here, Q is the reaction progress variable for the j reaction. 

Each reaction has a temperature-dependent rate function kj(T), which is and extension 
of Eq. (T4T2821) : 



kj{T) = ajT^exp 



-s. 



RT 



i = i, 



./. 



(5.19) 
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The evolution rate of each species is given by cjj, defined now as an extension of Eq. (14.2841) : 
now as 

J 
Wj = ^ Vijrj, i = l,...,N. (5.20) 

i=i 

So, we can summarize the isochoric Eq. (I5.15|) as 

£-*,. (5.21) 

It will be useful to cast this in terms of mass fraction. Using the definition Eq. (|2.43[) . 
Eq. (I5.2ip can be rewritten as 

dt\Mj l ; 

Because M, is a constant, Eq. (J5.22J) can be recast as 

^ {pYi) = MiUi. (5.23) 

at 

The multi-reaction extension of Eq. (I4.239|) for mole change in terms of progress variables 

is 

J 

drij = y^ VjjdCj, i = l,...,N. (5.24) 

i=i 

One also has Eq. (I4.243J) : 

JV 



dG\ T p = 2_j ^idrti, (5.25) 

i=i 

N J 

= ^2~Pi^2vikd( k , (5.26) 



dG_ 



t=i fc=i 

N J 



d(k 



j=i fc=i ^ 



W J 



^2t Jk i^2 v ik S kj, (5.2? 

i=l i=l 



JV 



= J>^> ( 5 - 29 ) 

i=l 

= -a,-, i = l,...,J. (5.30) 
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For a set of adiabatic, isochoric reactions, one can show the extension of Eq. (I4.430J) is 

= -^±±1 L 5.31 

at pc v 

where the energy change for a reaction AEj is defined as the extension of Eq. ([4.4290 : 

N 

AE j = J2^i 3 , j = l,...,J. (5.32) 

t=i 

Similarly for a set of adiabatic, isobaric reactions, one can show the extension of Eq. (14.4450 
to be 



./ 



dT _ E^-Atf, 



(5.33) 



dt pep 

where the enthalpy change for a reaction AHj is defined as the extension of Eq. (14.4441) : 

TV 

AH j = J2h i v ij , j = l,...,J. (5.34) 

i=l 

Moreover, the density and species concentration derivatives for an adiabatic, isobaric set can 
be shown to be the extensions of Eqs. (14.4570 and (14.4611) : 

| - "t^t^-l), (5-35) 

j=l i=l V y / 

dT Pl ^ / , (AH, 



dt 

3=1 



where 

A? 



E t j (^ + y* (f§r - An ^) ) > ( 5 - 36 ) 



An j = ^2u kj . (5.37) 



k=l 



In a similar fashion to that shown for a single reaction, one can further sum over all 
reactions and prove that mixture mass is conserved, element mass and number are conserved. 



I 

Example 5.1 

Show that element mass and number are conserved for the multi-reaction formulation. 
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(|5.15|) and expand as follows 




dpi 

dt 


= 


J 

J'=l 




= 


J 
3=1 


it (te) 


= 


J 
j—\ 


N , 

E j t (*&<) 

i=l 


= 


N J 

»=i j=i 


S(j>^j 


= 


J iV 


=Pl' 




dt 


= 


J JV 




=0 


dr Pl e 

dt 


= 


0, 1 = 1,. ..,L, 


Jt (W> 


= 


0, Z = 1,...,L, 


d Pl e 


= 


0, 1 = 1,. ..,L. 



dl 



(5.38) 
(5.39) 
(5.40) 
(5.41) 
(5.42) 

(5.43) 

(5.44) 
(5.45) 
(5.46) 



It is also straightforward to show that the mixture density is conserved for the multi-reaction, multi- 
component mixture: 

4 = 0. (5.47, 

I 



The proof of the Clausius-Duhem relationship for the second law is an extension of the 
single reaction result. Start with Eq. (14.464ft and operate much as for a single reaction model. 

1 N 
dS\ Ey = --J>^>°> (5-48) 



irreversibility 



~dt 



V sr^ dm 1 



AT 



V^_dp. 



J2^ir>o, (5.50) 



T f-' ^* dt 



i=l 
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V 



N J 



J2^J2^ r ^ - ' 
i=i j=i 

N J 



T 

V 



V 



i=l j=l 

J N 



rl2 r ^J2 Wij > 0, 



T 



3=1 i=l 

J Af 



N \ N 



?E*<n^ h-^nft" £fi"«>o, 



r 



i=i i=i 

J Af 



(5.51) 
(5.52) 
(5.53) 
(5.54) 



AT 



A 



^E^n^ (i-^nft") (W^ns" i ) so, 



r 



i=i i=i 



J A" 

i=i t=i 



N 



N 



K, 



WHiw-" r-°- 



i=l 



i=l 



(5.55) 



(5.56) 



Note that Eq. (15.531) can also be written in terms of the affinities (see Eq. (15.101) ) and reaction 
progress variables (see Eq. (I5.18|) ) as 



dS 
~dt 



T ^— ' J dt ~ 

E,V 1 j = i UL 



(5.57) 



Similar to the argument for a single reaction, if one defines 

N 



»=i 



A ; 



A? 



ft" = 



ik* 



then it is easy to show that 

and we get the equivalent of Eq. (14.4931) 



r,=%-^ 



dS 
~dt 



E,V 



W^K-^lnl^l 



i=i 



K'< 



n» 



(5.58) 
(5.59) 

(5.60) 
(5.61) 



Since kj(T) > 0, R > 0, and V > 0, and each term in the summation combines to be positive 
semi-definite, one sees that the Clausius-Duhem inequality is guaranteed to be satisfied for 
multi-component reactions. 
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Now, let us cast this analysis with some of the language and notation similar to that of 
Prigogine'gj monographic We will use a "P" to denote equations found in Prigogine's text. 
First, note that Eq. (15.531) can also be written in terms of the affinities (see Eq. (15.101) ) as 



dS_ 
~dl 



E,V \ 2 



(5.63) 



We can take Prigogine's so-called "generalized force" to be x with 

ex 
x = — . 

T 

We can then take the so-called "generalized flux" j to be 

j = Vr. (5.64) 

Therefore, Eq. (15.621) can be recast as 

dS 



(It 



= j J x. (5.65) 

E,V 



Equations (15.63H5.65]) can be compared with Eqs. (P4.2). Note, we know that at equilibrium 
both j = and x = from earlier analysis: When all a,- are zero, x = 0, and by Eq. ( 15.111) . 
we must have 1Z'j = IZ'j, and thus since by Eq. ( 15.60ft . Vj = TZ'j — 7Z", Tj = 0. When all Tj are 
zero, j = 0. Moreover, Eq. ( 15.201) shows all cL»» are zero; thus, Eq. ( 15.21ft is in equilibrium. 
This proof did not rely on any linearization near equilibrium. 

5.2 Equilibrium conditions 

For multicomponent mixtures undergoing multiple reactions, determining the equilibrium 
condition is more difficult. There are two primary approaches, both of which are essentially 
equivalent. The most straightforward method requires formal minimization of the Gibbs free 
energy of the mixture. It can be shown that this actually finds the equilibrium associated 
with all possible reactions. 

5.2.1 Minimization of G via Lagrange multipliers 

Recall Eq. (133571) . dG\ T , P < 0. Recall also Eq. (1X3531) . G = Eii<7^- Since fi i = g i = 

dG/dni\p t T, n:j , one also has G = J2i=i~Pi n i- From Eq. (j3.360p . dG\ T ,p = Y^i=iV-i^ n i- Now, 
one must also demand for a system coming to equilibrium that the element numbers are 
conserved. This can be achieved by requiring 

JV 

y^iiinio-rii) = 0, l = l,...,L. (5.66) 

4=1 



4 Ilya Prigogine, 1917-2003, Russian-Belgian chemist. 

5 Prigogine, I., 1967, Introduction to Thermodynamics of Irreversible Processes, Interscience, New York. 
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Here, recall rii is the initial number of moles of species % in the mixture, and <j)u is the 
number of moles of element / in species i. 

One can now use the method of constrained optimization given by the method of Lagrange 
multipliers to extremize G subject to the constraints of element conservation. The extremum 
will be a minimum; this will not be proved, but it will be demonstrated. Define a set of L 
Lagrangd_| multipliers A/. Next define an augmented Gibbs free energy function G* , which is 
simply G plus the product of the Lagrange multipliers and the constraints: 



A' 



G* = G + ^2\i^2 <f>u{nio ~ rii). 



(5.67) 



1=1 i=l 



Now, when the constraints are satisfied, one has G* = G, so assuming the constraints can be 
satisfied, extremizing G is equivalent to extremizing G*. To extremize G*, take its differential 
with respect to n;, with P, T and rij constant and set it to zero for each species: 



dG* 



drii 



T,P,m 



dG 

drii 



J2 A ^« = °- 



i = i, 



AT. 



With the definition of the partial molar property /Z i , one then gets 

L 

ft - J3 Ai0 K = 0, i = l,...,N. 

i=i 

Next, for an ideal gas, one can expand the chemical potential so as to get 

L 






i = l,...,N, 



=Mi 



ja° Ti + RT\n 



riiP 



Y,k=i n k) P ° 



\ 



Ea 



mi 



0, i = l,...,N. 



1=1 



--P, 



J 



NJV 



Recalling that ^2 k=1 n^ = n, in summary then, one has N + L equations 

L 



]f Ti + RT In 



UiP 



y^ h4>u 



i=i 



nP 

N 

^4>u{n lo -ni) = 



0, i=l, 



1 = 1, 



,N, 



L. 



i=l 



6 Joseph-Louis Lagrange, 1736-1813, Italian- French mathematician. 



(5.68) 



(5.69) 



(5.70) 



(5.71) 



(5.72) 
(5.73) 
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in N + L unknowns: rii, i = 1, . . . , N, Aj, I = 1, . . . , L 



I 

Example 5.2 

Consider a previous example problem, p. 11341 in which 

N 2 + N 2 ^2N + N 2 . (5.74) 

Take the reaction to be isothermal and isobaric with T = 6000 K and P = 100 kPa. Initially one has 
1 kmole of N 2 and kmole of N. Use the extremization of Gibbs free energy to find the equilibrium 
composition. 

First, find the chemical potentials at the reference pressure of each of the possible constituents. 

V°t., = Ik =h°- Ts° = h° 2984 + Ah° - Ts°. (5.75) 

For each species, one then finds 

kJ 

jf = + 205848- (6000)(292. 984) = -1552056 , (5.76) 

2 kmole 

kJ 

Jt° N = 472680+124590- (6000)(216.926) = -704286 -. (5.77) 

kmole 

To each of these one must add 

\nP 

to get the full chemical potential. Now, P = P = 100 kPa for this problem, so one only must consider 
RT = 8.314(6000) = 49884 kJ /kmole. So, the chemical potentials are 

jl = -1552056 + 49884 In { — ^ \ (5.78) 

2 \ n N + n N2 J 

ll N = -704286 + 49884 In ( — ). (5.79) 

\n N + n N2 J 

Then, one adds on the Lagrange multiplier and then considers element conservation to get the 
following coupled set of nonlinear algebraic equations: 



njv. 



1552056 + 49884 In -^ - 2X N -- 

\n N + n N2 J 


= 


7rM ot !fi 1 'IOSS'1 In 1 nN 1 \- 


= 


\n N + n N2 J 


tin + 2hn 2 - 


= 2 



(5.80) 

(5.81) 
(5.82) 



These non-linear equations are solved numerically to get 



n N2 = 0.88214 kmole, (5.83) 

n N = 0.2357 kmole, (5.84) 

kJ 

Ajv = -781934 -. (5.85) 



kmole 
These agree with results found in the earlier example problem of p. 11341 
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I 

Example 5.3 

Consider a mixture of 2 kmole of H2 and 1 kmole of O2 at T = 3000 if and P = 100 fcPa. 
Assuming an isobaric and isothermal equilibration process with the products consisting of H2, O2, 
H2O, OH, H, and O, find the equilibrium concentrations. Consider the same mixture at T = 298 K 
and T = 1000 K. 

The first task is to find the chemical potentials of each species at the reference pressure and 
T = 3000 K . Here, one can use the standard tables along with the general equation 

r T ,i =Ti=Th~ Ts° = h° 298ti + Ah° -Ts°. (5.86) 

For each species, one then finds 

kJ 

-p° H = + 88724 - 3000(202.989) = -520242 -, (5.87) 

kmole 

kJ 

■jf = + 98013-3000(284.466) = -755385 -, (5.88) 

2 kmole 

kJ 

jf n = -241826+126548-3000(286.504) = -974790 , (5.89) 

kmole 

kJ 

JX° = 38987 + 89585-3000(256.825) = -641903 -, (5.90) 

kmole 

kJ 

JI H = 217999 + 56161 -3000(162.707) = -213961 -, (5.91) 

kmole 

kJ 

T? = 249170 + 56574-3000(209.705) = -323371 -. (5.92) 

kmole 

To each of these one must add 

'riiP 



RT In, 

>nP 

to get the full chemical potential. Now, P = P = 100 kPa for this problem, so one must only consider 
RT = 8.314(3000) = 24942 kJ /kmole. So, the chemical potentials are 



jj H2 = -520243 + 24942 In 

7Z 02 = -755385 + 24942 In 

JI H2 Q = - 974790 + 24942 In 

jI OH = -641903 + 249421n 

JI H = -213961 + 24942 In 

/Z = -323371 + 249421n 



nH 2 


+ n 02 


+ n H2 o + n H + n H + n 
no 2 


nH 2 


+ no 2 


+ n H2 o + n H + n H + n 
nH 2 o 


TIH2 


+ no 2 


+ tih 2 o + n H + n H + n 
noH 


riH 2 


+ n 02 


+ n H2 o + n H + n H + n 


nn 2 


+ no 2 


+ riH 2 o + n H + n H + n 
no 



(5.93) 

(5.94) 

(5.95) 

(5.96) 

(5.97) 

(5.98) 
nH 2 + no 2 + n H2 o + n H + n H + n / 
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Then, one adds on the Lagrange multipliers and then considers element conservation to get the following 
coupled set of nonlinear equations: 

- 520243 + 24942 In ( -^ ] - 2\ H = 0, (5.99) 

\ riH 2 + no 2 + n H2 o + n H +n H + n J 

-755385 +24942 In ( ^ ) - 2A = 0, (5.100) 

\n H2 + no 2 + n H2 o + n H + n H + n J 

-974790 + 24942 In ( -^ ) - 2X H - X = 0, (5.101) 

V n H2 + no 2 + n H2 o + n H + n H +n J 

-641903 + 24942 In ( ^^ ) - X H - X = 0, (5.102) 

\ n H2 + no 2 + n H2 o + n H + n H + n J 

-213961 + 24942 In ( — ) - X H = 0, (5.103) 

\ n H2 + n 02 + n H20 + n OH + n H + n ) 

-323371 + 24942 In ( — ) - X = 0, (5.104) 

\ n H2 + no 2 + n H2 o + n H +n H +n J 

2n H2 + 2n H20 + n OH + n H = 4, (5.105) 

2n 02 + n H20 + n OH + n = 2. (5.106) 

These non-linear algebraic equations can be solved numerically via a Newton-Raphson technique. 
The equations are sensitive to the initial guess, and one can use ones intuition to help guide the 
selection. For example, one might expect to have nn 2 o somewhere near 2 kmole. Application of the 
Newton-Raphson iteration yields 

n H2 = 3.19 x 10" 1 kmole, (5.107) 

n 02 = 1.10 x 10" 1 kmole, (5.108) 

n H2 o = 1.50 x 10° kmole, (5.109) 

n H = 2.20 x 10 _1 kmole, (5.110) 

n H = 1.36 x 10" 1 kmole, (5.111) 

n = 5.74 x 10~ 2 kmole, (5.112) 

k J 

X H = -2.85 x 10 5 -, (5.113) 

kmole 

kJ 

X = -4.16xl0 5 - . (5.114) 

kmole 

At this relatively high value of temperature, all species considered have a relatively major presence. 
That is, there are no truly minor species. 

Unless a good guess is provided, it may be difficult to find a solution for this set of non-linear equa- 
tions. Straightforward algebra allows the equations to be recast in a form which sometimes converges 
more rapidly: 









nH 2 


n H2 


+ 


no 2 


+ n H2 o + n H +n H + n 
no 2 


nn 2 


+ 


no 2 


+ n H2 o + n H +n H + n 
nu 2 o 


nH 2 


+ 


no 2 


+ riH 2 o + n H +n H + n 
noH 



/ 520243 )( exp (^IL_))\ (5 . 115) 

1 \ 24942 J \ l \ 24942/7 ' v ' 

(5.116) 



2 



/755385\ / ( X 
6XP (^4942-J V eXP (,24942 

exp I™™) exp (_*2J) fexp (->£- ) ) , (5.117) 

P V 24942 7 P V 24 942/V V24942yy ,v ; 

/ 641903 \ / Xp \ f X H \ (5U8) 

n H2 + n 02 +n H2 o + n H +n H + n BXP \ 24942 J 6XP ^ 24942 J GXP V 24942 J ' l ' ' 
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G£)-G(0)(kJ) 



40 




-0.01 



-0005 



0.005 



0.01 



t, (kmole) 



Figure 5.1: Gibbs free energy variation as mixture composition is varied maintaining element 
conservation for mixture of H 2 , 2 , H 2 0, OH, H, and O at T = 3000 K, P = 100 kPa. 



n H 



nH 2 + no 2 + n H2 o + n H +n H + n 

no 

riH 2 + no 2 + n H2 o + n H +n H + n 

2n H2 + 2n H2 o + n H + % 

2no 2 + n H20 + n OH + n 



( 213961 \ ( \ H \ 

6XP V 24942 J GXP V 24942/ 

/323371\ ( X \ 

6XP V 24942 ) GXP V 24942/ 

4, 
2. 



(5.119) 

(5.120) 

(5.121) 
(5.122) 



Then, solve these considering rii, exp (Ao/24942), and exp (Xh/ 24942) as unknowns. The same result 
is recovered, but a broader range of initial guesses converge to the correct solution. 

One can verify that this choice extremizes G by direct computation; moreover, this will show 
that the extremum is actually a minimum. In so doing, one must exercise care to see that element 
conservation is retained. As an example, perturb the equilibrium solution for nn 2 and nn such that 



nn 2 



3.19 x 10" 
1.36 x 10" 



2£. 



(5.123) 
(5.124) 



Leave all other species mole numbers the same. In this way, when £ = 0, one has the original equilibrium 
solution. For £ 7^ 0, the solution moves off the equilibrium value in such a way that elements are 
conserved. Then, one has G = XL=i ~fii n i = (*(£)• 

The difference G(£) — G(0) is plotted in Fig. 15.11 When £ = 0, there is no deviation from the value 
predicted by the Newton- Raphson iteration. Clearly when £ = 0, G(£) — G(0), takes on a minimum 
value, and so then does G(£). So, the procedure works. 

At the lower temperature, T = 298 K, application of the same procedure yields very different 
results: 



nH 2 



x 10 27 kmole, 



(5.125) 
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no 2 = 

nH 2 o = 

noH = 

n H = 

n = 

\ H = 

Xo = 

At the intermediate temperature, T - 
species become slightly more prominent: 

nH 2 = 

no 2 = 

nH 2 o = 

noH = 

n H = 

no = 

Xh = 

\o = 



2.44 x 1(T 27 kmole, 

2.00 x 10° kmole, 

2.22 x 10" 29 kmole, 

2.29 x 10" 49 kmole, 

1.67 x 10" 54 kmole, 



-9.54 x 10- 
-1.07 x 10 5 



kJ 

kmole ' 
kJ 



(5.126) 

(5.127) 
(5.128) 
(5.129) 
(5.130) 

(5.131) 
(5.132) 



kmole 
1000 K, application of the same procedure shows the minor 



4.99 x 10"' kmole, 
2.44 x 10" 7 kmole, 
2.00 x 10° kmole, 
2.09 x 10" 8 kmole, 



-12 



2.26 x 10 
1.10 x 10 

-1.36 x 10 5 
-1.77 x 10 5 



kmole, 

kmole, 

kJ 



kmole 

kJ 
kmole 



(5.133) 
(5.134) 
(5.135) 
(5.136) 

(5.137) 
(5.138) 

(5.139) 
(5.140) 



5.2.2 Equilibration of all reactions 

In another equivalent method, if one commences with a multi-reaction model, one can require 
each reaction to be in equilibrium. This leads to a set of algebraic equations for Tj = 0, which 
from Eq. (I5.17P leads to 



A", 



('■J 



p \ £*=i "« / -AG? 



RTJ 



exp -= — 
RT 



N 



UpF> 



k=l 



j = l,...,J. 



(5.141) 



With some effort it can be shown that not all of the J equations are linearly independent. 
Moreover, they do not possess a unique solution. However, for closed systems, only one of 
the solutions is physical, as will be shown in the following section. The others typically 
involve non-physical, negative concentrations. 

Nevertheless, Eqs. (I5.14ip are entirely consistent with the predictions of the N + L equa- 
tions which arise from extremization of Gibbs free energy while enforcing element number 
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constraints. This can be shown by beginning with Eq. (15.71]) . rewritten in terms of molar 
concentrations, and performing the following sequence of operations: 

r %i + BT In ( ™ i/V -^ ) - J2 Mu = 0, < = 1,..., N, (5.142) 

7J° Tii + RT In ( ft - ^ ) - J2 Wu = 0, * = 1 iV, (5.143) 

\l^k=iPk r °J i=i 

jf Ti + RT\n(^\ -Y>0k = 0, f = l,...,iV, (5.144) 

7% + at in fpv^r) -J><fe = o, i = l,...,iV, (5.145) 

A-p- j - ^ii X] A ^ /l = °' i = 1, . - . ,iV, 

j = l,...,J, (5.146) 

AT AT . — . at l 

X] ^i^r.i + S VijRTln. ( 'Pi— ) ~^2 V H Yl Xl ^ h = °> •? = lj • • • ' J ' ( 5 - 147 ) 

i=l i=l \ o / i=1 l=1 

hiVij 0, j = l,...,J, (5.148) 



/ T>rp\ 

Aq + i?T^^,ln (p_ -!>£' 



=o 

TV 



AG° + i?T ^ !/ y In Up- J =0, i = 1, . . . , J. (5.149) 

Here, the stoichiometry for each reaction has been employed to remove the Lagrange multi- 
pliers. Continue to find 



RT 



EM^lH = -W' ^ = 1 '---> J > ( 5 - 15 °) 



«=i 

TV 

iX) ln (^9H ) exp ( _ "9r)' i==i,---,^ (5-151) 



AG° 




RT 


•> 


( 


AG° 


exp 1 - 


RT 


/ 


AG° 


exp 1 - 


RT 


pyn I — 


AG° 



In I p, 

. i=l ^ 

II (fc^r) = exp ( -^f ) , j = 1, . . . , J, (5.152) 

Tvj, \ £<=1 "»j W" X A/ION 
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j = 1,..., J, (5.154) 



JV 

Up,"' - 

i=l 


■ m - 


( AGJN 

V RT J 


N 

Up,"' - 


=K C , 3 
= K c,j, .7 = 1,... 


,J. 



(5.155) 



t=i 



Thus, extremization of Gibbs free energy is consistent with equilibrating each of the J 
reactions. 

5.2.3 Zel'dovich's uniqueness proof 

Here, a proof is given for the global uniqueness of the equilibrium point in the physically 
accessible region of composition space following a procedure given in a little known paper 
by the great Russian physicist Zel'dovich^ The proof follows the basic outline of Zel'dovich, 
but the notation will be consistent with the present development. Some simplifications were 
available to Zel'dovich but not employed by him. For further background see Powers and 
Paoluccijj 

5.2.3.1 Isothermal, isochoric case 

Consider a mixture of ideal gases in a closed fixed volume V at fixed temperature T. For 
such a system, the canonical equilibration relation is given by Eq. (I3.356p . dA\ TV < 0. So, 
A must be always decreasing until it reaches a minimum. Consider then A. First, combining 
Eqs. ( 13T235D and (13T2361 . one finds 

A = -PV + G. (5.156) 

Now, from Eq. (I3.359[) one can eliminate G to get 

N 

A = -PV + J2 "iPi- (5.157) 



i=i 



N 



From the ideal gas law, PV = nRT, and again with n = ^2 i=1 n i} one gets 



N 



A = -nRT + J2 n ^ (5.158) 



N N 



Y, riiRT + J2 n * (fT,i + RT In (jLj J , 



(5.159) 



Zel'dovich, Ya. B., 1938, "A Proof of the Uniqueness of the Solution of the Equations for the Law of 



Mass Action," Zhurnal Fizicheskoi Khimii, 11: 685-687. 

^Powers, J. M., and Paoluc ci, S., 20081 "Uniqueness of Chemical Equilibria in Ideal Mixtures of Ideal 
Gases," American Journal of Physics, 76(9): 848-855. 
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RTj2n,(^-l + ln / 



i=l 

N 



\RT 



»T,i 



RT Y. n \j^- l+ ^ 



nPo 
RT 



n,, 



PoV 



(5.160) 



(5.161) 



For convenience, define, for this isothermal isochoric problem n°, the total number of moles 
at the reference pressure, which for this isothermal isochoric problem, is a constant: 



r,o - P ° V 

n = ■= — . 
RT 



So 






(5.162) 



(5.163) 



Now, recall that the atomic element conservation, Eq. (j5.66|l . demands that 



N 



y^ y <f>u{njo — n») = 0, l = l,...,L. 



(5.164) 



i=l 



As defined earlier, (f>u is the number of atoms of element I in species i; note that <j>n > 0. 
It is described by a L x N non-square matrix, typically of full rank, L. Defining the initial 



\N 



number of moles of element I, E\ = Yli=i 4>u n ioi one can rewrite Eq. ( 15.164ft as 



JV 



y]<f>uni = £i, l = l,...,L. 



(5.165) 



i=i 



Equation (I5.165[) is generally under-constrained, and one can find solutions of the form 



/ni\ 



"2 



/ nxo \ 



\n N J 



n 2o 



\n No J 



/2>n \ 



V 



21 



\VnJ 



( V l2 \ 

v 22 
\v N2 J 



£*2 N-L 
\ T^N N-L I 



i 



N-L- 



(5.166) 



Here, T>^ represents a dimensionless component of a matrix of dimension iV x (N — L). Here, 
in contrast to earlier analysis, & is interpreted as having the dimensions of mole. Each of 
the N — L column vectors of the matrix whose components are "D^ has length N and lies in 
the right null space of the matrix whose components are (fin. That is, 



N 



^(f>iiD ik = 0, k = l,...,N-L, l = l,...,L. 



(5.167) 



i=l 



There is an exception to this rule when the left null space of v^ is of higher dimension than 
the right null space of 4>u- In such a case, there are quantities conserved in addition to the 
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elements as a consequence of the form of the reaction law. The most common exception 
occurs when each of the reactions also conserves the number of molecules. In such a case, 
there will be N — L — 1 free variables, rather than N — L. One can robustly form T>^ from 
the set of independent column space vectors of v^. These vectors are included in the right 
null space of <$>u since J2i=i 4>u v %i = 0- 

One can have T)^ G (— oo, oo). Each of these is a function of <j>u. In matrix form, one 
can say 



/M 

n 2 
\n N J 



( n l0 \ 

n 2o 

\n No / 



v 2l 



v 12 
v 22 



\v 



VI 



V 



N2 



In index form, this becomes 



T>1 N-L \ 



V 



2 N-L 



V 



( & \ 



N N-L 



J \Zn-lJ 



(5.168) 



N-L 



II, 



11, 



/ , T^ikik, 



N. 



(5.169) 



fc=i 



It is also easy to show that the N — L column space vectors in T>q, are linear combinations 
of N — L column space vectors that span the column space of the rank-deficient N x J 
components of i/y. The iV values of rii are uniquely determined once N — L values of ^ 
are specified. That is, a set of independent £&, k = 1, . . . ,N — L, is sufficient to describe 
the system. This insures the initial element concentrations are always maintained. One 
can also develop a J-reaction generalization of the single reaction Eq. (I4.99p . Let Hjy, 
k = 1, . . . , N — L, j = 1, . . . , J, be the extension of £&. Then, the appropriate generalization 
of Eq. (TC99l is 



N-L 



/ j L^ik^kj- 



k=l 



In Gibbs notation, one would say 



v 



D S. 

One can find the matrix S by the following operations 



D S 



B 1 D 3 






;d t .d) -1 -d t -i/ 



(5.170) 

(5.171) 

(5.172) 
(5.173) 
(5.174) 



This calculation has only marginal utility. 

Returning to the primary exercise, note that one can form the partial derivative of 
Eq. (15T691 : 






N-L 



Hi 



^ Vlk W P 



fc=l 



i = l,...,N; p=l,...,N-L, 



(5.175) 
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N-L 

/ J T>ik$kp 
k=l 



i = l,...,N; p=l,...,N-L, 



ip-i 



i=l,...,N; p = l, 



N-L. 



(5.176) 
(5.177) 



Here, Sk p is the Kronecker delta function. 

Next, return to consideration of Eq. (I5.16ip . It is sought to minimize A while holding 
T and V constant. The only available variables are rij, % = 1, . . . , N. These are not fully 
independent, but they are known in terms of the independent £ p , p = 1, . . . , N — L. So, one 
can find an extremum of A by differentiating it with respect to each of the £ p and setting 
each derivative to zero: 



dA 
W P 



N 



ti,T,V 



rtY. 



dm 



l\ d t* 



RT 



N 



w SlS 



RT 



drij 
drij 



\n°) dL v n °/ 



0, 



6 



p=l,...,N-L, (5.178) 

9= 



N 



N 



-[ di p dn q V? 
p=l,...,N -L, (5.179) 

RT J2 hip (=jj - l) + Vi P In ( j£) + n % J2 ^M = °' 

p= 1,...,AT-L, (5.180) 

p=l,...,iV-L, 
0, p = l,...,N-L. 



i=l 



A? 



/^T, 



i?T^D ip ( 



«=i 



VtfT 



(5.181) 
(5.182) 



Following Zel'dovich, one then rearranges Eq. (I5.182[) to define the equations for equilibrium: 

N N 



5>,Mi 



N 



^ipfJ'T,! 

RT 



Vln(^f !P 

8=1 



E 

^ RT 

i=i 



v 



"■n 



i=i 



rij \ v w 



■ir 



L'ipfl'T,') 

RT 



N 



N-L 



V, 



i„n 

»=i 



'/).,■ 



£ p ^ fc J ^ 



fc=i 



Af 

E 

1=1 

+-f RT 

i=i 



p=l,...,N-L, (5.183) 

p=l,...,N-L, (5.184) 

p=l,...,iV-L, (5.185) 

p=l,...,N-L. (5.186) 
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Equation (I5.186[) forms N — L equations in the N — L unknown values of £ p and can be solved 
by Newton iteration. Note that as of yet, no proof exists that this is a unique solution. Nor 
is it certain whether or not A is maximized or minimized at such a solution point. 

One also notices that the method of Zel'dovich is consistent with a more rudimentary 
form. Rearrange Eq. (I5.182P to get 

dA 



di 



= ^P ip fe. i + i?Tln(^)) =0, p=l,...,N-L, (5.187) 
= ^X) ip fe. + Srin^n, (5.188) 



N 



JV 



Pi 



P, 



]TP ip 7% + i?T In M, (5.189) 



J>,2V (5.190) 



i=l 



Now, Eq. (J5.190P is easily found via another method. Recall Eq. (I3.239p . and then operate 
on it in an isochoric, isothermal limit, taking derivative with respect to £ p , p = 1, . . . , N — L: 



N 



dA = -SdT-PdV + ^-ptdrii, (5.191) 

N 

dA\ Ty = ^JZidm, (5.192) 



i=i 
dA 

N 

= J2~pi v * p - ( 5 - 194 ) 



N „ 

ti,T,V i=i U $p 



i=l 



One can determine whether such a solution, if it exists, is a maxima or minima by 
examining the second derivative, given by differentiating Eq. (15.1820 . We find the Hessiadj, 
H, to be 

dtjdtp tl d tj Kn 1 

= ^T^^ipf— Inn*-— lnn°J, (5.196) 



9 after Ludwig Otto Hesse, 1811-1874, German mathematician. 
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N T) T) 
= RTY,^-^- (5-198) 

Here, j = 1, . . . , N — L. Scaling each of the rows of T>i P by a constant does not affect the 
rank. So, we can say that the N x (N — L) matrix whose entries are T> ip / \fni has rank 
N — L, and consequently the Hessian H, of dimension (N — L) x (N — L), has full rank 
N — L, and is symmetric. It is easy to show by means of singular value decomposition, or 
other methods, that the eigenvalues of a full rank symmetric square matrix are all real and 
non-zero. 

Now, consider whether d 2 A/d^jd^ p is positive definite. By definition, it is positive definite 
if for an arbitrary vector Zi of length N — L with non-zero norm that the term T T y, defined 
below, be always positive: 

N-LN-L 2 

Substitute Eq. fl5TT98l) into Eq. (I5TT99J) to find 

N-LN-L N 

T tv = EE^ T E^% (5-200) 

j=l p=l j=l l 

N , N-LN-L 



^ T E ~ E E V ip V l]Zj z p , (5.201) 

i=i l j=i P =i 

N N-L N-L 

rtJ2~J2 v ^ E Vi P z p> ( 5 - 202 ) 

i=i * j=i P =i 

N /N-L \ /N-L \ 

xt E - E *Vj E ^ • ( 5 - 203 ) 



Define now 



i=i \ i=i / \ p=i 



AT-L 

yt^^VijZi, i = l,...,N. (5.204) 



3=1 



This yields 



N o 



T TV = RTJ2~ ■ (5-205) 

i=i 
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Now, to restrict the domain to physically accessible space, one is only concerned with n, > 0, 
T > 0, so for arbitrary y i} one finds Ttv > 0, so one concludes that the second mixed partial 
of A is positive definite globally. 

We next consider the behavior of A near a generic point in the physical space £ where 
A = A. If we let d£ represent £ — £, we can represent the Helmholtz free energy by the 
Taylor series 

A(£) = A + d£ T • VA + -df ■ H • d£ + . . . , (5.206) 

where V 'A and H are evaluated at £. Now, if £ = £ eq , where eq denotes an equilibrium 
point, VA = 0, A = A eq , and 

A(£) - A eq = ]-df ■ H • d£ + . . . . (5.207) 

Because H is positive definite in the entire physical domain, any isolated critical point will 
be a minimum. Note that if more than one isolated minimum point of A were to exist in 
the domain interior, a maximum would also have to exist in the interior, but maxima are 
not allowed by the global positive definite nature of H. Subsequently, any extremum which 
exists away from the boundary of the physical region must be a minimum, and the minimum 
is global. 

Global positive definiteness of H alone does not rule out the possibility of non-isolated 
multiple equilibria, as seen by the following analysis. Because it is symmetric, H can be 
orthogonally decomposed into H = Q T • A • Q, where Q is an orthogonal matrix whose 
columns are the normalized eigenvectors of H. Note that Q T = Q _1 . Also A is a diagonal 
matrix with real eigenvalues on its diagonal. We can effect a volume-preserving rotation of 
axes by taking the transformation dw = Q • d£; thus, d£ = Q T • dw. Hence, 

A-A eq = ^(Q T -dw) T -H-Q T -dw = ^dw T -Q-Q T -A-Q-Q T -dw = ]-dw T -A-dw. (5.208) 

The application of these transformations gives in the neighborhood of equilibrium the quadratic 
form 

N-L 

A - A eq = - J^ \{dw p f. (5.209) 

P =i 

For A to be a unique minimum, A p > 0. If one or more of the A p = 0, then the minimum 
could be realized on a line or higher dimensional plane, depending on how many zeros are 
present. The full rank of H guarantees that A p > 0. For our problem the unique global 
minimum which exists in the interior will exist at a unique point. 

Lastly, one must check the boundary of the physical region to see if it can form an 
extremum. Near a physical boundary given by n q = 0, one finds that A behaves as 

lim A ~ flrVni (^-l + ln(^) ) ^finite. (5.210) 

n q — >o \RT ^i* ' J 

1=1 
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The behavior of A itself is finite because lim n ^on q \nn q = 0, and the remaining terms in 
the summation are non-zero and finite. 

The analysis of the behavior of the derivative of A on a boundary of n q = is more 
complex. We require that n q > for all TV species. The hyperplanes given by n q = define 
a closed physical boundary in reduced composition space. We require that changes in n q 
which originate from the surface n q = be positive. For such curves we thus require that 
0, perturbations d^k be such that 

N-L 



dn q =J2 V ik^k>0. (5.211) 



fc=i 



We next examine changes in A in the vicinity of boundaries given by n q = 0. We will restrict 
our attention to changes which give rise to dn q > 0. We employ Eq. (I5.187[) and find that 



N-L 



N N-L 



dA ----^d^— =J2 fe + RT In (^) ) J2 V ^iv (5-212) 

P =i a ^> t,v,h^ p i=1 Kn p=1 



On the boundary given by n q = 0, the dominant term in the sum is for % = q, and so on this 
boundary 

N-L 

lim dA = RTln (J^) J^ V qp d£ p -> -oo. (5.213) 

p=i 

>o 

The term identified by the brace is positive because of Eq. (j5.21ip . Because R and T > 0, 
we see that as n q moves away from zero into the physical region, changes in A are large and 
negative. So, the physical boundary can be a local maximum, but never a local minimum 
in A. Hence, the only admissible equilibrium is the unique minimum of A found from 
Eq. (15.1860 ; this equilibrium is found at a unique point in reduced composition space. 

5.2.3.2 Isothermal, isobaric case 

Next, consider the related case in which T and P are constant. For such a system, the 
canonical equilibration relation is given by Eq. ( 13.3571) holds that dG\ T p < 0. So, G must 
be decreasing until it reaches a minimum. So, consider G, which from Eq. ( 13.3590 is 

N 

G = J>^, (5.214) 



N 



N 



P, 



P 



5>, (j^. + RTlnl-^ , (5.215) 



J^nAr^ + RTlnl^-)), (5.216) 
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-*t(-®+-(S) + " ta (l^))- w 

Next, differentiate with respect to each of the independent variables £ p for p = 1, . . . , N — L: 

S-^(S® +h (S) + iM^:)))-^ 

+ fi^(- h fe)))' 



HrE(^@ + -(J) 



i=l 

JV 



5 D H-E^ +i H 1+1 HE^JJJJ' (5 - 220) 

N / ,—o , nX N TV \ 



TV W 

t=l cj=l 



N N 



-RTTv qp T^, (5.223) 

g=l j=l 



JV / /_„ / x, \ \ \ JV 



iff£ ( C(p (|j + In (£)+! + In (£))) -Kr5>„, (5.224) 
ijr^^^ + ln^-j +l+ln(JJ2)JJ -RTY,V ip , (5.225) 

Hr£;K(g; + in (£)+!*£))), (5 . 226) 



i=i 



ICC BY-JVCTMll 08 August 2012, J. M. Powers. 



5.2. EQUILIBRIUM CONDITIONS 217 

= J2^i P (rT,i + RTln(^jY (5.227) 

= f2^i P (^T,i + RTln(^jY (5.228) 

TV 

= J> 4 XV p = l,...,N-L. (5.229) 



i=\ 



Note this simple result is entirely consistent with a result that could have been deduced by 
commencing with the alternative Eq. (13.36 
been taken, one could readily deduce that 



commencing with the alternative Eq. (I3.36ip . dG\ T p = J2i=i ^i^i- Had this simplification 



8G_ 



= X>lr> P = 1,...N-L, (5.230) 

N 

= J2^ V ^ p=l,...N-L. (5.231) 

Now, to equilibrate, one sets the derivatives to zero to get 



N f fnP 

E^^h + RTlni^- 



0, p=l,...,N-L, (5.232) 



N /r,P\ Vt " - 722, 

x>GsQ = -x>#> (5233) 

N fn P\ Vl " N 77° 

*n(g) = -i>^ (—) 

.i I (EjLr K + Ef^^a.)) p o ; £? 'iff ' 

p=l,...,7V-L. (5.235) 

These N — L non-linear algebraic equations can be solved for the N — L unknown values of £ p 
via an iterative technique. One can extend the earlier analysis to show that the equilibrium 
is unique in the physically accessible region of composition space. 

We can repeat our previous analysis to show that this equilibrium is unique in the phys- 
ically accessible region of composition space. By differentiating Eq. (15.2311) it is seen that 

d 2 G _A d . /ru 



dmp - TBT^-tf). (5236) 
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( N d N d \ 

= RT[Y^ V iv^r ln n * - E v ^w lnn ' (5 - 237) 
Vi=l a v 1=1 °^' / 

= flT £^__i_£2> ip -_ , 5.238 

--^{i<ii-t<Ut n: ))' (5 - 239) 

-*g^g-£(t^|f)). (-> 

- *? E^-^IEV,, ■)■ (5.241) 

\i=l l i=l 9=1 / 



Next consider the sum 



to ^£^V^x>,.©« i 



T - = E E ^r^ = ^ T EEE^--EE *v>* %■ ( 5 - 242 ) 

,=1 p=l a ^ a ^P j= l p =l \i=l % i=l 5=1 



We use Eq. (I5.204D and following a long series of calculations, reduce Eq. (J5.242)) . to the 
positive definite form 

~5r r N n , , — v 2 

It is easily verified by direct expansion that Eqs. (15.242ft and (I5.243|) are equivalent. 

On the boundary rii = 0, and as for the isothermal-isochoric case, it can be shown that 
dG — ► — oo for changes with drii > 0. Thus, the boundary has no local minimum, and we 
can conclude that G is minimized in the interior and the minimum is unique. 

5.2.3.3 Adiabatic, isochoric case 

One can extend Zel'dovich's proof to other sets of conditions. For example, consider a case 
which is isochoric and isoenergetic. This corresponds to a chemical reaction in an fixed 
volume which is thermally insulated. In this case, one operates on Eq. (I3.357J) : 

N 



dE = -P dV +TdS + J2l J * dn i> (5.244) 

=o =o «=i 

JV 

= TdS + ^-pidm, (5.245) 

i=l 
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dS 



-^Vidrii, 

i=l 
1 N N-L 

i=l fc=l 

A" Af-L 



T 



dS 



i=l fc=l 
A" AT-L 



yEE^* 



i=l fc=l 
Af AT-L 



56 



i=l fc=l 

1 " _ 

AT 



±E (paring)) a 






/ 



AT 

E 

i=l 



\ 



\ • ' 



V 



V 



E(^(T) + ^ln(^))%, 



d 2 S 



N 

E 

TV 

E 

2=1 



dtpi(T)dT Rdrii 



dT d£ k mdCk 



V 



'./• 






5.246) 

5.247) 
5.248) 
5.249) 
5.250) 
5.251) 
5.252) 
5.253) 
5.254) 
5.255) 

5.256) 

5.257) 
5.258) 
5.259) 
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Now, consider dT for the adiabatic system. 



A 



E = E = J2 n M T ) 

9=1 
9=1 



dE = 



t t^t dT + e q dn q 



dT 



\ 



N 



= E (n q c vq dT + e g rfn g ) , 
g=i 



dT 



EjLi e g dn g 



Y^tv _ ' 

2^g=l n 9 C ^9 

TV N-L 



" g=l p=l 

TV 7V-L 



„- A^ i^ e qt > qpdc, p . 



9=1 P=l 

TV TV-L 






9=1 P=l 

TV TV-L 



9=1 P=l 

— Ew 



9=1 



Now, return to Eq. ( 15.259ft . using Eq. (15.268J1 to expand: 



d 2 S 



E 



«9^(T) 1 



7? 



n ^E^--^K> 

1 \ 9=1 / 



TV 

E 



^(T) 1 



A? 



A' 



7? 



dT nc. 



1=1 " 9=1 

TV TV 



— / v e qT ) qkX>ij — 2_^ T> ik Vij, 



i=l 



nc v ^^ 



dHT). 



^^-^ DikDiA 



■e q T> qk 'D i j — R y j 

i=l q=l i=l 



dT 



n, 



(5.260) 

(5.261) 

(5.262) 
(5.263) 
(5.264) 
(5.265) 
(5.266) 
(5.267) 
(5.268) 



(5.269) 
(5.270) 



(5.271) 

Now, consider the temperature derivative of if)i(T), where ipi(T) is defined in Eq. ( 15.256P : 

fr = f^ + Rhif^-), (5.272) 
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~dT 



T 2 T dT T ' 



Now 



f*T,i 



h° — T"s° 
n T ■ 1 i> Ti , 



h T ,i 



T 



c Pi (T)dT-T[r T 



To 



T a ,i 



T - 



cpj(T) 

f 



dT 



djfc 



T.i 



dT 



Cpi Sj> 



T - 



cpiiT) 



-s° 



*.,-,**&*. 



dT - c Pi , 



T 



T 



D T.i- 



(5.273) 

(5.274 
(5.275 

(5.276 

(5.277 
(5.278 



Note that Eq. 15.2781 is a special case of the Gibbs equation given by Eq. 13.2521 With this 
one finds that Eq. 15.2731 reduces to 



dT 



^T,i s T,i R 

rp2 rp ' rji 1 

■jz(jft ti + T35. ti -Ttr), 



1 

J^2 



( 



\ 



/iT,-Ts°,+Ts°,-i?T 



°TA ^ °TA ~ x °T,i 



9 T ,i 

RT 



J 



-^( h °T,-RT), 
— (ei + Pm-RT), 
(e t + RT- RT) , 



J"2 

1 
^2 



e, : . 



(5.279 
(5.280 
(5.281 

(5.282 

(5.283 
(5.284 
(5.285 
(5.286 



So, substituting Eq. (15.2861) into Eq. (15.2711) . one gets 

tw2 J2 J2 wpqipij -rJ2 



N 



d£ k d£j 



nc v T 2 



1=1 <7=1 



j=i 



Hi 



(5.287) 
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Next, as before, consider the sum 



„2n N-LN-L N N 

E E ^W ZkZj = ~^r^ E Z) EE^W***^ 

fc=l j = l °^°^ ^^ k= l j = 1 i= l g=l 

N-LN-L N 

-«EEE^, (5-288) 

fc=l j = l i=l * 

N N N-LN-L 

= ~—pfi E E E E e q V qk z k e t V ijZj 

v i=l q =l k=l j = l 

N N-LN-L 

-RJ2 J2 E ikZk ijZi , (5.289) 

i=\ k=l j=i l 

i "^/^ L „ U^" \ 

= "^j^ E E I E e P^z k \ I 2^ e ^^j 

AT /A/-Z, \ /AT-X \ 

-^E - [ E v ^ Zk ) ( E v ^ z i ) ' ( 5 - 29 °) 

N N-L \ / N N-L 



-^-2 E E e *^ E E e ^*^ 

V \i=l 3=1 / \g=l fc=l , 

AT ., /A/-L \ /AT-L 



12 E ^ E v * z * E ^ > ( 5 - 291 ) 

i=i * V fc=i / V i=i / 

/ Af A-L \ 2 A" /A-L \ 2 

^ EE **Vj - ^E - E v **» ^- 292 ) 



nc v T 2 \ * — ' * — ' * — ' n, 

w \ i=i j=i / j=i * \ k=i 



N \ A N 2 

52 em) -RJ2 V ±- ( 5 - 293 ) 



nc v T 2 \ ^-— ' / ^^ n 

,i=l / i=l 



Since c„ > 0, T > 0, i? > 0, rii > 0, and the other terms are perfect squares, it is obvious 
that the second partial derivative of S < 0; consequently, critical points of S represent a 
maximum. Again near the boundary of the physical region, S ~ — n, lnrij, so lim n .^ S —>■ 0. 
From Eq. ( 15.268ft . there is no formal restriction on the slope at the boundary. However, if a 
critical point is to exist in the physical domain in which the second derivative is guaranteed 
negative, the slope at the boundary must be positive everywhere. This combines to guarantee 
that if a critical point exists in the physically accessible region of composition space, it is 
unique. 
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5.2.3.4 Adiabatic, isobaric case 

A similar proof holds for the adiabatic-isobaric case. Here, the appropriate Legendre trans- 
formation is H = E + PV } where H is the enthalpy. We omit the details, which are similar 
to those of previous sections, and find a term which must be negative semi-definite, T hp'- 

N-LN-L r, 2 q 

i" - E E sj-a^ <«"> 

r \i=l / t=l j=i+l x v * V J / 

Because Cp > and rtj > 0, the term involving h^tji is a perfect square, and the term 
multiplying R is positive definite for the same reasons as discussed before. Hence, T hp < 0, 
and the Hessian matrix is negative definite. 



5.3 Concise reaction rate law formulations 

One can employ notions developed in the Zel'dovich uniqueness proof to obtain a more effi- 
cient representation of the reaction rate law for multiple reactions. There are two important 
cases: 1) J > (N — L); this is most common for large chemical kinetic systems, and 2) 
J < (N — L); this is common for simple chemistry models. 

The species production rate is given by Eq. ( 15.151) . which reduces to 

i=i 
Now, differentiating Eq. (15.1691) . one obtains 

N-L 

dm = J2 V ik dtk, i = l,...,N. (5.297) 

fc=i 

Comparing then Eq. (15.2971) to Eq. (15.240 . one sees that 

J N-L 

J2 MO = J2 Vikd ^ i = l,---,N, (5.298) 

j=l fc=l 

1 J 1 N-L 

-J2^dQ = -J2 V ^ k , i = l,...,N, (5.299) 



V ^ " J ^ J V 

j=l fe=l 



(5.300) 
\CC BY-NC-NLT\ 08 August 2012, J. M. Powers. 



224 CHAPTER 5. THERMOCHEMISTRY OF MULTIPLE REACTIONS 

5.3.1 Reaction dominant: J > (TV — L) 

Consider first the most common case in which J > (A — L). One can say the species 
production rate is given 

,- -, N-L J 

it = v^ Vik ~t = £ u « r » i = x > • • • ' N - (5 - 301) 

fc=i j=i 

One would like to invert and solve directly for d^/dt. However, T>^ is non-square and has 
no inverse. But since X^=i 4 , n'Dip = 0? an d Yli=i 4>u v ij = 0, L of the equations TV equations 
in Eq. ( 15.3011) are redundant. 

At this point, it is more convenient to go to a Gibbs vector notation, where there is an 
obvious correspondence between the bold vectors and the indicial counterparts: 

— - = — D • — - = v ■ r, (5.302) 

dt V dt y ' 

D T -D-^ = VB T ur, (5.303) 



d£ 

dt 



V^D 1 •D)" 1 -D 7 ur. (5.304) 



Because of the L linear dependencies, there is no loss of information in this matrix projection. 
This system of N — L equations is the smallest number of differential equations that can be 
solved for a general system in which J > (N — L). 

Lastly, one recovers the original system when forming 

D -^ = ^D-(D r -D)- 1 -D T -i/-r. (5.305) 

dt v ' 

=p 

Here, the N x N projection matrix P is symmetric, has norm of unity, has rank of TV — L, 
has N — L eigenvalues of value unity, and L eigenvalues of value zero. And, while application 
of a general projection matrix to v ■ r filters some of the information in v ■ r, because the 
A^ x (A — L) matrix D spans the same column space as the N x J matrix u, no information 
is lost in Eq. (15.3051) relative to the original Eq. (I5.302p . Mathematically, one can say 

P v = v. (5.306) 

5.3.2 Species dominant: J < (N — L) 

Next consider the case in which J < (A — L). This often arises in models of simple chemistry, 
for example one- or two-step kinetics. 

The fundamental reaction dynamics are most concisely governed by the J equations 
which form 

I§ = , (5.307) 
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However, r is a function of the concentrations; one must therefore recover p as a function 
of reaction progress C,. In vector form, Eq. (15.2960 is written as 

Tt = v v -Tf (5 - 308) 

Take as an initial condition that the reaction progress is zero at t = and that there are an 
appropriate set of initial conditions on the species concentrations ~p: 

£ = 0, t = 0, (5.309) 

p = p , t = 0. (5.310) 

Then, since v is a constant, Eq. (15.3080 is easily integrated. After applying the initial 
conditions, Eq. (j5.310p . one gets 

p = p +i^-C (5.311) 

Last, if J = (N — L), either approach yields the same number of equations, and is equally 
concise. 

5.4 Irreversibility production 

This section will consider the production of entropy due to irreversible chemical reactions. It 
is closely related to the Clausius-Duhem inequality discussed on p. 11981 We will first consider 
the production of irreversibility in the context of what is known as Onsagej 10 ! reciprocity. This 
notion relies on a linearization of the reaction rate laws in the neighborhood of equilibrium. 
Note that because the Clausius-Duhem relation, Eq. ( 15.611) is already known to hold for 
the full non-linear regime, that we find only that Onsager's analysis simply reinforces this 
notion in a simpler context. We then go on to give a more general analysis, and finish with 
an illustration based on 1) the Zel'dovich mechanism for the example problem of Sec. I1.1.2[ 
and 2) an extended Zel'dovich mechanism including N 2 and Oi dissociation. The original 
Zel'dovich mechanism induces a strictly diagonal Onsager matrix, and thus does not fully 
capture the essence of the analysis; the extended Zel'dovich mechanism induces a full Onsager 
matrix. 

5.4.1 Onsager reciprocity 

There is a powerful result from physical chemistry which speaks to how systems behave near 
equilibrium. The principle was developed by Onsager in the early twentieth century, and is 
known as the reciprocity principle. Where it holds, one can guarantee that on their approach 
to equilibrium, systems will approach the equilibrium in a non-oscillatory manner. It will 
be illustrated here. 



lL |Lars Onsager[ 1903-1976, Norwegian- American physicist. 
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Note that Eq. (15.180 can be written as 
1 dQ _ 



V dt 



% - a;, 






j = i, . . . , j, 

3 = 1,-.., J- 



(5.312) 
(5.313) 



Note further that the definition of affinity, Eq. (15.111) . gives 



exp 



RT) 



11" 
_j 

1Z 



i ■ 



3 = 1,..., J. 



(5.314) 



Therefore, one can say 
ldQ 



r 7 = 1Z\ 1 — exp 
V dt 3 3 \ F V RT 



a j 



3 = 1,..., J- 



(5.315) 



Now, as each reaction comes to equilibrium, one finds that aj — ► 0, so a Taylor series 
expansion of Tj yields 



V dt 



n '^ l ^-w 



3 = 1,-..,J, 



3 RT 



3 = 1,-.., J- 



(5.316) 
(5.317) 



Note that IZ'j > 0, while aj can be positive or negative. Note also there is no summation on 
j. Take now the matrix R/ to be the diagonal matrix with IZj populating its diagonal: 



R' 



Adopt the vector notation 



/1Z[ ... \ 
K' 2 ... 

\ IZ'j/ 



1 TV - 

RT 



(5.318) 



(5.319) 



Now, the entropy production is given for multi-component systems by Eq. (15.57P : 



dS_ 
~dt 



V 



E,V j=1 

Cast this entropy inequality into Gibbs notation: 

V 



7f 2^ a i r o ^ °' 



T 



(5.320) 



dS_ 
~dt 



■T 



E,V 



— a 1 • r > 0. 
T 



(5.321) 
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Now, consider the definition of affinity, Eq. (j5.10p . in Gibbs notation: 

a = -v T ■ -p. (5.322) 

Now, v T is of dimension J x N with rank typically N — L. Because v T is typically not of 
full rank, one finds only N — L of the components of a to be linearly independent. When 
one recalls that u T maps vectors JI into the column space of u T , one recognizes that a can 
be represented as 

a = C ZJ. (5.323) 

Here, C is a J x (N — L)-dimensional matrix of full rank, N — L, whose N — L columns are 
populated by the linearly independent vectors which form the column space of u T , and a 
is a column vector of dimension (N — L) x 1. If J > N — L, one can explicitly solve for a, 
starting by operating on both sides of Eq. (15.3231) by C T : 



C T 


OL - 


= C T C ^, 




(5.324) 


C T -C 


a = 


= C r -a, 




(5.325) 




a - 


= (C T -C)- 1 -C T -a, 




(5.326) 






= -{C T -C)- 1 -C T -u T .JI, 




(5.327) 


a = C 


a = 


= -C (C T ■ C)' 1 ■ C T -u T ■ 


ft. 


(5.328) 



Here, in the recomposition of a, one can employ the J x J symmetric projection matrix B, 
which has N — L eigenvalues of unity and J — (N — L) eigenvalues of zero. The matrix B 
has rank N — L, and is thus not full rank. 

Substitute Eqs. (I5T3T91 I5T3231) into Eq. (Q2T|) to get 



-T 



dS_ 
~dt 



E,V 



^(C^f— R'-C-S>0, (5.329) 

J RT 

V v ' 

=r 

- |(¥)SI_«L£(|)S0. (5^330) 

Since each of the entries of the diagonal R' are guaranteed positive semi-definite in the 
physical region of composition space, the entropy production rate near equilibrium is also 
positive semi-definite. The constant square matrix L, of dimension (N — L) x (N — L), is 
given by 

L = C T -R'-C. (5.331) 

The matrix L has rank N — L and is thus full rank. Because R' is diagonal with positive semi- 
definite elements, L is symmetric positive semi-definite. Thus, its eigenvalues are guaranteed 
to be positive and real. Note that off-diagonal elements of L can be negative, but that 
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the matrix itself remains positive semi-definite. Onsager reciprocity simply demands that 
near equilibrium, the linearized version of the combination of the thermodynamic "forces" 
(here the affinity a) and "fluxes" (here the reaction rate r) be positive semi-definite. Upon 
linearization, one should always be able to find a positive semi-definite matrix associated 
with the dynamics of the approach to equilibrium. Here, that matrix is L, and by choices 
made in its construction, it has the desired properties. 

One can also formulate an alternative version of Onsager reciprocity using the projection 
matrix B, which from Eq. (15.328|) . is 

B = C- (C T -C) _1 -C T . (5.332) 

With a series of straightforward substitutions, it can be shown that the entropy production 
rate given by Eq. ( 15.3301) reduces to 



dS 

~dt 



Ev ,4(f)-51^S(|;U0. (5,33) 



Here, an alternative symmetric positive semi-definite matrix L, of dimension J x J and rank 
N — L, has been defined as 

L = B T R' B. (5.334) 

One can also express the entropy generation directly in terms of the chemical potential 
rather than the affinity by defining the J x N matrix S as 

S = B ■u T 1 (5.335) 

= C • (C T • C)- 1 • C • u T . (5.336) 

The matrix S has rank N — L and thus is not full rank. With a series of straightforward 
substitutions, it can be shown that the entropy production rate given by Eq. (I5.333P reduces 

to 



dS 
~dt 



£v = = (J)§lH3(?U°. (5-337) 



Here, an alternative symmetric positive semi-definite matrix C, of dimension N x N and 
rank N — L, has been defined as 

C = S T • R' • S. (5.338) 



I 

Example 5.4 

Find the matrices associated with Onsager reciprocity for the reaction mechanism given by 

H 2 + 2 *=? 20H, (5.339) 

H 2 + OH ^ H + H 2 0, (5.340) 

H + 2 <=> O + OH, (5.341) 

H 2 + <=> H + OH, (5.342) 
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H + H 


!=; 


H % , 


20H 


^ 


+ H 2 


H 2 


t=i 


H + H, 


(h 


t=; 


+ 0, 


' + 0H 


<=; 


H 2 0. 



(5.343) 

(5.344) 
(5.345) 
(5.346) 

(5.347) 

Here, there are N = 6 species (H, H 2 , O, O2, OH, H 2 0), composed of L = 2 elements (H, 0), reacting 
in J = 9 reactions. Here, J > N — L, so the analysis of this section can be performed. 

Take species i = 1 as H, i = 2 as .Ha,. ■ ., i = N = 6 as H 2 0. Take element I = 1 as H and element 
I = L = 2 as 0. The full rank stoichiometric matrix <fi, of dimension 2 x 6 = L x N and rank 2 = L, is 

2 12" 
12 11, 

TV x J and rank 4 = N-L 



4> 



(5.348) 



The rank-deficient matrix of stoichiometric coefficients v , of dimension 6x9 
is 




-1 


-1 



1 



-1 1 



2 
V 
Check for stoichiometric balance: 



-1 
-1 



1 





1 



4> ■ v 
















-1 


-1 











1 


2 ^ 








1 


1 


2 


1 


J 


-1 
2 
^ 




-1 
1 


1 










-1 

1 J 




1 





(5.349) 








-1 

1 / 













(5.350) 



(5.351) 



So, the number and mass of every element is conserved in every reaction; every vector in the column 
space of v is in the right null space of (j). 

The detailed version of the reaction kinetics law is given by 

dp 



Tt = "- r ' 



(5.352) 



( ° 


1-11-2 





2 





-1 


-10-11 





-1 








1-10 


1 





2 


-1 


0-100 










2 


-1110 


-2 








V 


10 


1 








(r 2 - 


T3 + r± - 2r 5 + 2r 7 - 


r 9 \ 








-ri - r 2 - r 4 + r 5 - r 7 

r-i - r 4 + r 6 + 2r 8 

-r 1 -r 3 -r$ 








2r x 


- r 2 + r 3 + r 4 - 2r 6 - 


r 9 






V 


r 2 +r 6 + r g 


/ 












-1 

1 / 



/ rl \ 

r 2 

)•■:', 
'•-1 
' - 5 
''(J 



(5.353) 



(5.354) 
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The full rank matrix D, of dimension 6 x 4 = N x (AT — L) and rank 4 = N — L, is composed of 
vectors in the right null space of 4>. It is non-unique, as linear combinations of right null space vectors 
suffice. It is equivalently composed by casting the N — L linearly independent vectors of the column 
space of v in its columns. Recall that some of the columns of v are linearly dependent. In the present 
example, the first N — L = 4 column vectors of v happen to be linearly dependent, and thus will not 
suffice. Other sets are not; the last N — L = 4 column vectors of u happen to be linearly independent 
and thus suffice for the present purposes. Take then 



D 




1 


-2 
V 1 








-1 

1 / 



(5.355) 



It is easily verified by direct substitution that D is in the right null space of <fi: 

4 \ 



0D 



12 12 
12 11 



/ ° 



1 





2 
-10 
2 
0-10 



-2 
V 1 



-1 
1 / 








(5.356) 



Since cj) ■ v = and • D = 0, one concludes that the column spaces of both v and D are one and the 
same. 

The non-unique concise version of the reaction kinetics law is given by 



d£ 

dl 



y(D T -D) _1 D T i/r, 



/ 



V 
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(5.359) 



The rank-deficient projection matrix P, of dimension 6x6 = JV x JV and rank 4 = iV — L, is 



D (D T D) 



D J 



(5.360) 
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(5.361) 



The projection matrix P has 4 = N — L eigenvalues of unity and 2 = L eigenvalues of zero. 
The affinity vector cf, of dimension 9x1 = Jx 1, is given by 
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(5.362) 



(5.363) 



(5.364) 



(5.365) 



V 

The full rank matrix C, of dimension 9 x 4 = J x (iV — L) and rank 4 = iV — L, is composed of 
the set of AT — L = 4 linearly independent column space vectors of v ; thus, they also comprise the 
N — L = A linearly independent row space vectors of v . It does not matter which four are chosen, so 
long as they are linearly independent. In this case, the first four column vectors of u T suffice: 
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(5.366) 



When J > N — L, not all of the components of a are linearly independent. In this case, one can 
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form the reduced affinity vector, a, of dimension 4x1 = [N — L) x 1 via 



(C T ■ C) 
/ 





C T a, 



-1 1 



-1 




1 


-1 


1 


-2 





2 







-1 





-1 


1 





-1 











1 


-1 





1 





2 








-1 














-1 






~M] 


~Ms 


+ Me 


M 2 


-2/I5 


+ 27I 6 


"M 3 


+ 27*5 


-Me 


74 


+ 47I5 


-2/I 6 



/ ° 

1 

-1 
1 

-2 

2 


V-i 



■1 



■1 




-1 








-1 

■1 
1 
-1 


1 


2 


TH + M 4 - 2/I5 Ny 

-Mi + M2 + Ms - Me 

Mi - M 3 + M4 - M 5 

-Mi + M2 + M3 - M 5 

2^i - M~ 2 

-M3 + 2/I5 - Me 
-2/Zj + /Z 2 
27I3 + /l 4 

Mi + M 5 - Me 



V it, + u K - Mfi / 



(5.367) 



(5.368) 



(5.369) 



The rank-deficient projection matrix B, of dimension 9 x 9 = J x J and rank 4 = N — L, is found to be 



B = C-(C T -C)- 1 -C T , 
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(5.370) 



(5.371) 



The projection matrix B has a set of 9 = J eigenvalues, 4 = N— L of which are unity, and 5 = J—(N—L) 
of which are zero. One can recover a by the operation a = C ■ a = — B • v ■ JZ. 

The square full rank Onsager matrix L, of dimension 4x4 = (N — L) x [N — L) and rank 4 = N — L, 
is given by 



C 1 R C, 



(5.372) 
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(5.373) 
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(5.374) 



Obviously L is symmetric, and thus has all real eigenvalues. It is also positive semi-definite. With a 
similar effort, one can obtain the alternate rank-deficient square Onsager matrices L and C Recall that 
L, L, and C each have rank N — L, while L has the smallest dimension, (N — L) x (N — L), and so 
forms the most efficient Onsager matrix. 

I 



5.4.2 General analysis 

This section will be restricted to isothermal, isochoric reaction. It is known that Gibbs free 
energy and irreversibility production rates reach respective minima at equilibrium. 

Consider the gradient of the irreversibility production rate in the space of species progress 
variables £&. First, recall Eq. (I5.23ip for the gradient of Gibbs free energy with respect to 
the independent species progress variables, dG/d^k = J2i=i~P-i'E > ik- Now, beginning from 
Eq. (I4.464p . define the differential irreversibility dX as 



1 N _ 
dl= --^Hidrii. 



(5.375) 



In terms of an irreversibility production rate, one has 
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(5.376) 



\CC BY-NGW)} 08 August 2012, J. M. Powers. 



234 



CHAPTER 5. THERMOCHEMISTRY OF MULTIPLE REACTIONS 



Take now the time derivative of Eq. (I5.169P to get 

, N-L 

drhj __ y^ q^ fc 



dt 
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(5.377) 



Substitute from Eq. (15.3771) into Eq. (15.3761) to get 
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(5.380) 



k=i dt d & 

Now, Eq. (I5.304P gives an explicit algebraic formula for dt; k /dt. Define then the constitutive 
function uj k : 

djk 

dt 
So, the irreversibility production rate is 
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(5.381) 
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The gradient of this field is given by 
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The Hessian of this field is given by 
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Now, at equilibrium, £& = £|, we have u> k = as well as dG/d£ k = 0. Thus 
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It can be shown for arbitrary matrices that the first term in the right hand side of Eq. (15.3870 
is the transpose of the second; moreover, for arbitrary matrices, the two terms are in general 
asymmetric. But, their sum is a symmetric matrix, as must be since the Hessian of X must 
be symmetric. But for arbitrary matrices, we find no guarantee that the Hessian of X is 
positive semi-definite, as the eigenvalues can take any sign. However, it can be verified by 
direct expansion for actual physical systems that the two terms in the Hessian evaluated 
at equilibrium are identical. This must be attributable to extra hidden symmetries in the 
system. Moreover, for actual physical systems, the eigenvalues of the Hessian of X are positive 
semi-definite. So, one can say 



d 2 X 



3&3& 



&=« 



o N ~ L a* 



d 2 G 



£k=£l 



om k 



(5.388) 



(,k=ii 



Where does the hidden symmetry arise? The answer lies in the fact that the uo^ and G 
are not independent. Using notions from Onsager reciprocity, let us see why the Hessian of 
I is indeed positive semi-definite. Consider, for instance, Eq. (I5.330p . which is valid in the 
neighborhood of equilibrium: 




valid only near equilibrium. 



(5.389) 



Recall that by construction L is positive semi-definite. Now, near equilibrium, a has a 
Taylor series expansion 

S=5l •(£-£|J + -- (5-390) 
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Now, recall that at equilibrium that a 
Thus, Eq. ( 15.3891) can be rewritten as 



0. Let us also define the Jacobian of a. as J a . 
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By inspection, then we see that the Hessian of X is 
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(5.391) 
(5.392) 

(5.393) 



Moreover, L has the same eigenvalues as the similar matrix J^ • L • J a , so Hj is positive 
semi-definite. 

Returning to the less refined formulation, in Gibbs notation, we can write Eq. (15. 388ft as 



H-j 



yHfl.J, 
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where J is the Jacobian matrix of OJk- Consider the eigenvectors and eigenvalues of the various 
matrices here. The eigenvalues of J give the time scales of reaction in the neighborhood of 
equilibrium. They are guaranteed real and negative. The eigenvectors of J give the directions 
of fast and slow modes. Near equilibrium, the dynamics will relax to the slow mode, and the 
motion towards equilibrium will be along the eigenvector associated with the slowest time 
scale. Now, in the unlikely circumstance that He were the identity matrix, one would have 
the eigenvalues of Hj equal to the product of — 2/T and the eigenvalues of H^. So, they 
would be positive, as expected. Moreover, the eigenvectors of Hj would be identical to those 
of J, so in this unusual case, the slow dynamics could be inferred from examining the slowest 
descent down contours of /. Essentially the same conclusion would be reached if Hg had a 
diagonalization with equal eigenvalues on its diagonal. This would correspond to reactions 
proceeding at the same rate near equilibrium. However, in the usual case, the eigenvalues 
of Hg are non-uniform. Thus, the action of H^ on J is to stretch it non-uniformly in such 
a fashion that Hj does not share the same eigenvalues or eigenvectors. Thus, it cannot be 
used to directly infer the dynamics. 

Now, consider the behavior of 1 in the neighborhood of an equilibrium point. In the 
neighborhood of a general point £& = £&, 2" has a Taylor series expansion 
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(5.395) 
Near equilibrium, the first two terms of this Taylor series are zero, and 1 has the behavior 
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Substituting from Eq. (15.388|) . we find near equilibrium that 
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Lastly, let us study whether 1 is a Lyapunov function. We can show that 1 > 0, £ p ^ £f, 
and 1 = 0, £ p = £®. Now, to determine whether or not the Lyapunov function exists, we 
must study dl/dt: 
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(5.398) 
(5.399) 
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(5.400) 

(5.401) 

At the equilibrium state, u>k = 0, so obviously dl/dt = 0, at equilibrium. Away from 
equilibrium, we know from our uniqueness analysis that the term d 2 G/d£ p d£i. is positive 
semi-definite; so this term contributes to rendering dl/dt < 0. But the other term does not 
transparently contribute. 

Let us examine the gradient of dl/dt. It is 

d di 1 ^ ^ / d 2 io k dG 7 duj k d 2 G ? duj k dG duj p 




Up-t -T-— TT— U r 
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ddj„ d 2 G t , d 3 G f d 2 G d6j k \ , Ann , 

H Lo k + w„ uj k + LO„ . (5.402) 

dimdi p di k di m di P di k di P di k di m ) 

At equilibrium, all terms in the gradient of dX/dt are zero, so it is a critical point. 

Let us next study the Hessian of dX/dt to ascertain the nature of this critical point. 
Because there are so many terms, let us only write those terms which will be non-zero at 
equilibrium. In this limit, the Hessian is 
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With some effort, it may be possible to show the total sum is negative semi-definite. This 
would guarantee that dX/dt < away from equilibrium. If so, then it is true that X is a 
Lyapunov function in the neighborhood of equilibrium. Far from equilibrium, it is not clear 
whether or not a Lyapunov function exists. 

5.4.3 Zel'dovich mechanism example 

Let us now consider a numerical example, building on the analysis of Sec. II . 1.21: many nu- 
merical details have already been presented and will not be repeated here. For the conditions 
simulated in Sec. I1.1.2| we plot dS/dt\ E y/V = X/V as a function of time as predicted by 
the full theory of Eq. (I5.62p . repeated here in slightly modified form 



1 dS 
V lit 



= £ = ,*.(£), (5.404) 
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Figure 5.2: Irreversibility production rate versus time for the Zel'dovich mechanism problem 
of Sec. ITX21 



in Fig. 15.21 Clearly, X/V is always positive and approaches zero as the system approaches 
equilibrium. Note that we have made no appeal to notions of Onsager nor have we confined 
ourselves to the neighborhood of equilibrium. The function X/V is non-linear, positive, and 
decreases to zero by its construction, which is consistent with the Clausius-Duhem results 
shown earlier on p. 11981 

Now, let us consider the system of Sec. 11.1.21 in the language of Onsager reciprocity. We 
see from Eq. ( 11. 160ft that 
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1 1 1 

1 1 
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(5.405) 



Here, it is easily shown that u T is of full rank, R = 2, and thus has two linearly independent 
column vectors. Following the discussion of Eq. (I5.323|) . let us simply choose the first two 
column vectors of v T to form the matrix C: 



-1 -1 
1 -1 



(5.406) 



Then, by Eq. (15.332|) . we find the projection matrix B to be 
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C • (C T • C) X ■ C J 
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1 
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1 1 
1 -1 



(5.407) 
(5.408) 

(5.409) 
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Remarkably, we recover the identity matrix: B = I. For more general reaction mechanisms 
which have u T of less than full rank, this will not be true. 

So, from Eq. (15.334|) . we find one of the Onsager matrices to reduce to 

L = B r R'B = I T R'I = R'= (J^ £,Y (5.410) 

Since each IZj, j = 1, . . . , J, is positive semi-definite, the matrix R' is positive semi-definite. 
We can then cast the entropy production of Eq. (15.3330 as 



dS 
~dt 




(5.411) 

E,V 



Comparing Eqs. (15.4111) and (15.651) . we see in the Onsager limit that 



R V T J 

Transposing both sides, we can also say 



fVf^.L-Vf.L. (5.412) 



R 

We also can recast in the standard form 

dS_ 
~dt 



j~^.(^=^.x. (5.413) 



X = =x T • L • x. (5.414) 



E,V 



R 



For the conditions simulated in Sec. 11.1.21 we plot X/V as a function of time for both the 
full non-linear model as well as the prediction in the Onsager limit of Eq. (15.4110 in Fig. 15.31 
Clearly at early time the two theories predict different values, but the Onsager limit become 
a better approximation as equilibrium is approached. 

Numerically, direct substitution of values at equilibrium shows that 

0.573127 \ , » 

0.549134^ ' [bAib) 

The units of the entries of L are mole/cm 3 / s. 

Now at equilibrium, Eq. (j5.12[) tells us the affinity of each reaction must be zero; thus, 
at equilibrium, we must have x = 0. This then induces the fluxes j = at equilibrium. 
Near equilibrium, it is possible to perform Prigogine's extremization exercise surrounding 
Eq. (P6.8). Recognizing that for our problem L 12 = L 2 i = 0, which may not hold for more 
general problems, we slightly extend our analysis to consider the more general case. For such 
a case, we have near equilibrium that 



Ji\ = V(L? 1 Lf 2 \ (x x 



t , t 1 ■ 1 „ 1 ■ (5-416) 
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Figure 5.3: Irreversibility production rate versus time for the Zel'dovich mechanism problem 
of Sec. 11.1.21 for the full non-linear model and the Onsager limit. 



Thus, 
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J 2 
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V f.T 



(L^xi + lj 2 x 2 ) , 



\-l 2 x 2 ) 



The irreversibility production becomes 

i = I ^^ + ^ 2 + ^ XlX2 + L ' 2X ^ 
Let us extremize I. We then require at a critical point 

'(2L^ 1 + (Lf 2 + L^)x 2 )=0, 



<9xi R 

H = |((Lr2 + ^i)^i + 2L 2 r 2 x 2 )=0. 

Now by its method of construction, L must be symmetric; thus, l_f 2 = L^, and we 
state at an extreme point that 



dl 2V 



dxi 



R 



(L^xi + lj 2 x 2 ) = 2ft = 0, 



H = y 0£*i + L£s 2 ) = 2j 3 = 0. 



(5.417) 

(5.418) 
(5.419) 



(5.420) 

(5.421) 

(5.422) 
can thus 

(5.423) 
(5.424) 
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Thus, ji = J2 = at an extremum of X, consistent with Eq. (P6.6). 

Away from equilibrium, there is no simple way to formulate X explicitly in terms of 
affinity One can however easily formulate X globally in terms of reduced species variables £& 
as in Eq. (15.3821) . While the formulation is straightforward, its mathematical form is lengthy, 
and will not be repeated here. Following the analysis after Eq. (15.3821) . one can form the 
gradient and Hessian of X, and note that at chemical equilibrium that X = and VX = 0. 
Moreover, from Eq. (I5.393p . we see that the Hessian of X is positive definite, so that in fact 
X is a minimum at equilibrium. 

For our Zel'dovich example problem, the Hessian matrix evaluated at chemical equilib- 
rium is from Eq. (I5.388() : 



d 2 X 



dtidtp 



£,k=tl 



6.81073 x 10 20 -1.06440 x 10 21 
-1.06440 x 10 21 1.46438 x 10 



(5.425) 



The units of each of the entries of the Hessian are erg/ K/ s/mole 2 . The eigenvalues of the 
Hessian are 1.464 x 10 23 and 6.733 x 10 20 , as expected positive definite. 



5.4.4 Extended Zel'dovich mechanism example 

The example of the previous section induced a diagonal Onsager matrix because the matrix 
i> was full rank. Let us extend the kinetics mechanism so as to induce a v which is less 
than full rank, and thus induce a full Onsager matrix. To do so, we can add N 2 and 2 
dissociation mechanisms to our kinetics laws. We take our extended Zel'dovich reaction 
mechanism to be 

N + NO ^ N 2 + 0, (5.426) 

AT + 2 — 7V0 + 0, (5.427) 

N 2 + N 2 ^ 2N + N 2 , (5.428) 

2 + 2 ^ 20 + 2 . (5.429) 

For this system we have TV = 5 species composed of L = 2 elements reacting in J = 4 
reactions. We take the reaction constants for the first two reactions from Sec. II . 1 .21 the N 2 
and O2 dissociation kinetic rates are those given earlier on p. I167[ and in Sec. I1.1.1.2.1TT] 
respectively. 

Applying the extended Zel'dovich model for the same conditions simulated in Sec. I1.1.2[ 
we plot p NO , Pn an d Po 2 as a function of time in Fig. 15.41 We note that the results for NO 
and N are similar to those for the ordinary Zel'dovich mechanism, see Fig. I1.8[ at early time. 
But at late time there is an additional equilibration with more complicated dynamics, with 
the relative concentrations of NO and N switching places in importance. 

We summarize some of the key vectors and matrices involved in the analysis. We adopt 
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Pno Pn,Po, (mole/cm3) 



2x10 -6 



1 xlO" 



5x10 



2x10 



1 xlO" 



5x10' 



2x10" 




10" 



io- 



10" 



10" 



Figure 5.4: NO, N, and 02 concentrations versus time for T = 6000 K, extended Zel'dovich 
mechanism. 



Eq. ( 11.1541) for our vector of N = 5 concentrations: 



/Pno\ 

P_N 2 

~Po 
\~PoJ 



(5.430) 



We have L = 2 elements, with N, (I = 1) and O, (I 
stoichiometric matrix </>, of dimension L x iV = 2 x 5, 



2). We adopt Eq. (Q551) for the 







112 
10 12 



(5.43i; 



The first row of (p is for the TV atom; the second row is for the O atom. For the J = 4 
reactions, we take 

/n\ 

w 



(5.432) 



where the rates are given by the standard law of mass action kinetics, not shown in detail 
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here. The matrix is, of dimension iVxJ = 5x4is new for this problem and is 

/ 

-1-12 
u= 1 0-10 . (5.433) 

1 

V o 

The matrix v has rank R = N — L = 3. It is not full rank in this case, in contrast to the 
previous example. Our stoichiometric constraint on element conservation for each reaction, 
Eq. ffl~22l) . cf> ■ v = 0, holds here: 



1 





\ 


-1 


2 








-1 





1 





2 


-1 





-V 



cf) ■ V 



12 
12 



/-I 
-1 
1 
1 

V o 



i 
-i 



1 



1 




2 

-1 





o \ 




2 








(5.434) 



With a similar analysis to that given in Sec. I1.1.2| we find that 

/pno\ (%o\ /I \ 

~Pn Pn 

Pn 2 = Pn 2 

Po Jo 

\Po 2 J \ % 2 J 




(5.435) 



This takes the form of Eq. (J1.37P : 



d e 



(5.436) 



Here, the matrix D is of dimension TV x R = 5 x 3. It spans the same column space as does 
the N x J matrix v which is of rank R. Note that (f> ■ D = 0: 



cf) D 





( 1 





o \ 


1 2 0\ 



1 


1 

1 





12; 


2 

-1 


2 






-2 




^ o 





1 ) 








(5.437) 



Now let us move to the Onsager analysis. The matrix C is of dimension Jx (N—L) =4x3 
and has in its columns R = N — L = 3 linearly independent columns of v T . We easily see 
that v T is 



v 



(-1 


-1 


1 


1 


o \ 


1 


-1 





1 


-1 





2 


-1 








I o 








2 


-v 



(5.438) 
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Now, among many choices, we can take the first, second, and fourth columns of v T to form 
C: 



(5.439) 



/-I "I 1\ 

1 -1 1 

2 
\ 2/ 

Then, by Eq. (I5.332p . we find the J x J = 4 x 4 projection matrix B to be 

B C- (C T -C) _1 -C r , (5.440) 

\ 

(5.441) 



( ' 


1 

4 


1 
4 


l A 


1 


3 


1 


i 


4 


4 


4 


4 


1 


1 


3 


1 


4 


4 


4 


4 


u 


1 
1 


1 
1 


1 

4 / 



The matrix B has rank N — L = 3 and is thus not full rank. It has eigenvalues of 1, 1, 1, 0. 
The Onsager matrix L is given by 



B T R' B, 



9n[ + n' 2 +n a +n' i -3ii[ - mi 2 + w 3 



1 I -3fti - 37^ 



16 



I -37ei + 7^ - 37e' 3 -r 






7?; + 97^ 
^; - 37?/ 2 - 



f 7^ -37ei + n' 2 - 3W 3 + n' A 

n' 4 K[ - 3K' 2 - 3K' 3 + n' 4 

2,n' 3 + n' A n[ + n' 2 + 9Ti' 3 + n' 4 



n 



-K- 



K' 2 -K 3 - 

3K' 9 - K'o 



(5.442) 

f37ei 



3TL[ -K' 2 -K' 3 + 37^ -TZ[ + 3K' 2 -TL 3 + STZ' 4 -TZ[ -1Z' 2 + 37?.!, + 3K' 4 



-n[ -TZ' 2 + 31Z' 3 + 37^ 
K[ -K' 2 +K 3 + 97?4 



(5.443) 



One can estimate the behavior of X with both the full non-linear model and its Onsager 
approximation. As expected, the Onsager approximation works well near equilibrium. Mean- 
ingful graphical display of the comparison of the two approximations is difficult due to nu- 
merical precision issues. As expected, the Hessian matrix of X is symmetric and positive 
definite at equilibrium with eigenvalues of 9.245 x 10 22 , 1.50 x 10 22 and 4.025 x 10 17 . 

For variety, let us work with a different Onsager matrix. Let us first get the reduced 
affinity by Eq. (10261) : 



a 



(C T -C) _1 -C T -a, 




1 1 

1 2 1 




3 


°A 


I 8 I 8 

8 8 


! 

8 


l) 


«1 1 0.2 

2 "•" 2 
oi-i 0.2 _i_ 3a 3 _|_ 

8 8 ~ 8 T, 

OL\ _i_ Cf2 _|_ OS3 _|_ o« 

8 ' 8 ' 8 ' 8 




The (N - L) x (N - L) = 3 x 3 Onsager matrix L is given by Eq. (15.3310 : 



C T R' C, 



(5.444) 
(5.445) 

(5.446) 
(5.447) 
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( 

{ 



1 





-1 


2 


1 


2 



V 

J 



[n[ o 



Hi, 








1Z[ - K' 2 K[ + K' 2 + 4T&, 





V o 
K - n' 2 



VJ- X 







o \ 







Tl'J 

-vj x + n' 2 
-K - K 



i 
o 
V o 



-i i\ 

-i i 

2 

2/ 



(5.448) 



(5.449) 



-^ + m 2 

Then, we can write Eq. (J5.330P as 



-K\ - 1Z 2 n[ +1Z' 2 + 41Z' 4 



dS 
~dt 



E,V 



— ( a\ a 2 a 3 ) 



n[ + w 2 
K - K 

-TZ[ + VJ 2 



n[ + 1Z' 2 + 47e' 3 
-K - K 



-n[ -w 2 • 5 2 . 

(5.450) 



In summary, we have spent considerable time exposing notions of production of irre- 
versibility because it is associated with an ongoing debate on whether additional principles 
beyond the traditional laws of thermodynamics reflect nature. One of the more common 
contentions is given by PrigoginelHl who notes 

"We shall see that stationary states may be characterized by an extremum 
principle which states that in the stationary state, the entropy production has 
its minimum value compatible with some auxiliary conditions to be specified in 
each case." 

Notions such as these have spurred much activity in a variety of disciplines, including com- 
bustion, with the goal of using new principles to better codify observed behaviors. One must 
note, however, that these notions have also attracted widespread skepticism. A thorough 
review and discussion is given by Grandyi 12 ! who notes on p. 170, 

"...these observations do not in themselves seem to support the notion of a 
general extremum principle for dissipation rates in steady-state processes, either 
linear or nonlinear, near or far from equilibrium." 

Grandy concludes on p. 172 that 

"After all is said and done, the issue with which we began this discussion — 
the role of additional principles in non equilibrium thermodynamics — does not 
appear to be much closer to a definite resolution. In those cases where we are 
able to apply a principle of minimum (or maximum) rate of energy dissipation, 
it seems that we already have sufficient tools in the conservation laws and con- 
stitutive equations. Although the conservation laws are exact, the constitutive 



11 Prigogine, I., 1967, Introduction to Thermodynamics of Irreversible Processes, Interscience, New York, 
p. 75. 

12 Grandy, W. T., 2008, Entropy and the Time Evolution of Macroscopic Systems, Oxford, Oxford. 
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relations are of necessity approximated to some degree, so it may be that the 
choice of which route to follow very much depends on the details of any specific 
problem. Rather than focus on some general and improbable principle, it may be 
more reasonable to search for general conditions or classes of problems for which 
extremum rate principles might be both valid and productive." 

Consistent with Grandy, the analysis presented in these notes does not explicitly rely on 
invocation of additional extremum principles beyond the ordinary laws of thermodynamics, 
though one cannot ignore the possibility that such principles may be in play at a deeper level 
in the construction of constitutive models. But at this stage, we are not prepared to accept 
as proven that additional laws of nature based on extremizing entropy production rates have 
been firmly established. 
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Chapter 6 

Reactive Navier-Stokes equations 



Double, double toil and trouble; 
Fire burn, and caldron bubble. 



William Shakespeare (1564-1616), Macbeth, Act IV, § i, 11. 10-11. 



Up to this point we have exclusively focused on systems which are spatially homogeneous. 
We now turn to important systems for which the state variables are functions of both time 
and space. Here, we will focus on a general model for a mixture of gases which are allowed to 
react, advect, and diffuse. As such, we will present the compressible reactive Navieiu-Stokecl 
equations for an ideal mixture of N ideal gases. We will not give detailed derivations. We 
are guided in part by the excellent derivations given by Arisj and Merkjj 

6.1 Evolution axioms 

6.1.1 Conservative form 

The conservation of mass, linear momenta, and energy, and the entropy inequality for the 
mixture are expressed in conservative form as 

^ + V-(pu) = 0, (6.1) 

|-(pu) + V-(puu + PI-r) = 0, (6.2) 
at 

^(p(e + ^u-u))+V-(pu(e + ^u-u]+^ + (PI-T)-u) = 0, (6.3) 



Claude-Louis Navier, 1785-1836, French engineer. 

^ jGeorge Gabri el Stokes, 1819-1903, Anglo-Irish mathematician. 



3 R. Aris, 1962, Vectors, Tensors, and the Basic Equations of Fluid Mechanics, Dover, New York. 
" ^H. J. Merk, 1959] "The Macroscopic Equations for Simultaneous Heat and Mass Transfer in Isotropic 
Continuous and Closed Systems," Applied Scientific Research, 8(1): 73-99. 
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d_ 

Ft 



(ps) + V • (psu + > 0. (6.4) 



New variables here are the velocity vector u, the viscous shear tensor r, and the diffusive 
heat flux vector j 9 . Note that these equations are precisely the same one would use for a 
single fluid. We have neglected body forces. 

The evolution of molecular species is dictated by an evolution axiom, an extension of 
Eq. (I5.23P to account for reaction, and now additionally, advection and diffusion: 



d 
dt 



(pY^ + V-ipY.u+JT) = M t to t , i = l,...,N-l. 



(6.5) 



Here, the diffusive mass flux vector of species % is j™. Note that together, Eqs. (16. ip and 
N — 1 of Eq. (16.50 form N equations for the evolution of the TV species. We insist that the 
species diffusive mass flux be constrained by 



N 



£jr = o. 



(6.6) 



i=i 



Recalling our earlier definitions of Mj and cjj, Eqs. (15. lj) and ( 15.20ft . respectively, Eq. ( 16.5ft 
can be rewritten as 



^(pyo + v-Wu+jj 



Let us sum Eq. ( 16.7ft over all species to get 



,1=1 J j=l 



VijTj. 



(6.7) 



N 



d 



N 



N 



E;^) + E v -(^ u +jn = E (J2 M ^ }J2 u ^ ( 6 - 8 ) 



d_ 
dt 



%=i 
( 

N 
i=l 



dt 



t=i 



i=i \/=i 



i=i 



/ 



V- 



\ 



A? 



N 



i=l i=l 



N L J 

i=i i=i j=i 



=i 



=0 



J L N 

j=l 1=1 



i.l ■ 



i=l 



dp 

m 



V • (pu) = o. 



(6.9) 



(6.10) 



(6.11) 



This is the extension of the spatially homogeneous Eq. (I4.399p . So, the summation over all 
species gives a redundancy with Eq. (16.1ft . 
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We can get a similar relation for the elements. Let us multiply Eq. (16.51) by our stoichio- 
metric matrix <fin to get 

hi^lipYd + faiV-ipYiU + j?) = faMiUu (6.12) 

at 

d fp(j>uYi\ fp<f>uYi JT\ , sr ftitQ\ 

m \-m~) + v ■ l^r u + k mJ = +« g v - r - (6 - 13) 

Now sum over all species to get 



dt\ Mi J ^ \ Mi M %/ 

i=l v 7 i=l x l/ «=1 j=l 



(6.14) 



\ i = \ l J \ 8=1 * »=1 V 1=1 1=1 V 

J =0 

(6.15) 

|(pE^) + v.(pt^u + p,.|) =o, ,a,6) 



(6.17) 



N , T ,\ / JV , T , TV 



<9 / . , \-^ <fe^ \ , ^ / . , \-^ <PuYi 



\ i=i / \ «=i i=i / 

(6.18) 

Let us now define the element mass fraction YJ e , / = 1, . . . , L, as 



.j ... j -LVj 



^•^Eir- ( 6 - 19 ) 

«=i ' 



Note that this can be expressed as 



N 



mass element I ^--^ moles element I mass species i mole species i 

moles element I *— ' moles species i total mass mass species i ' 
y v ' <=i v £ <" v 'v % / 

= M ' =<t>u = Y > =1/M t 

mass element I 

= ; • 6- 21 

total mass 

\CC BY-NC-NLk\ 08 August 2012, J. M. Powers. 



250 CHAPTER 6. REACTIVE NAVIER-STOKES EQUATIONS 

Similarly, we take the diffusive element mass flux to be 

N -m 

jf = M,^^, l = l,...,L. (6.22) 

Substitute Eqs. (I6.19l6.22j) into Eq. (I6TT81) to get 

^(pF^ + V-^u+jf) = o. (6.23) 

We also insist that 

L 

i=i 

so as to keep the total mass of each element constant. This is easily seen to be guaranteed. 
Sum Eq. (16.22p over all elements to get 

L L N . m 

Ej* = E-^E^b ( 6 - 25 ) 

1=1 1=1 i=l % 

N L 

= EE^4' (6 - 26) 

t=i «=i * 



= ExrEw* ( 6 - 27 ) 



M % 

i=\ b 1=1 



-Mt 



E tf m - ( 6 - 28 ) 



1=1 

N 



J2i?> ( 6 - 29 ) 



j=l 
= 0. (6.30) 

In summary, we have L—l conservation equations for the elements, one global mass conser- 
vation equation, and N — L species evolution equations, in general. These add to form N 
equations for the overall species evolution. 

6.1.2 Non-conservative form 

It is often convenient to have an alternative non- conservative form of the governing equations. 
Let us define the material derivative as 

1 = |_ + U . V . (6.31) 

dt dt y ' 
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6.1.2.1 Mass 

Using the product rule to expand the mass equation, Eq. (16.10 . we get 

^ + V-(pu) = 0, (6.32) 

-/ + u-Vp+pV-u = 0, (6.33) 

&—. < 

=dp/dt 

^ + pV-u = 0. (6.34) 

at 

6.1.2.2 Linear momentum 

We again use the product rule to expand the linear momentum equation, Eq. (16.21) : 

<9u do 
p— + u^f- + uV • (pu) + pu • Vu + VP - V • r = 0, (6.35) 

at at 

p^ + u-VuJ+u^ + V-(pu)J+VP-V-r = 0, (6.36) 



=du/dt =0 



p-^ + VP-V-T = 0. (6.37) 



The key simplification was effected by using the mass equation Eq. (16. 1|) . 

6.1.2.3 Energy 

Now, use the product rule to expand the energy equation, Eq. ( 16.30 . 

4( e + ^ U " U ) +pU - V ( e + ^ U " U ) + ( e + ^ U - U )(l + V " (pU) 



=o 



+V-j 9 + V- (Pu)- V-(r-u) =0, (6.38) 
p— (e + -u-u) +pu- V (e + -u-uj + V-j 9 + V- (Pu) - V • (r • u) = 0. (6.39) 

We have once again used the mass equation, Eq. (16.ip . to simplify. Let us expand more using 
the product rule: 

p (^ + u • Ve J +pu • (^ + u • Vu J + V • } q + V • (Pu) - V • (r • u) = 0, (6.40) 



-de/dt 
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P-T + U ' ( p \7^ + u ' Vu ) + VP ~ V ' T ) +V'j" + PV-u-T : Vu = 0, (6.41) 



=o 

de 
P-T + V-j 9 + PV-u-r : Vu = 0. (6.42) 

We have used the linear momentum equation, Eq. ( 16.37ft . to simplify. 

From the mass equation, Eq. ( 16 .34[) . we have Vu = —(l/p)dp/dt, so the energy equation, 
Eq. (16.42J1 . can also be written as 

p§ + V-j"--^-r:Vu = 0. (6.43) 

dt p dt 

This energy equation can be formulated in terms of enthalpy. Use the definition, Eq. (I3.78p . 
h = e + P/p to get an expression for dh/dt: 

P 1 

dh de - —dp + -dP, (6.44) 



ff P 

dh de P dp \dP 

dt dt p 2 dt p dt' 

de P dp dh 1 dP 

dt p 2 dt dt p dt' 



(6.45) 
(6.46) 



de P dp dh dP 

p- f- = p- -. 6.47 

dt p dt dt dt 



So, the energy equation, Eq. (16.431) . in terms of enthalpy is 



dh „ .„ dP „ 

P— + V-J 9 - — -r: Vu = 0. 6.48 

dt dt 



6.1.2.4 Second law 

Let us expand Eq. (16 .4p to write the second law in non- conservative form. 



^(p.s) + V • U + > 0, (6.49) 



p (| + u . Vs ) +s (| + V.(p„)) + V.(f) > 0. 



(6.50) 



,S S»_ 



-ds/dt 



,| + V.(f] > 0. (6.51) 
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6.1.2.5 Species 

Let us expand Eq. (J6.5J) to write species evolution in non- conservative form. 

^-(pY i ) + V-( P Y i u + ^) = MA, i = l,..., N -1,(6.52) 

at 

p(^. + U'VY^+Yi(^ + V-(pu)\+V'iT = M^, i = l,..., N -1,(6.53) 

v v ' v v ' 

=dY z /dt =0 

P^ + V-Jr = M^, i=l,...,AT-l.(6.54) 

6.1.2.6 Elements 

Let us expand Eq. (J6.23P to write element conservation in non- conservative form. 

^( P y z e ) + V-( P y> + Jn = 0, Z = 1,...,L, (6.55) 
p(^ + u.VYA+Yf(^ + V-(pu))+V-$ = 0, / = !,.. .,L, (6.56) 



dYf/dt =0 

p-JT + ^'ii = 0. / = !,•• -,L. (6.57) 



6.2 Mixture rules 

We adopt the following rules for the ideal mixture: 



N 



p 


= 5> 

i— 1 


1 


TV 

= E y <. 

i — 1 


p 

e 


TV TV _ 

z^ ** z^ M 

1=1 t=l 

TV 


h 


TV 



i=l 



(6.58) 
(6.59) 
(6.60) 
(6.61) 
(6.62) 
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J2 Y ^ ( 6 - 63 ) 



JV 

t=l 

N 

c v = y^ y YjC vi , (6.64) 

i=l 

N 

c P = ^Y.cpi, (6.65) 

V = V u (6.66) 

T = Ti. (6.67) 



6.3 Constitutive models 

The evolution axioms do not form a complete set of equations. Let us supplement these by 
a set of constitutive model equations appropriate for a mixture of calorically perfect ideal 
gases that react according the to the law of mass action with an Arrhenius kinetic reaction 
rate. We have seen many of these models before, and repeat them here for completeness. 
For the thermal equation of state, we take the ideal gas law for the partial pressures: 

P z = RTp, = RT^- = RT-P- = RiT Pi . (6.68) 

So, the mixture pressure is 

N N v N 

p = R T y v R T yPli = R T y^ 7 , ( 6 . 69 ) 

^ l ^ Mi ^ Mi y J 

For the ideal gas, the enthalpy and internal energy of each component is a function of T at 
most. We have for the enthalpy of a component 



hi h° To4 + 

'T 



f c Pl {f)df. (6.70) 

Jt„ 

So, the mixture enthalpy is 

- / 
h = J2 Y A h °To,i+ / °p 



N / l-T \ 



(T)dT\. (6.71) 

We then use the definition of enthalpy to recover the internal energy of component i: 

ei = hi- — = hi- RiT. (6.72) 

Pi 
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255 



So, the mixture internal energy is 

TV 

« = E« 



TV 



E« 

i=l 

TV 

E« 

TV 

t=i 

TV 



j=l 



J-O-,1' 



c Pi (f)df ) , 



r„ 






^ oii - Ri(T - T ) - R Z T + / c Pl {T)dT 

To 



h° Toji - RiT + / (c Pt (T) - Ri)dT ) , 

To 



T ,i ^■i-'-oi I C-vi\ 

To J 



i(f)df] , 



'T ,i 



J c m (f)df\. 



(6.73) 
(6.74) 
(6.75) 
(6.76) 

(6.77) 



The mixture entropy is 






(6.78) 



The viscous shear stress for an isotropic Newtonian fluid which satisfies Stokes' assump- 
tion is 

'Vu+(Vu) T 1 



t = 2fi 



■(V-u)I 



(6.79) 



Here, (x is the mixture viscosity coefficient which is determined from a suitable mixture rule 
averaging over each component. 

The energy flux vector 'f is written as 



tr z^ M * v ^ V mj p j 



(6.80) 



Here, k is a suitably mixture averaged thermal conductivity. The parameter Df is the 
so-called thermal diffusion coefficient. Recall y« is the mole fraction. 

We consider a mass diffusion vector with multicomponent diffusion coefficient D^: 



A' 



r = P £ 



M 






M I P 1" l T ' 



(6.8i; 



fe=l, fc^i 

We adopt, as before, the reaction rate of creation of species i, Eq. (]5.20|) : 

j 

3=1 



VijTj. 



(6.82) 
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Here, Tj is given by the law of mass action, Eq. (15.160 : 



N 



1 



N 



k=i \ cj fe=i 



ns* 



(6.83) 



The term kj is given by the Arrhenius kinetics rule, Eq. 05.19]) : 



k, = aiT p ' 



VJ -«^ J exp 



-£, 



pr 



(6.84) 



and the equilibrium constant K c j for the ideal gas mixture is given by Eq. (15.71) : 



Kcj 



J- n \ 



RTJ 



exp 



RT 



(6.85) 



6.4 Temperature evolution 



Because temperature T has an important role in many discussions of combustion, let us for- 
mulate our energy conservation principle as a temperature evolution equation by employing 
a variety of constitutive laws. 

Let us begin with Eq. (16.481) coupled with our constitutive rule for h, Eq. (16.711) : 



/ 



d 

) — 
dt 



\ 






=/', 



N 



-V-j 9 -^-r:Vu 

J dt 



dP 
- — - r : Vu 

dt 



(6.86) 



^E^A + V-j' 

^ / dhi , dYA „ .„ dP 

A / „ dT , dFA „ .„ dP 

1=1 V 7 



cffA^ " dK: 

P-3T 2^ F * Cpi + 2^ ^ 



d/ 



j=l 



t=l 



=q> 



dt 

Afitij-V-jf 



-V-j< 



dP 

"dT 



r : Vu 



(6.87) 
(6.88) 
(6.89) 
(6.90) 



A' 



pc p ^ + J> (M^ - V • j™) + V • j q - ^ 



dt 



i=l 



dt 



0. (6.91) 
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Now, let us define the "thermal diffusion" flux j T as 

j T = -RT>-±-[—+[l--±)—-). 6.92 

With this, our total energy diffusion flux vector j 9 , Eq. (j6.80p . becomes 

N 

J q = -WT + Y,i?hi+f. (6.93) 

Now, substitute Eq. (16.930 into Eq. (I6.9ip and rearrange to get 

TV / JV \ 

dt ' 



jrri 

pep— + J>* ( M ^ - v • jD + v • ( -kVT + J2i? h * + J T 



i=i \ j=i / 

dP 

= — + t : Vu,(6.94) 

dT N dP 

pep— + J2 ihiMiUi -hiV-ff + V- (iThi)) = V • (kVT) - V • j T + — + r : Vu,(6.95) 

t=i 

N 

dT dP 

pep— + Y, (hiMiVi + j? ■ Vh)) = V • (kVT) - V • f + — + r : Vu,(6.96) 

j=i 

^^ + E (^ M ^ + c ^ ■ VT) = V • (kVT) - V • j T + — + r : Vu.(6.97) 
i=i 

So, the equation for the evolution of a material fluid particle is 

N 

fKf-fo =~J2 ( h i M ^i + c pJ? • VT) + V • (kVT) - V • j T + — + r : Vu. (6.98) 
«=i 

Let us impose some more details from the reaction law. First, we recall that h% = hiMi, 

so 

N N 

dT — dP 

pep— = -J2 h &i ~ J2 c rJ? • VT + V • (kVT) - V • f + — + r : Vu. (6.99) 
j=i i=i 



Impose now Eq. (j6.82p to expand u>i 



dT N - J N dP 

P Cp ~M =-T, h *Yl W - E C «J" 1 • VT + V • (kVT) - V • f + — + r : Vu,(6.100) 
«=i j=i i=i 

J N N 

dT — dP 

pep— = -22 r jJ2 h ^i - H c «J^ • VT + V • (kVT) - V • f + — + r : Vu.(6.101) 

j=l j=l i=l 
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Now, recall Eq. (ET53I) : 

N 

AHj^^hiVij. (6.102) 



i=i 



With this, Eq. ( 16.101ft becomes, after small rearrangement, 

dT J dP N 

f> Cp -^ = ~12 r i AH i + -fo ~J2 c p^ • VT + V • (kVT) - V • j T + r : Vu. (6.103) 

£1 ^ , 

diffusion effects 

By comparing Eq. ( 16.103ft with Eq. ( 15.33ft . it is easy to see the effects of variable pressure and 
diffusion on how temperature evolves. Interestingly, mass, momentum, and energy diffusion 
all influence temperature evolution. The non-diffusive terms are combinations of advection, 
reaction, and spatially homogeneous effects. 



6.5 Shvab-Zel'dovich formulation 

Under some restrictive assumptions, we can simplify the energy equation considerably. Let 
us assume 

• the low Macb_| number limit is applicable, which can be shown to imply that pres- 
sure changes and work work due to viscous dissipation are negligible at leading order, 
dP/dt - 0, r : Vu - 0, 

• the incompressible limit applies, dp/dt = 0, 

• thermal diffusion is negligible, Dj ~ 0, 

• all species have identical molecular masses, so that M± = M, 

• the multicomponent diffusion coefficients of all species are equal, Dij = T>, 

• all species possess identical specific heats, cpi = cp, which is itself a constant, and 

• energy diffuses at the same rate as mass so that k/cp = pD. 

With the low Mach number limit, the energy equation, Eq. (I6.48[) . reduces to 

P^ + V-j 9 = 0. (6.104) 

at 



lErnst Machl 1838-1916, Austrian physicist. 
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With Df = 0, the diffusive energy flux vector, Eq. (16.800 . reduces to 

N 

J 9 = -kVT + ]Tjr^. 

i 

Substituting Eq. (16.1051) into Eq. (16.1041) . we get 



(6.105) 



i=\ 






0. 



(6.106) 



With all component specific heats equal and constant, cpi = cp, Eq. ( 16.71ft for the mixture 
enthalpy reduces to 



N 



N 

= c P (T-T ) + Y,^h° Tc 



u T ,i- 



(6.107) 
(6.108) 



j=i 



Similarly for a component, Eq. (I6.70P reduces to 

h i = h° To , i + cp{T-T ). 
With Eqs. (16. 108116. 109p . Eq. (I6.106|) transforms to 



(6.109) 



^§- + ^(E^^)- V -( kVT -E^fe + ^( T - To ))) = °' 



dt dt 



N 



.i=l 



i=l 



( 



^+4(E^,]- V 



dt dt 



.4 = 1 



N 



N 



WT -J2JTh To ,~ c P (T -T )J2H 



\ 



i=l 



i=l 



^J 



(6.110) 
0, 
(6.111) 



dT d 
PCP M +P dt 



"^S^ 



' N \ / N \ 

^ Yl h T A-V-lkVT-J2iTh° To A = o, 

\i=l / V i=l / 

E ^ 0,i )" v -( kvT "^ jr ^) 



(6.112) 
0. 
(6.113) 
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With M = Mi, we recover mass fractions to be identical to mole fractions, Yf. = y^. 
Using this along with our assumptions of negligible thermal diffusion, Dj = and equal 
multicomponent diffusion coefficients, D^ = V, the mass diffusion flux vector, Eq. (j6.8ip . 
reduces to 



v 



3? = P 



J2 VVY ^ 

N 
N 

P vv J2 Y ^ 

( 



P VV 



\ 



N 



-Y t + J2Y k 



k=i 



\ 



tr/ 



P VS7 (-Y + 1) , 
-pVS7Y. 



(6.114) 
(6.115) 
(6.116) 

(6.117) 

(6.118) 
(6.119) 



Now, substitute Eq. ( 16.1191) into Eq. (I6.113J1 and use our equidiffusion rate assumption, 
pT> = k/cp, to get 



iV 



pi I T + ^ i=lYillTo ' i ) - v ■ ( kvr + P v J2 vy,^,, 1 o, (6.120) 



dt 



cp 



«A' 



pcp Jt [T 



i=l 

N 



Cp 



V • ( kVT + — J2 ^ Y ih°T A = 0, (6.121) 



\N 



vJY 



dt \ cp I pep \ \ cp 



0. (6.122) 



Now, iff 



viv 



there is a spatially uniform distribution of the quantity T+(l/cp) £ i=1 Yih^ i at t = 0, 
and 



*jv 



there is no flux of T + (1/cp) £ i=1 Yih° T i at the boundary of the spatial domain for 
all time, 



then, Eq. (I6.122p can be satisfied for all time by the algebraic relation 



Q> 



Q> 



(6.123) 
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where T(0) and 5^(0) are constants at the spatially uniform initial state. We can slightly 
rearrange to write 

TV TV 

c P (T-T )+Y,YihZ. o>i = c P (T(0)-T o ) + J2 Y i( Q )h°T o ,i, (6-124) 

i=\ i=l 



=h(T,Yi) =h(T(0),Yi(0)) 

h(T,Yi) = ^(T(0),y,(0)). (6.125) 

This simply says the enthalpy function is a constant, which can be evaluated at the initial 
state. 
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Chapter 7 

Linear combustion: 
advection-reaction-diffusion 



In order to acquire a better understanding of the fundaments of combustion, a model prob- 
lem is employed here to illustrate the basic ideas. Consider the following linear advection- 
diffusion-reaction problem: 

d d d 2 

—ip(x,t)+u—ip{x,t) = £>— i/j{x,t) -aip(x,t), (7.1a) 

^M) = V u , (7.1b) 

ij(0,t) = ij u , (7.1c) 

^(oo,t) -> 0, (7.1d) 

ox 

where the independent variables are t > and x G (0, oo). Here, ip(x,t) is a general scalar, 
u > is a constant advective wave speed, 2? > is a constant diffusion coefficient, and a > 
is the chemical consumption rate constant. 

The spatially homogeneous version of Eqs. f)7.1|) is 

__ = -atp h (t), iph\ t =o = i>u, (7.2a) 

which has the solution 

Mt) = exp {-at) xl) u . (7.2b) 

The time scale r over which ifih evolves is 

r = -. (7.3) 

a 

This time scale serves as an upper bound for the required time step to capture the dynamics 
in a numerical simulation. Since there is only one dependent variable in this problem, the 
temporal spectrum contains only one time scale. Consequently, this formulation of the 
system is not temporally stiff. 
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A simple means to determine the relevant length scales, and consequently, an upper 
bound for the required spatial grid resolution, is to obtain the steady structure tp s (x), which 
is governed by the time-independent version of Eqs. (17.11) : 



di/) a (x) ^d ip s {x) dip s 

u—r— = V—— 2 a1> a (x), tp s \ x=0 = ^ u 



0. (7.4a) 



dx dx 2 dx 

Assuming solutions of the form tp s = Ce Xx , we are led to a characteristic polynomial of 

u \ = VX 2 - a, (7.4b) 

which has roots 



u / / 4aV 



2V 



A = ^ U±\ l + -r ■ (7-4c) 



u 



Taking A + to denote the + root, for which A + > 0, and A_ to denote the minus root, for 
which A_ < 0, the solution takes the form 

iP s (x)=C 1 e x + x + C 2 e x - x , (7.4d) 

where C\ and C 2 are constants. Thus, taking the spatial derivative, we get 

CiA+e A+x + C 2 X_e x - x , (7.4e) 



dx 



In the limit of large positive x, the boundary condition requires the derivative to vanish 
giving 

lim ^p- = = lim (dA + e A+I + C 2 X_e x ~ x ) . (7.4f) 

Because A + > 0, we must insist that C\ = in order to satisfy the far field boundary 
condition. Then, enforcing that ip s (0) = ip u , we find the solution of Eq. (17.4ajl is 

tp s (x) = exp (A_x) ip u , (7.4g) 

where 

u ( r 4aV 



2V 



*- = ™ 1-A /1 + T5- ■ ( 7 - 4h ) 



u 



Here, there is one length scale in the system, £ = 1/|A_|; this formulation of the system is 
not spatially stiff. By examining Eq. (17.4hl) in the limit aV/u 2 ^> 1, one finds that 

Fd , 

£pa\ — = VVt, (7.5) 

V a 
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where r = l/o is the time scale from spatially homogeneous reaction. So, this length scale 
£ reflects the inherent physics of coupled reaction-advection-diffusion. In the opposite limit 
of aV/u 2 <C 1, one finds A — > 0, £ — > oo, and ip s (x) — > ^> u , a constant. 

Now, for Eqs. (J7.1J) . it is possible to find a simple analytic expression for the contin- 
uous spectrum of time scales r associated with a particular linearly independent mode of 
wavenumber k. A linearly independent mode with wavenumber k has wavelength A = 2-K/k. 
Assume a solution of the form 

if>(x,t) = exp (ikx) *(f), (7.6) 

where \I/(£) is the time-dependent amplitude of the chosen linearly independent mode. Sub- 
stituting this into Eq. (j7.1a[) gives 

a LM = -A*(t), *(0) = tt o , (7.7) 

where 

/ Vk 2 iku\ . , 

A = a 1 + + . 7.8 

\ a a I 

This has a solution of the form 

tf (*) = exp (-At) * . (7.9) 

We see that the continuous time scale spectrum for amplitude growth or decay is given by 

< k e R. (7.10) 



|Re(A)| a (i+2hl 



From Eq. (I7.10J) . it is clear that for Vk /a <C 1, i.e. for sufficiently small wavenumbers 

or long wavelengths, the time scales of amplitude growth or decay will be dominated by 

reaction: 

1 
limr = — . (7.11a) 

However, for Vk /a ^> 1, i.e. for sufficiently large wavenumbers or small wavelengths, the 
amplitude growth/decay time scales are dominated by diffusion: 

1 1 / A x 



lim r = —^- = — [ — ) . (7.11b) 

^oo vk 2 V I 2tt ' 



From Eq. (17.101) . we see that a balance between reaction and diffusion exists for k = yfa/V. 
In terms of wavelength, and recalling Eqs. (17.50 . we see the balance at 

A 1 FD , — , 

— = T = J- = VV^ = £, 7.12 

2tt k V a 
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where £ = 1/k is proportional to the wavelength. 

The oscillatory behavior is of lesser importance. The continuous time scale spectrum for 
oscillatory mode, to is given by 

11 , 

|Im(A)| ku 

As k — > 0, to —> oo. While t q — > as k — > oo, it approaches at a rate ~ 1/k, in contrast to 
the more demanding time scale of diffusion which approaches zero at a faster rate ~ 1/k 2 . 
Thus, it is clear that advection does not play a role in determining the limiting values of the 
time scale spectrum; reaction and diffusion are the major players. Lastly, it is easy to show 
in the absence of diffusion, that the length scale where reaction effects balance advection 

effects is found at 

u 
l = _ = UTi (7.14) 

a 

where r = 1/a is the time scale from spatially homogeneous chemistry. 

As an illustration, we examine the behavior of the system quantitatively by choosing 
arbitrary numerical values, loosely motivated by parameters of gas phase systems, of a = 
10 8 1/s, T> = 10 1 cm 2 1 's, u = 10 2 cm/ s. For these values, we find the estimate from Eq. (17.50 
for the length scale where reaction balances diffusion as £ = A/(2tt) = 3.16228 x 10~ 4 cm. 
A plot of r versus £ = A/(2ir) from Eq. (17.10)) is given in Fig. 17.11 For long wavelengths, 
the time scales are determined by reaction; for fine wavelengths, the time scale's falloff is 
dictated by diffusion, and our simple formula for the critical £ = yDr, illustrated as a 
dashed line, predicts the transition well. For large k, it is seen that a one decade decrease 
in £ induces a two decade decrease in r, consistent with the prediction of Eq. (17. lib)) : 



lim^oo (lnr) ~ 2 In (£) — In (T>) . Lastly, over the same range of £, the oscillatory time scales 
induced by advection are orders of magnitude less demanding, and are thus not included in 
the plot. 

The results of this simple analysis can be summarized as follows: 

• Long wavelength spatial disturbances have early time dynamics which are dominated 
by chemistry; each spatial point behaves as an isolated spatially homogeneous reactor. 
Late time dynamics are dictated by diffusion. 

• Short wavelength spatial disturbances have early time dynamics which are dominated 
by diffusion; diffusion first smears the disturbance and then reaction acts over late 
time scales, such that at late time the reaction is spatially homogeneous over the entire 
spatial domain. 

• Intermediate wavelength spatial disturbances have time dynamics determined by fully 
coupled combination diffusion and chemistry. The critical intermediate length scale 
where this balance exists is given by £ = \fVr . 
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\/a = T = 10" 8 s 



10 10 

£ = A/(2ir) (cm) 



10 



Figure 7.1: Time scale spectrum versus wavelength for the simple reaction-advection- 
diffusion model. 



A fully resolved computation of a combustion process with advection-reaction- diffusion 
requires 



At < T, 
Ax < y/Vr. 



(7.15) 
(7.16) 



Less restrictive choices will not capture time dynamics and spatial structures inherent 
in the continuum model. 

• Advection usually plays a secondary role in determining time dynamics. 

We show analogous results for a detailed kinetics reaction-advection-diffusion combustion 
system in Fig. 17.21 The analysis necessary to generate these results is detailed and given by 
Al-Khateeb, and Powers, et al\j Fig. 17.21 has an analog in Al-Khateeb and Powers, but was 
analyzed in a slightly different fashion. This is inconsequential for our present discussion. 

The results of Fig. 17.21 were obtained for an TV = 9-species, L = 3-element, J = 19- 
reaction model of hydrogen-air kinetics augmented by both advection and mult i- component 
mass and energy diffusion. To obtain the figure, an equilibrium state was subjected to linear 
perturbation, and the corresponding eigenvalues and eigenfunctions were determined. The 
time scales are the reciprocals of the real parts of the eigenvalues. 



1 Al-Khate eb, A. N. and Powers, J. M., 2010J , "Analysis of the Reaction- Advection-Diffusion Spectrum of 
Laminar Premixed Flames," 48th AIAA Aerospace Sciences Meeting, Orlando, Florida, AIAA-2010-0954. 
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•• coarsest 
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Tslowest = 1.85 X 10 4 S 



T fastest = 1.03 X 10" 8 S 
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10 



Figure 7.2: Time scales associated with the fundamental modes for a nine-species, nineteen 
step stoichiometric, p = 1 atm, T = 800 K hydrogen-air reaction-advection-diffusion system 
versus the length 2L/tt. 



For long length scales, the time scales are effectively identical to those obtained by analysis 
of a spatially homogeneous system. Thus we see clearly N — L = 6 independent time scales. 
The fastest is Tf astest = 1.03 x 10~ 8 s and the slowest is r s i owest = 1.85 x 10~ 4 s. As the 
length scale is decreased, one finds that diffusive effects first become important in describing 
dynamics associated with the slowest reaction model. As the length scale continues to 
decrease, diffusion becomes more and more important for each progressively faster reaction 
mode, until the fastest reaction mode is reached. With the diffusion coefficient estimated 
independently as V mix = 68.91 cm 2 /s, the coarsest and finest transition length scale, £ 



and £ finest are found to be 



t 



coarsest 
finest 



V^mixJ Slowest = 1-1 X 10 X CTO, 
V^T 'fastest = 8.4 X 10" 4 CTO. 



coarsest 

(7.17) 
(7.18) 
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Chapter 8 

Simple solid combustion: 
reaction-diffusion 



Here, we will modify the simple thermal explosion theory of Sec. 11.2.11 which balanced un- 
steady evolution against reaction to include the effects of diffusion. Starting from a fully 
unsteady formulation, we will focus on cases which are steady, resulting in a balance between 
reaction and diffusion; however, we will briefly consider a balance between all three effects. 
Such a theory is known after its founder as Frank-Kamenetskiu theory. In particular, we 
will look for transitions from a low temperature reaction to a high temperature reaction, 
mainly in the context of steady state solutions, i.e. solutions with no time dependence. We 
draw upon the work of Buckmaster and Ludford for guidance]^ 

8.1 Simple planar model 

Let us consider a slab of solid fuel/oxidizer mixture. The material is modelled to be of infinite 
extent in the y and z directions and has length 2L in the x direction. The temperature at 
each end, x = ±L, is held fixed at T = T . 

The slab is initially unreacted. Exothermic conversion of solid material from reactants to 
products will generate an elevated temperature within the slab T > T , for x G (—L,L). If 
the thermal energy generated diffuses rapidly enough, the temperature within the slab will 
be T ~ T , and the reaction rate will be low. If the energy generated by local reaction diffuses 
slowly, it will accumulate in the interior, accelerate the local reaction rate, and induce rapid 
energy release and high temperature. 

Let us assume 

• The material is an immobile, incompressible solid with constant specific heat, 
— Thus, p is constant, 



2 David Albertovich Frank-Kamenetskii, 1910-1970, Soviet physicist. 

2 Buckniaster, J. D., and Ludford, G. S. S., 1983, Lectures on Mathematical Combustion, SIAM, Philadel- 
phia. See Chapter 1. 
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— Thus, Cp = c v is a constant, 

— Thus, there is no advective transport of mass, momentum, or energy: u = 0. 

• The material has variation only with x and t, 

• The reaction can be modelled as 

A^B, (8.1) 

where A and B have identical molecular masses. 

• The reaction is irreversible, 

• The reaction is exothermic, 

• Initially only A is present, 

• The thermal conductivity, k is constant. 

Let us take, as we did in thermal explosion theory, Sec. 11.2.11 

Ya = 1-A, (8.2) 

Y B = A. (8.3) 

We interpret A as a reaction progress variable which has A G [0, 1]. For A = 0, the material 
is all A; when A = 1, the material is all B. 

8.1.1 Model equations 



A), (8.4) 

(8.5) 

(8.6) 

(8.7) 

Equation (I8.4[) is our reaction kinetics law. It is the equivalent of the earlier derived 
Eq. (11.2791) in the irreversible limit, K c — > oo. Equation (I8.5|) is our energy conservation ex- 
pression. It amounts to Eq. (I6.42p . with q playing the role of the heat flux j 9 . Equation (18.61) 
is the constitutive law for heat flux; it is the equivalent of Eq. (16.801) when mass diffusion 
is neglected and amounts to Fourier'cl law. Equation (18. 7|) is our caloric equation of state; 
it is Eq. (11.3120 with q = ~e° To A — e^ o B and Y B = A. Equations (l8.4H8.7p are completed by 
initial and boundary conditions, which are 

T(-L,t)=T(L,t)=T , T(x,0)=T o , X(x, 0) = 0. (8.8) 



Our simple model for reaction is 






dX 




ae- £ ' R / T (l 


dt 






de 




dq 


p m 




dx' 

dT 


q 


— 


dx ' 


e 


= 


c v T — Xq. 



3 Jean Baptiste Joseph Fourier, 1768-1830, French mathematician. 
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8.1.2 Simple planar derivation 

Let us perform a simple "control volume" derivation of the planar energy equation, Eq. (18.7J1 . 
Consider a small volume of dimension A by Ax. At the left boundary x, we have heat flux 
q, in which we notate as q x . At the right boundary, x + Ax, we have heat flux out of q x +Ax- 
Recall the units of heat flux are J/m 2 /s. 
The first law of thermodynamics is 

change in total energy = heat in — work out . (8-9) 

=o 

There is no work for our system. But there is heat flux over system boundaries. In a 
combination of symbols and words, we can say 

total energy @ t + At — total energy @ t = energy flux in — energy flux out . (8.10) 



"V" 



unsteady advection and diffusion 

Mathematically, we can say 

E\t+At ~ E\t = ~ influx out — Eji ux in ) , (8-11) 

pAAx (e\ t+At - e\ t ) = - (q x+Ax - q x ) AAt, (8.12) 

k9 J J kg J/mys (™ 2 s ) 

e \t+At ~ e \t ( <\x+Ax — C\x \ /oio\ 

P At = -{ Ax ) (8 - 13) 

Now, let Ax — > and At — > 0, and we get 

de dq x ,_,. 

»m = -ST < 8 - 14 ' 

Now, standard constitutive theory gives Fourier's law to specify the heat flux: 

dT 
q = -k— • (8.15) 

ox 

So, Eq. (18.15ft along with the thermal state equation, (18.71) when substituted into Eq. (18.140 
yield 

4 (c - r - A9) - # <8 - i6) 

dT OX , d 2 T . n . 

pc «-dt ~ pq m = k ^' ( } 

pc^-pqae-^^l-X) = kg, (8.18) 

PC ^ = ^+Pgae-W-(1-A). (8.19) 
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So, our complete system is two equations in two unknowns with appropriate initial and 
boundary conditions: 

^f = ^+pgae-W-(l-A), (8.20) 

§ = a e -W(l-A), (8 .2i) 

T{-L,t)=T{L,t) = T , T{x,0) = T , A(x,0)=0. (8.22) 

8.1.3 Ad hoc approximation 

Let us consider an ad hoc approximation to a system much like Eqs. ( I8.20H8.221) . but which 
has the advantage of being one equation and one unknown. 

8.1.3.1 Planar formulation 

//there were no diffusion, Eq. (I8.14p would yield de/dt = and would lead us to conclude 
that e(x,t) = e(x). And because we have nothing now to introduce a spatial inhomogeneity, 
there is no reason to take e(x) to be anything other than a constant e . That would lead us 
to 

e(x,t) = e , (8.23) 

so 

e = c v T - Xq. (8.24) 
Now, at t = 0, A = 0, and T = T , so e = c v T ; thus, 

c v T = c v T - Xq, (8.25) 

A = c ^ T ~ T -\ ( 8 .26) 

q 

We also get the final temperature at A = 1 to be 

T(A = f)=T + — . (8.27) 

c v 

We shall adopt Eq. (18.260 as our model for A in place of Eq. (I8.2ip . Had we admitted species 
diffusion, we could more rigorously have arrived at a similar result, but it would be more 
difficult to justify treating the material as a solid. 

Let us use Eq. ( 18.261) to eliminate A in Eq. (18.201) so as to get a single equation for T: 

,?L _ k g£. Wi_*(r-:r.) 



pc„— = k— + pgae-""" II - " - "' ) , 



S.. 



reaction source term 
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The first two terms in Eq. (18.281) are nothing more than the classical heat equation. The 
non-classical term is an algebraic source term due to chemical reaction. Note when T = T , 
the reaction source term is pqaexp(—£/R/T) > 0, so at the initial state there is a tendency 
to increase the temperature. When A = 1, so T = T + q/c v , the reaction source term is 
zero, so there is no local heat release. This effectively accounts for reactant depletion. 

Scaling the equation by pc v and employing the well known formula for thermal diffusivity 
a = k/p/cp ~ k/p/c v for the solid, we get 



dT d 2 T ( q 

a 



(j- - (T - T )) e- e ' R ' T , (8.29) 



dt dx 2 

T(-L,t)=T(L,t) = T , T(x,0)=--T o . (8.30) 

From here on, we shall consider Eqs. f 1 8 . 3 j) and cylindrical and spherical variants to be the 
full problem. We shall consider solutions to it in various limits. We will not return here to 
the original problem without the ad hoc assumption, but that would be a straightforward 
exercise. 

8.1.3.2 More general coordinate systems 

We note that Eq. (J8.30]) can be extended to general coordinate systems via 



aV 2 T + a (^-(T- T )\ e~ £ / R / T . (8.31) 



dt 



Appropriate initial and boundary conditions for the particular coordinate system would be 
necessary. 

For one- dimensional solutions in planar, cylindrical, and spherical coordinates, one can 
summarize the formulations as 

dT . 1 d („m dT \ , . ( Q -E/R/T 



m - a ^sr&jnt- (r - r °r • (832) 

Here, we have m = for a planar coordinate system, m = 1 for cylindrical, and m = 2 for 
spherical. For cylindrical and spherical systems, the Dirichlet boundary condition at x = —L 
would be replaced with a boundedness condition on T at x = 0. 



8.2 Non-dimensionalization 

Let us non-dimensionalize Eqs. ( 18.311) . The scaling we will choose is not unique. 
Let us define non-dimensional variables 

J- * — , X* — "~- , 6* — Qib. \O.OOJ 

q L 
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With these choices, Eqs. Q8.31J) transform to 
qadT* q_ J_ _ m _d_ f m dT* 



C-U ot* Cy 1j ox* \ ox 

+a (t-H exp B r. + (k)r. )- (8 ' 34) 

f - £*-£ (*- S) + f 1 - r ->- (-A (l+( l )r ,) ) ■ < 835 > 

Now, both sides are dimensionless. Let us define the dimensionless parameters 

2) = —, e = J-, Q = -?=-. (8.36) 

Here, 2) is a so-called DamkohleiQ number. If we recall a diffusion time scale r^ is 

L 2 
r d = — , (8.37) 

a 

and a first estimate (which will be shown to be crude) of the reaction time scale, r r is 

r r = -. (8.38) 

a 

We see that the Damkohler number is the ratio of the thermal diffusion time to the reaction 
time (ignoring activation energy effects!): 

L 2 la tj thermal diffusion time 

D = — f— = — = . (8.39) 

\ja t t reaction time 

We can think of and Q as ratios as well with 

activation energy exothermic heat release 

ambient energy ' ambient energy 

The initial and boundary conditions scale to 

T.(-1,Q = T*(l,t*) = 0, T*(x*,0) = 0, if m = 0, (8.41) 

T*(l,i*) = 0, T*(0,i*)<oo, r*(x*,0) = 0, if m = l,2. (8.42) 



4 Gerhard Damkohler, 1908-1944, German chemist. 
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8.2.1 Diffusion time discussion 

As an aside, let us consider in more depth the thermal diffusion time. Consider the dimen- 
sional heat equation 

dT d 2 T 

IF = a ^' (8 ' 43) 

with a complex representation of a sinusoidal initial condition: 

T(x,0) = Ae lkx . (8.44) 

Here, A is a temperature amplitude, k is the wave number, and i 2 = — 1. If one wants, one 
can insist we only worry about the real part of the solution, but that will not be important 
for this analysis. Note that since 

Ae ikx = Acos(kx) + Aisin(kx), 

we can think of the initial condition as a signal with wavelength A = 2ir/k. Note when the 
wave number k is large, the wavelength A is small, and vice versa. 
Let us assume a separation of variables solution of the form 

T(x,t) = B{t)e lkx . (8.45) 

Thus, 

§ ^ P h ' ^ 

and 

BT 

— = ikBe ikx , (8.47) 

ox 

B 2 T 

—r = -k 2 Be ikx . (8.48) 

dx 2 

So, our partial differential equation reduces to 

e ikx ^- = -ak 2 Be ikx , (8.49) 

— = -ak 2 B, B{0) = A, (8.50) 

B(t) = Ae~ akH . (8.51) 

Note that as t — > oo, B — > with diffusion time constant 

1 

Td = 



ak 2 
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So, a large thermal diffusivity a causes modes to relax quickly. But high wave number k 
also induces modes to relax quickly. Note also that in terms of wavelength of the initial 
disturbance, 

a47r 2 
So, small wavelength disturbances induce fast relaxation. 

Importantly, recall that an arbitrary signal will have a Fourier decomposition with an 
infinite number of modes, each with a different wave number. The preceding analysis shows 
that each mode will decay with its own diffusion time constant. Indeed some of the modes, 
even at the initial state, may have negligibly small amplitude. But many will not, and we 
cannot know a priori which ones will be large or small. 

Lastly, we note that in a finite domain, we will find a discrete spectrum of wave numbers; 
in an infinite domain, we will find a continuous spectrum. 

8.2.2 Final form 

Let us now drop the * notation and understand that all variables are dimensionless. So, our 
equations become 

T(-l,t) = T(1,£) = 0, T(x,0) = 0, if m = 0, 
T(l,t) = 0, T(0,i)<oo, T(x,0)=0, if m = 1,2. 

(8.52) 

Note that the initial and boundary conditions are homogeneous. The only inhomogeneity 
lives in the exothermic reaction source term, which is non-linear due to the exp(— 1/T) term. 
Also, it will prove to be the case that a symmetry boundary condition at x = suffices, 
though our original formulation is more rigorous. Such equivalent boundary conditions are 

dT 
T(l, t) = 0, — (0, t) = 0, T(x, 0) = 0, m = 1, 2, 3. (8.53) 

ox 

8.2.3 Integral form 

As an aside, let us consider the evolution of total energy within the domain. To do so we 
integrate a differential volume element through the entire volume. We recall dV ~ x m dx, 
for m = 0, 1,2, (planar, cylindrical, spherical). 

(8.54) 

,„' xm f dx ^ I! hi (*"f ) dx + f x "' (1 - r)exp (iw) *• 
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(8.55) 

£f^ ^ sfL + r*" (1 - r)exp (lTfrh - 

thermal energy change boundary heat flux internal conversion 

(8.56) 

Note that the total thermal energy in our domain changes due to two reasons: 1) diffusive 
energy flux at the isothermal boundary, 2) internal conversion of chemical energy to thermal 
energy. 

8.2.4 Infinite Damkohler limit 

Note for 2) — > oo diffusion becomes unimportant in Eq. (j8.52p . and we recover a balance 
between unsteady effects and reaction: 

M=^- T ^{TTQf)^ r(0) = a (8 - 57) 

This is the problem we have already considered in thermal explosion theory, Sec. 11.2.11 We 
recall that thermal explosion theory predicts significant acceleration of reaction when 

t -. £. (8.58) 

8.3 Steady solutions 

Let us seek solutions to the planar (m = 0) version of Eqs. (18.52ft that are formally steady, 
so that d/dt = 0, and a balance between reaction and energy diffusion is attained. In that 
limit, Eqs. 08.52]) reduce to the following two point boundary value problem: 

= B^ + (1 - r)exp (TTorJ' (8 ' 59) 

= T(-1)=T(1). (8.60) 

This problem is difficult to solve analytically because of the strong non-linearity in the 
reaction source term. 



8.3.1 High activation energy asymptotics 

Motivated by our earlier success in getting approximate solutions to a similar problem in 
spatially homogeneous thermal explosion theory, let us take a similar approach here. 
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Let us seek low temperature solutions where the non-linearity may be weak. So, let us 
define a small parameter e with < e <C 1 . And now let us assume a power series expansion 
of T of the form 

T = eTi + e 2 T 2 + . . . (8.61) 

Here, we assume Ti(x) ~ 0(1), T 2 (x) ~ 0(1), .... We will focus attention on getting an 
approximate solution for Ti(x). 

With the assumption of Eq. (18.61J) . Eq. (I8.59|) expands to 

e-^ + ... = -2)(l-eT 1 -...)exp(-e(l-egr 1 + ...)). (8.62) 

dx z 

Ignoring higher order terms and simplifying we get 

d 2 T x 



dx 2 



= -S)(l-eTi)exp(-e)exp(e0QTi). (8.63) 



Now, let us once again take the high activation energy limit and insist that e be defined such 
that 

(8.64) 



QQ 



This gives us 



^T = --(l-eT 1 )exp(-9)exp(T 1 ). (8.65) 

dx z e 

We have gained an analytic advantage once again by moving the temperature into the nu- 
merator of the argument of the exponential. 

Now, let us neglect eT\ as small relative to 1 and define a new parameter 5 such that 

D 
6= — exp(-9) =S}Qeexp(-9). (8.66) 

e 



Our governing equation system then reduces to 

d 2 T x 



5e T \ (8.67) 



dx 
Ti(-l) = T 1 (1) = 0. (8.68) 

It is still not clear how to solve this. It seems reasonable to assume that T\ should have 
symmetry about x = 0. If so, we might also presume that the gradient of T\ is zero at x = 0: 



dT x 



dx 
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x=0 
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which induces Ti(0) to take on an extreme value, say 2i(0) = T™, where m could denote 
maximum or minimum. Certainly T™ is unknown at this point. 

Let us explore the appropriate phase space solution. To aid in this, we can define q as 

dT\ 

« S -3T (8 - 70) 

We included the minus sign so that q has a physical interpretation of heat flux. With this 
assumption, Eq. (I8.67P can be written as two autonomous ordinary differential equations in 
two unknowns: 

|I = 5e T \ q(0) = 0, (8.71) 

dT 

-i = -q, 21(0)= IT (8-72) 

dx 

This is slightly unsatisfying because we do not know T"\ But we presume it exists, and is 
a constant. Let us see if the analysis can reveal it by pressing forward. 
Let us scale Eq. fl8J2|) by Eq. (15771]) to get 

Now, Eq. ( 18.73ft can be solved by separating variables. Doing so and solving we get 

-8e Tr dT x = qdq, (8.74) 

-5e Tl = — + C. (8.75) 

Applying the initial condition, we get 

-5e T ™ = C, (8.76) 

| = 8(fT-<P), (8.77) 



25(e T ? - e T i). (8.78) 

The plus square root is taken here. This will correspond to x e [0, 1]. The negative square 
root will correspond to x G [—1,0]. 

We can now substitute Eq. (187781) into Eq. (1872]) to get 

dT x 
dx 

Once again separate variables to get 

dT x 



25{e T ? - e r 0- (8.79) 



VW 



e- 1 ! — e 



TV 



-dx. (8.80) 
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Computer algebra reveals this can be integrated to form 

V^tanh -1 (Jl 



e- 1 ! 



/ 2 V5 



x + C. (8.81) 



Now, when x = 0, we have T\ = T™. The inverse hyperbolic tangent has an argument of 
zero there, and it evaluates to zero. Thus, we must have C = 0, so 



v^tanrT 1 ( Jl - §7) 

VV e ^ = x, (8.82) 



eWy/S 



tanh" 1 ! \/l- J^j = e T ?l 2 ^ 5 -x. (8.83) 



Now, recall that 

tanh" 1 Jl- /3 2 = sech" 1 /?, 



so Eq. ( 18.83ft becomes 

sech" 1 {j^\ = e T ™' 2 ^-x, (8.84) 

e a^r = §ech | e T r / 2 y|j ? (885) 

Jt = e T ™/ 2 sech(e T ™/ 2 ^xY (8.86) 

So, we have an exact solution for Ti(x). This is a nice achievement, but we are not sure it 
satisfies the boundary condition at x = 1, nor do we know the value of T™. We must choose 
T™ such that Ti(l) = 0, which we have not yet enforced. So 

= 21n(e T "/ 2 sech( e T 1 m / 2 7|) ). (8.88) 

Only when the argument of a logarithm is unity does it map to zero. So, we must demand 
that 

e^sech (V^yij = 1, (8.89) 
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Figure 8.1: Plot of maximum temperature perturbation T™ versus reaction rate constant 5 
for steady react ion- diffusion in the high activation energy limit. 



e T i m /V- 



cosh" 1 (e T ™/ 2 ) , 



Jl = e-^cosh- 1 ^ 2 ) 



(8.91) 
(8.92) 



Equation ( 18.921) gives a direct relationship between 8 and T™. Given T™, we get 8 explicitly. 
Thus, we can easily generate a plot; see Fig 18.11 The inverse cannot be achieved analytically, 
but can be done numerically via iterative techniques. We notice a critical value of 8, 8 C = 
0.878458. When 5 = 8 C = 0.878458, we find T x m = 1.118684. For 8 < 8 C , there are two 
admissible values of T™. That is to say the solution is non-unique for 5 < 5 C . Moreover, 
both solutions are physical. For 5 = 5 C , there is a single solution. For 8 > 8 C , there are no 
steady solutions. 

Note also that since we have from Eq. (j8.6ip that T ~ e7\ and from Eq. 08.64]) that 
e = 1/Q/Q, we can say 



rp I. 



eg' 



(8.93) 



Presumably re-introduction of neglected processes would aid in determining which solu- 
tion is realized in nature. We shall see that transient stability analysis aids in selecting the 
correct solution when there are choices. We shall also see that re-introduction of reaction 
depletion into the model induces additional physical solutions, including those for 8 > 8 C . 
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T, 




Figure 8.2: Plot of Ti(x) for 5 = 0.4 showing the two admissible steady solutions. 



For S = 0.4 < S c we get two solutions. Both are plotted in Fig l8.2l The high temperature 
solution has T™ = 3.3079, and the low temperature solution has T™ = 0.24543. At this 
point we are not sure if either solution is temporally stable to small perturbations. We shall 
later prove that the low temperature solution is stable, and the higher temperature solution 
is unstable. Certainly for 5 > 5 C , there are no low temperature solutions. We will see that 
upon re-introduction of missing physics, there are stable high temperature solutions. To 
prevent high temperature solutions, we need 5 < 5 C . 

Now, recall from Eq. (I8.66P that 

5 = DQ9e- e . 

Now, to prevent the high temperature solution, we demand 

5 = DQ9e- e < 0.878458. 

Let us bring back our dimensional parameters to examine this criteria: 

2)Q0e- < 0.878458, 
-8 



L 2 a q £ 



^T ex P = 



< 0.878458. 



^c v T RT * \RT 
® Q ^e^ 
Thus, the factors that tend to prevent thermal explosion are 

• High thermal diffusivity; this removes the thermal energy rapidly, 

• Small length scales; the energy thus has less distance to diffuse, 

• Slow reaction rate kinetics, 

• High activation energy. 



(8.94) 



(8.95) 



(8.96) 
(8.97) 
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8.3.2 Method of weighted residuals 

The method of the previous section was challenging. Let us approach the problem of calculat- 
ing the temperature distribution with a powerful alternate method: the method of weighted 
residuals, using so-called Diraqfl delta functions as weighting functions. We will first briefly 
review the Dirac delta function, then move on to solving the Frank-Kamenetskii problem 
with the method of weighted residuals. 

The Dirac S £>- distribution (or generalized function, or simply function), is defined by 

/ f(x)5 D (x - a)dx = { ° , X l a ^ | a ' (?! (8.98) 

J a V ' V ' I f(a) if«e [a, 13] v ; 

From this it follows by considering the special case in which f(x) = l that 

5 D (x-a) = if x i- a (8.99) 

S D (x-a)dx = 1. (8.100) 



Let us first return to Eq. (I8.67p . rearranged as 

d 2 Ti 



dx2 . &* = 0, (8.101) 

T 1 (-l)=Ti(l) = 0. (8.102) 



We shall approximate Ti(x) by 



N 

T x {x) = T a (x) = J2 Cifi(x). (8.103) 

At this point, we do not know the so-called trial functions fi(x) nor the constants q. 

8.3.2.1 One-term collocation solution 

Let us choose ft(x) to be linearly independent functions which satisfy the boundary condi- 
tions. Moreover, let us consider the simplest of approximations for which N = 1. A simple 
function which satisfies the boundary conditions is a polynomial. The polynomial needs to 
be at least quadratic to be non-trivial. So, let us take 

/i(x) = l-x 2 . (8.104) 

Note this gives /i(— 1) = A(l) = 0- So, our one-term approximate solution takes the form 

T a {x) = Cl {l-x 2 ). (8.105) 



IPaul Adrien Maurice Diracl 1902-1984, English physicist. 
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We still do not yet have a value for c\. Let us choose d so as to minimize a residual error 
of our approximation. The residual error of our approximation r(x) will be 

r( x ) = ^ + 5e T ^ x \ (8.106) 

ax 1 

= A_( Cl (l-x 2 ))+5exp( Cl (l-x 2 )), (8.107) 

= -2ci + +5exp(ci(l-x 2 )). (8.108) 

If we could choose c\ in such a way that r(x) was exactly for x G [—1, 1], we would be done. 
That will not happen. So, let us choose c\ to drive a weighted domain-averaged residual to 
zero. That is, let us demand that 

/ 0i(x)r(x) dx = 0. (8.109) 

We have introduced here a weighting function ipi(x). Many choices exist for the weighting 
function. If we choose ipi (x) = fi(x) our method is known as a Galerkirxj method. Let 
us choose instead another common weighting, ipi(x) = 5d(x). This method is known as a 
collocation method. We have chosen a single collocation point at x = 0. With this choice, 
Eq. 08 .1091) becomes 

/ 5 D (x) (-2ci + <5exp( Cl (l-x 2 ))) dx = 0. (8.110) 

The evaluation of this integral is particularly simple due to the choice of the Dirac weighting. 
We simply evaluate the integrand at the collocation point x = and get 

-2ci + +5exp(ci) = 0. (8.111) 

Thus, 

5 = 2 Cl e- Cl . (8.112) 

Note here 5 is a physical parameter with no relation the Dirac delta function 5d- Note that 
with our approximation T a = ci(l — x 2 ), that the maximum value of T a is T™ = c\. So, we 

can say 

6 = 2T™e- T ™. (8.113) 

We can plot T™ as a function of 5; see Fig 18.31 Note the predictions of Fig. 18.31 are 
remarkably similar to those of Fig. 18.11 For example, when 5 = 0.4, numerical solution of 
Eq. (18.1131) yields two roots: 

T a m = 0.259171, T a m = 2.54264. (8.114) 



e Boris Gigoryevich Galerkin, 1871-1945, Russian-Soviet engineer. 
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Figure 8.3: Plot of maximum temperature perturbation T™ versus reaction rate constant S 
for steady react ion- diffusion using a one-term collocation method. 

Thus, we get explicit approximations for the high and low temperature solutions for a one- 
term collocation approximation: 



T a (x) = 0.259171(1 -x 2 ), 
T a {x) = 2.54264(1 - x 2 ). 



(8.115) 
(8.116) 



Plots of the one-term collocation approximation T a (x) for high and low temperature solutions 
are given in Fig 18.41 

We can easily find 5 C for this approximation. Note that differentiating Eq. ( 18.1131) gives 



d5 
dTT' 



2e-^(l-T a m ). 



(8.117) 



A critical point exists when d5/dT™ = 0. We find this exists when T™ = 1. So, 5 C = 
2(l)e" 1 = 0.735769. 

8.3.2.2 Two-term collocation solution 

We can improve our accuracy by including more basis functions. Let us take N = 2. We 
have a wide variety of acceptable choices for basis function that 1) satisfy the boundary 
conditions, and 2) are linearly independent. Let us focus on polynomials. We can select the 
first as before with fi(x) = 1 — x 2 as the lowest order non-trivial polynomial that satisfies 
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3.5 : 
3.0 : 




Figure 8.4: Plots of high and low temperature distributions T a (x) using a one-term colloca- 
tion method. 



both boundary conditions. We could multiply this by an arbitrary constant, but that would 
not be of any particular use. Leaving out details, if we selected the second basis function as 
a cubic polynomial, we would find the coefficient on the cubic basis function to be c 2 = 0. 
That is a consequence of the oddness of the cubic basis function and the evenness of the 
solution we are simulating. So, it turns out the lowest order non-trivial basis function is a 
quartic polynomial, taken to be of the form 



f 2 (x) = «o + a i x + a 2% 2 + a 3^ 3 + 04a; 4 . 
We can insist that f 2 (— 1) = and f 2 iX) = 0. This gives 



do + a-i + a 2 + a 3 + a 4 = 0, 
a o — a i + a-2 — a 3 + &4 = 0. 



(8.118) 



(8.119) 
(8.120) 



We solve these for a and a x to get a = —a 2 — a^, a x = — a 3 . So, our approximation is 

f2(x) = (— a 2 — 04) — a 3% + 02^ 2 + a 3^ 3 + 04a; 4 . (8.121) 

Motivated by the fact that a cubic approximation did not contribute to the solution, let us 
select a 3 = so to get 



.M^) = ( — a 2 — a i) + a 2% 2 + 04X 4 . 



(8.122) 



Let us now make the choice that J_ 1 fi(x)f2(x) dx = 0. This guarantees an orthogonal 
basis, although these basis functions are not eigenfunctions of any relevant self-adjoint linear 
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operator for this problem. Often orthogonality of basis functions can lead to a more efficient 
capturing of the solution. This results in a 4 = — 7a 2 /8. Thus, 



1 7 

f 2 (x) = a 2 ( -- + x 2 - -x 4 



Let us select a 2 = 


—8 so that 




f 2 ( x ) = 1 - 8x 2 + 7x 4 = (1 - x 2 )(l - 


and 






/i(x) = 1-x 2 , 




f 2 (x) = (l-x 2 )(l-7x 2 



So, now we seek approximate solutions Ta(x) of the form 

T A (x) = ci(l - x 2 ) + c 2 (l - x 2 )(l - 7x 2 ). 
This leads to a residual r(x) of 

r{x) = ^A + Se T ^\ 
ax 2 

d 2 
= -^ { Cl (l - x 2 ) + c 2 (l - x 2 )(l - 7x 2 )) 

+5exp(ci(l - x 2 ) + c 2 (l - x 2 )(l - 7x 2 )), 

= -2ci + 56c 2 x 2 - 2c 2 (l - 7x 2 ) - 14c 2 (l - x 2 ) 

+5exp(ci(l - x 2 ) + c 2 (l - x 2 )(l - 7x 2 )). 

Now, we drive two weighted residuals to zero: 

l 

ipi(x)r(x) dx = 0, 
l 

i 

ijj 2 (x)r(x) dx = 0. 
l 



8.123) 



8.124) 



8.125) 
8.126) 



8.127) 

8.128) 

8.129) 
8.130) 

8.131) 
8.132) 



Let us once again choose the weighting functions ipi(x) to be Dirac delta functions so that we 
have a two-term collocation method. Let us choose unevenly distributed collocation points 
so as to generate independent equations taking x = and x = 1/2. Symmetric choices would 
lead to a linearly dependent set of equations. Other unevenly distributed choices would work 
as well. So, we get 

/ 5 D (x)r(x) dx = 0, (8.133) 

/ 5 D (x - l/2)r(x) dx = 0. (8.134) 
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or 



r(0) = 0, (8.135) 

r(l/2) = 0. (8.136) 



Expanding, these equations are 



-2ci- 16c 2 + 5exp(ci + c 2 ) = 0, (8.137) 

-2ci + 5c 2 + £exp ( -a- — c 2 ) = 0. (8.138) 



^4 16 

For 5 = 0.4, we find a high temperature solution via numerical methods: 

c x = 3.07054, c 2 = 0.683344, (8.139) 

and a low temperature solution as well 

cx = 0.243622, c 2 = 0.00149141. (8.140) 

So, the high temperature distribution is 

T A (x) = 3.07054(1 - x 2 ) + 0.683344(1 - x 2 )(l - 7x 2 ). (8.141) 

The peak temperature of the high temperature distribution is T™ = 3.75388. This is an 
improvement over the one term approximation of T™ = 2.54264 and closer to the high 
temperature solution found via exact methods of T™ = 3.3079. 
The low temperature distribution is 

T A (x) = 0.243622(1 - x 2 ) + 0.00149141(1 - x 2 )(l - 7x 2 ). (8.142) 

The peak temperature of the low temperature distribution is T™ = 0.245113. This in 
an improvement over the one term approximation of T™ = 0.259171 and compares very 
favorably to the low temperature solution found via exact methods of T™ = 0.24543. 

Plots of the two-term collocation approximation Ta(x) for high and low temperature 
solutions are given in Fig 18.51 While the low temperature solution is a very accurate repre- 
sentation, the high temperature solution exhibits a small negative portion near the boundary. 

8.3.3 Steady solution with depletion 

Let us return to the version of steady state reaction with depletion without resorting to the 
high activation energy limit, Eq.( 18.60l) : 

1 d 2 T , N / -9 \ , 

= s^^-^HtTqtJ' (8 ' 143) 

= T(-1)=T(1). (8.144) 

ICC BY-NClMl 08 August 2012, J. M. Powers. 



8.3. STEADY SOLUTIONS 289 



4h 




Figure 8.5: Plots of high and low temperature distributions Ta(x) using a two-term colloca- 
tion method. 



d 2 T f -0 

-2)(1-T)exp y— ), (8.145) 



Rearrange to get 



dx 2 v ' * \ 1 + QT 

= -Pf^lq-W^g-V (8.146) 

Q9exp(-0) 1 ; P Vl + Qr; l ; 

Now, simply adapting our earlier definition of 5 = 2D<5©exp(— 0), which we note does not 
imply we have taken any high activation energy limits, we get 

d 2 T ,exp(6) / -6 \ , 



dx 2 QO v " ' "~ r \1 + QT / 

T(-l) = T(1) = 0. (8.148) 

Equations fl8.147H8.148l) can be solved by a numerical trial and error method where we 
demand that dT/dx(x = 0) = and guess T(0). We keep guessing T(0) until we have 
satisfied the boundary conditions. 

When we do this with S = 0.4, Q = 15, Q = 1 (so £> = 8e e /Q/Q = 87173.8 and 
e = 1/Q/Q = 1/15), we find three steady solutions. One is at low temperature with T m = 
0.016. This is essentially equal that predicted by our high activation energy limit estimate 
of T m ~ eT™ = 0.24542/15 = 0.016. We find a second intermediate temperature solution 
with T m = 0.417. This is a little higher than that predicted in the high activation limit of 
T m ~ eTf = 3.3079/15 = 0.221. And we find a high temperature solution with T m = 0.987. 
There is no counterpart to this solution from the high activation energy limit analysis. Plots 
of T(x) for high, low, and intermediate temperature solutions are given in Fig 18.61 
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Figure 8.6: Plots of high, low, and intermediate temperature distributions T(x) for 5 = 0.4, 
Q = 1, = 15. 

We can use a one-term collocation approximation to estimate the relationship between 5 
and T m . Let us estimate that 



T a (x) = Cl (l-x 2 ). 
With that choice, we get a residual of 

r(*) = -2c 1 + — «p(6- 1 + 



(8.149) 



(l- Cl (l-x 2 )). 



(8.150) 



We choose a one term collocation method with -0i(:c) = 5d(x). Then, setting f ip 1 (x)r(x)dx 
gives 



r( 0) = -2c 1 + A exp (e- T ^](l-c 1 ) = 0. 



(8.151) 



We solve for 5 and get 



2ci ge 

5= -^exp 



1-Ci e 



<-> 







1 + ciQ 



(8.152) 



The maximum temperature of the approximation is given by T™ = ci and occurs at x = 0. 
A plot of T^" versus <5 is given in Fig 18.71 For 5 < 8 C \ ~ 0.2, one low temperature solution 
exists. For 5 cl < S < S C 2 ~ 0.84, three solutions exist. For 5 > S&, one high temperature 
solution exists. 
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Figure 8.7: Plots of T™ versus 5, with Q 
mate solution. 



1, © = 15 from a one-term collocation approxi- 



8.4 Unsteady solutions 

Let us know study the effects of time-dependency on our combustion problem. Let us 
consider the planar, m = 0, version of Eqs. ( 18.521) : 



dT 
~dt 

T(-l,t) 



1 d 2 T , 

— + (1-T)exp 



S dx 

T(l,t) = 



-G 



1 + QT 
T(x,0) = 0. 



(8.153) 



8.4.1 Linear stability 

We will first consider small deviations from the steady solutions found earlier and see if those 
deviations grow or decay with time. This will allow us to make a definitive statement about 
the linear stability of those steady solutions. 



8.4.1.1 Formulation 

First, recall that we have independently determined three exact numerical steady solutions 
to the time- independent version of Eq. (j8. 153ft . Let us call any of these T e (x). Note that by 
construction T e (x) satisfies the boundary conditions on T. 

Let us subject a steady solution to a small perturbation and consider that to be our 
initial condition for an unsteady calculation. Take then 



T{x, 0) = T e {x) + eA(x), A(-l) = A(l) = 0, 
A(x) = 0(l), 0<e<l. 



(8.154) 
(8.155) 



\CC BY-NGW)} 08 August 2012, J. M. Powers. 



292 CHAPTER 8. SIMPLE SOLID COMBUSTION: REACTION-DIFFUSION 

Here, A(x) is some function which satisfies the same boundary conditions as T(x,t). 
Now, let us assume that 

T{x,t) = T e (x) + €T'(x,t). (8.156) 

with 

T'(x,0) = A(x). (8.157) 

Here, V is an 0(1) quantity. We then substitute our Eq. (18.1561) into Eq. (18.1531) to get 



|(r.(x) + ^,t)) = 1| 



(T e (x) + eT'(x, t)) -^ (T e (x) + eT'(x, £)) 



+ (1 - T e (x) - eT'fs, t)) exp ( — - " J . 

(8.158) 

From here on we will understand that T e is T e (x) and T' is T'(x,t). Now, consider the 
exponential term: 

eXP \l + QT e + QeT') = 6XP yi + QT e l + T J^reT') ' 

~ exp ( ~ 9 fl ^_eT'^ , (8.160) 



0_\ x / eQQ 

+- grJ exp V(i + gT e 



ex P ( ^T^tt ) exp ( ,., ; ^ f ) , (8.161) 



-pIt^)0 + (T^^]- (««) 



So, our Eq. (18.1580 can be rewritten as 

d , , N 1 9 2 , 



1 d 2 

(Te + eT') 



sax 2 



i a 2 

(T. + eT') 



£ (9x 2 
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e d 2 T 1 d 2 T e ( -9 \ 






(8.163) 



Now, we recognize the bracketed term as zero because T e (x) is constructed to satisfy the 
steady state equation. We also recognize that dT e (x)/dt = 0. So, our equation reduces to, 
neglecting 0(e 2 ) terms, and canceling e 

-w - ^ + exp [ttqtJ I" 1 + w) T ' (8 ' 164) 

Equation (j8.164p is a linear partial differential equation for T'(x,t). It is of the form 

dT' 1 d 2 T' 
~~dt~ ^~dx Y 
with 



B(x)T', (8.165) 



B(l)Eeip f_i_W_ 1 + Pi»). (8 . 166) 

8.4.1.2 Separation of variables 

Let us use the standard technique of separation of variables to solve Eq. (I8.165|) . We first 
assume that 

T'(x,t) = H(x)K(t). (8.167) 

So, Eq. ( 18.1651) becomes 

dK(t) 1 d 2 H(x) 

H(x)^= = ±K(t)^^ + B(x)H(x)K(t), (8.168) 

1 dKCt) 1 1 d 2 H(x) , s , 

'■ J B(x) = -A. (8.169) 



A'(t) dt S)ff(s) dx 2 

Since the left side is a function of t and the right side is a function of x, the only way the 
two can be equal is if they are both the same constant. We will call that constant —A. 
Now, Eq. (I8.169P really contains two equations, the first of which is 

^± + \K(t) = 0. (8.170) 

dt 

This has solution 

K(t) = Cexp(-\t), (8.171) 
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where C is some arbitrary constant. Clearly if A > 0, this solution is stable, with time 
constant of relaxation r = 1/A. 

The second differential equation contained within Eq. (18. 169[) is 

1 d 2 H(x) 

■B(x)H(x) = -\H(x), (8.172) 



D dx 2 

^ + B{X) ) H{X) = ~ XH ^- ( 8 - 173 ) 

This is of the classical eigenvalue form for a linear operator C; that is C(H(x)) = —XH(x). 
We also must have 

H(-1) = H(1) = 0, (8.174) 

to satisfy the spatially homogeneous boundary conditions on T'(x,t). 

This eigenvalue problem is difficult to solve because of the complicated nature of B(x). 
Let us see how the solution would proceed in the limiting case of B as a constant. We will 
generalize later. 

If B is a constant, we have 

d 2 H 

— -=■ + {B + \)®H = 0, H(-1) = H(1) = 0. (8.175) 

dx 1 

The following mapping simplifies the problem somewhat: 

x + 1 , 

y = —. (8.176) 

This takes our domain of x £ [— 1, 1] to y £ [0, 1]. By the chain rule 

dH dHdy 1 dH 
dx dy dx 2 dy 

So 

d 2 H 1 d 2 H 



dx 2 4 dy 2 
So, our eigenvalue problem transforms to 

d 2 H 



4®(B + \)H = 0, H(0) = H(l) = 0. (8.177) 



dy 2 
This has solution 

H(y) = d cos ((V4S)(B + A) )y) + C 2 sin ((>/i©(B + A)) y) . (8.178) 

At y = we have then 

H(0) = = d(l) + C 2 (0), (8.179) 
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so d = 0. Thus, 

H(y) = C 2 sin ((>/4S)(B + A)) y) . (8.180) 

At y = 1, we have the other boundary condition: 

#(1) = = C 2 sin ((^42) (5 + A))) . (8.181) 

Since C 2 ^ to avoid a trivial solution, we must require that 

sm({y/AD(B + X))\ =0. (8.182) 

For this to occur, the argument of the sin function must be an integer multiple of 7r: 



y/45)(B + \) =nir, n = 1,2,3,... (8.183) 

Thus, 



n 2 ir 2 
\='^—-B. (8.184) 

42) v ; 

We need A > for stability. For large n and ID > 0, we have stability. Depending on the 
value of B, low n, which corresponds to low frequency modes, could be unstable. 

8.4.1.3 Numerical eigenvalue solution 

Let us return to the full problem where B = B(x). Let us solve the eigenvalue problem via 
the method of finite differences. Let us take our domain x G [—1,1] and discretize into N 
points with 

2 
Ax = — — -, Xl = (i-l)Ax-l. (8.185) 

Note that when i = 1, X{ = — 1, and when i = N, Xi = 1. Let us define B(x.j) = Bi and 
H( Xi ) = Hi. 

We can rewrite Eq. (J8.172P as 

, ; ' +®{B(x) + \)H(x) = 0, H(-1)=H(1) = 0. (8.186) 

ax 2 

Now, let us apply an appropriate equation at each node. At % = 1, we must satisfy the 
boundary condition so 

#i = 0. (8.187) 

At z = 2, we discretize Eq. (I8.186J) with a second order central difference to obtain 

Hl ~f x l + H3 + ®(B 2 + A)iJ 2 = 0. (8.188) 
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We get a similar equation at a general interior node i: 



H 



t-i 



IHa + Ha 



i+1 



Ax 2 
At the i = N — 1 node, we have 

Hn-2 — 2-£/ai_i + Hn 
Ax~ 2 



®(B i + \)H i = 0. 



T){B 



N-l 



X)H 



N-l 



0. 



At the i = N node, we have the boundary condition 

H N = 0. 
These represent a linear tri-diagonal system of equations of the form 



/(- 



XI Ax 2 
1 



+ B 2 ) 



SAx 2 





( 



£>Az 2 
2 i 



£>Aa 



B, 





i 



l 



SAz 2 








£>Az 2 



o\ 







#3 



/ V ; / 



(8.189) 



(8.190) 



(8.191) 



i^3 



V ; 1 



(8.192) 



This is of the classical linear algebraic eigenvalue form L • h = —Ah. All one need do is 
discretize and find the eigenvalues of the matrix L. These will be good approximations to the 
eigenvalues of the differential operator C. The eigenvectors of L will be good approximations 
of the eigenfunctions of C To get a better approximation, one need only reduce Ax. 

Note because the matrix L is symmetric, the eigenvalues are guaranteed real, and the 
eigenvectors are guaranteed orthogonal. This is actually a consequence of the original prob- 
lem being in Sturm- Liouville form, which is guaranteed to be self-adjoint with real eigenvalues 
and orthogonal eigenfunctions. 

8.4.1.3.1 Low temperature transients For our case of 5 = 0.4, Q = 1, G = 15 (so 

X) = 87173.8), we can calculate the stability of the low temperature solution. Choosing 
N = 101 points to discretize the domain, we find a set of eigenvalues. They are all positive, 
so the solution is stable. The first few are 

A = 0.0000232705,0.000108289,0.000249682,0.000447414,.... (8.193) 

The first few eigenvalues can be approximated by inert theory with B(x) = 0, see Eq. (18. 184|) : 

n 7T 
A ~ —— = 0.0000283044, 0.000113218, 0.00025474, 0.00045287, .... (8.194) 

The first eigenvalue is associated with the longest time scale r = 1/0.0000232705 = 
42972.9 and a low frequency mode, whose shape is given by the associated eigenvector, 
plotted in Fig. 18.81 This represents the fundamental mode. Shown also in Fig. 18.81 are the 
first and second harmonic modes. 
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-1.0 




Figure 8.8: Plots of fundamental, first, and second harmonic modes of eigenfunctions versus 
x, with S = 0.4, Q = 1, G = 15, low temperature steady solution T e (x). 



8.4.1.3.2 Intermediate temperature transients For the intermediate temperature 
solution with T m = 0.417, we find the first few eigenvalues to be 



A = -0.0000383311,0.0000668221,0.000209943, 



(8.195) 



Except for the first, all the eigenvalues are positive. The first eigenvalue of A = —0.0000383311 
is associated with an unstable fundamental mode. All the harmonic modes are stable. We 
plot the first three modes in Fig. 18.91 






Figure 8.9: Plot of fundamental, first, and second harmonic modes of eigenfunctions versus 
x, with S = 0.4, Q = 1, G = 15, intermediate temperature steady solution T e (x). 



8.4.1.3.3 High temperature transients For the high temperature solution with T T 
0.987, we find the first few eigenvalues to be 



A = 0.000146419, 0.00014954, 0.000517724, . . . 



(8.196) 



All the eigenvalues are positive, so all modes are stable. We plot the first three modes in 
Fig.EHB. 



8.4.2 Full transient solution 



We can get a full transient solution to Eqs. (18.1530 with numerical methods. We omit details 
of such numerical methods, which can be found in standard texts. 
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Figure 8.10: Plot of fundamental, first, and second harmonic modes of eigenfunctions versus 
x, with 5 = 0.4, Q = 1, = 15, high temperature steady solution T e (x). 
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Figure 8.11: Plot of T(x, t) and plot of T(0, t) along with the long time exact low temperature 
centerline solution, T e (0), with 5 = 0.4, Q = 1, 6 = 15. 

8.4.2.1 Low temperature solution 

For our case of 5 = 0.4, Q = 1, G = 15 (so 33 = 87173.8), we show a plot of the full transient 
solution in Fig. 18.111 Also seen in Fig. 18. Ill is that the centerline temperature T(0, t) relaxes 
to the long time value predicted by the low temperature steady solution: 



limT(0,£) = 0.016. 

t— >oo 



(8.197) 



8.4.2.2 High temperature solution 

We next select a value of S = 1.2 > 5 C . This should induce transition to a high temperature 
solution. We maintain 9 = 15, Q = 1. We get 2) = 8e e /Q/Q = 261521. The full transient 
solution is shown in Fig. 18.121 Also shown in Fig. 18.121 is the centerline temperature T(0,t). 
We see it relaxes to the long time value predicted by the high temperature steady solution: 



limT(0,£) =0.9999185. 

t— >oo 



5.198) 
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Figure 8.12: Plot of T(x, t) and plot of T(0, t) along with the long time exact low temperature 
centerline solution, T e (0), with 8 = 1.2, Q = 1, = 15. 

It is clearly seen that there is a rapid acceleration of the reaction for t ~ 10 6 . This compares 
with the prediction of the induction time from the infinite Damkohler number, ID — > oo, 
thermal explosion theory of explosion to occur when 



,15 



t 



QQ (1)(15) 



2.17934 x 10 5 



(8.199) 



The estimate under-predicts the value by a factor of five. This is likely due to 1) cooling 
of the domain due to the low temperature boundaries at x = ±1, and 2) effects of finite 
activation energy. 
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Chapter 9 

Laminar flames: 
reaction-advection-diffusion 



There is no more open door by which you can enter into the study of natural 
philosophy than by considering the physical phenomena of a candle. 

Michael Faraday (1791-1867)[ The Chemical History of a Candle, Griffin and 
Bohn, London, 1861. 



Here, we will consider premixed one-dimensional steady laminar flames. Background 
is available in many sources iWl This topic is broad, but we will restrict attention to the 



simplest cases. We will consider a simple reversible kinetics model 

A^B, (9.1) 

where A and B have identical molecular masses, Ma = Mp = M, and are both calorically 
perfect ideal gases with the same specific heats, cpa = cpp = cp. Because we are modelling 
the system as premixed, we consider species A to be composed of molecules which have their 
own fuel and oxidizer. This is not common in hydrocarbon kinetics, but is more so in the 
realm of explosives. More common in gas phase kinetics are situations in which cold fuel and 
cold oxidizer react together to form hot products. In such a situation, one can also consider 
non-premixed flames in which streams of fuel first must mix with streams of oxidizer before 
significant reaction can commence. Such flames will not be considered in this chapter. 

We shall see that the introduction of advection introduces some unusual mathematical 
difficulties in properly modelling cold unreacting flow. This will be overcome in a way 
which is aesthetically unappealing, but nevertheless useful: we shall introduce an ignition 
temperature T ig in our reaction kinetics law to suppress all reaction for T < T ig . This 
will serve to render the cold boundary to be a true mathematical equilibrium point of the 



Buckmaster, J. D., and Ludford, G. S. S., 2008, Theory of Laminar Flames, Cambridge, Cambridge. 
2 Williams, F. A., 1985, Combustion Theory, Benjamin-Cummings, Menlo Park, California. 
3 Law, C. K., 2006, Combustion Physics, Cambridge, Cambridge. 
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model; this is not a traditional chemical equilibrium, but it is an equilibrium in the formal 
mathematical sense nonetheless. 



9.1 Governing Equations 

9.1.1 Evolution equations 

We will first consider conservation and evolution equations which are independent of any 
specific material. 

9.1.1.1 Conservative form 

Let us commence with the one-dimensional versions of Eqs. ( I6.1H6.3P and ( 16.5ft : 

|? + |-(H = 0, (9.2) 

at dx 

^M + lkW + P-T) = °> ( 9 - 3 ) 

IK e+ H) + ^( pn ( e+ H +/+(p - r)n ) = °' (9 - 4) 

^- t (pY B ) + -^(puY B +j%) = Mu B . (9.5) 

9.1.1.2 Non-conservative form 

Using standard reductions similar to those made to achieve Eqs. (I6.34p . (I6.37P . (16.42ft . (I6.54p . 
the non-conservative form of the governing equations, Eqs. (I9.2H9.5P is 

dp dp du 

du du dP dr 

dt dx dx dx 

de de dj q du du . 

dt dx dx dx dx 

tw+^ + % - "*» ^ 

Equations ( l9.6H9.9p can be written more compactly using the material derivative, d/dt = 
d/dt + ud/dx: 

dp du , _ , 

i + ^ x = »• < 910 > 

du dP dr 
dt dx dx 
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de dj q ^du du n , n „. 

P37 + ^ + ^^-T— = 0, (9.12) 



dt dx dx dx 

dt dx 



P^ + W = Mu B . (9.13) 
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9.1.1.3 Formulation using enthalpy 

It will be more useful to formulate the equations using enthalpy. Use the definition of 
enthalpy Eq. (I3.78p . h = e + Pv = e + P/p, to get an expression for dh: 

(9.14) 
(9.15) 
(9.16) 
(9.17) 

Now, using the mass equation, Eq. (I9.10p to eliminate Pdu/dx in the energy equation, 
Eq. (I9.12p . the energy equation can be rewritten as 

de dj q P dp du 
dt dx p dt dx 

Next use Eq. ( 15171) to simplify Eq. fl9~T8|) : 

dh dj q dP du 
dt dx dt dx 

9.1.1.4 Low Mach number limit 

In the limit of low Mach number, one can do a formal asymptotic expansion with the recip- 
rocal of the Mach number squared as a perturbation parameter. All variables take the form 
■0 = ifto + M 2 ^! + . . ., where ip is a general variable, and M is the Mach number, not to be 
confused with the molecular mass M. In this limit, the linear momentum equation can be 
shown to reduce at leading order to dP /dx = 0, giving rise to P = P {t). 

We shall ultimately be concerned only with time-independent flows where P = P . 
We adopt the constant pressure assumption now. Also in the low Mach number limit, it 
can be shown that viscous work is negligible, so rdu/dx ~ 0. Our evolution equations, 
Eqs. ( I9.10p . (l9.19j) . (l9.13j) . then in the low Mach number, constant pressure limit are 

dp dp du n . . 

i +u £ + ^ = °- (9 - 20) 
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dh 



dh 

dx dx 



dY E 



pu- 



dY h 



Ox 



df 

dc 

dffi 

dx 



0. 
Mu B . 



(9.21) 
(9.22) 



Note that we have effectively removed the momentum equation. It would re-appear in a 
non-trivial way were we to formulate the equations at the next order. 
Equations (I9.20H9.22")) take on the conservative form 



dt dx 



d_ 

Of 



(ph) 



d_ 

dx 



(puh + f 



|c^) + J^+#: 



0. 
0. 

Mu B . 



9.1.2 Constitutive models 

Equations fl9.20ti9.22j) are supplemented by simple constitutive models: 



Po 

h 



Jb 



pRT, 

c P (T - T ) - Y B q, 
dY B 



-pV- 



dx 



LO B 



K r 



dT dY B 

dx dx 



aT P e -e/(RT)_^ {1 _ Y 
M y 



=Pa 




H(T-T ig ), 



>i/(RT) 



(9.23) 
(9.24) 
(9.25) 



(9.26) 
(9.27) 

(9.28) 
(9.29) 

(9.30) 
(9.31) 



Thus, we have nine equations for the nine unknowns, p, u, h, T, j q , Y B , j B , oj b , K c . 

Many of these are obvious. Some are not. First, we note the new factor H(T — Ti g ) in 
our kinetics law, Eq. ( 19.30!) . Here, H is a Heaviside unit step function. For T < Ti g it takes 



(9.32) 



a value of zero. For T > T ig , it takes a value of unity: 



H(T - T t 



i a/ 



0, T<T ig , 



'.<r 
if-i ■ 



Next, let us see how to get Eq. (I9.28P from the more general Eq. (j6.8ip . We first take 
the thermal diffusion coefficient to be zero, Dj = 0. We also note since M^ = M B = M 
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that yk = Yk, that is mole fractions are the same as mass fractions. So, Eq. (16.811) simplifies 
considerably to 

N BY, 

3? = P £ D*-^. (9.33) 

Next we take D^ = V and write for each of the two diffusive mass fluxes that 



* - ^ 

Since Y A + Yb = 1, we have also 

Note that j™ + j% = 0, as required by Eq. (J6.6J) . 

Under the same assumptions, Eq. (16. 80ft reduces to 



oT 

k— + j%(h A , To + c P (T- T )) + JZ(h B , To + cp(T - T )), 



= 


-k^-j%h A , To +j%h B , To 


= 


dT 

-k— - Jb (h A , To ~ h B , To ) 

OX «« w ' 




=y 


i 9 = 




f = 


ax ax 



9.38) 
9.39) 
9.40) 

9.41) 
9.42) 

9.43) 
9.44) 

9.45) 
Ofor 

9.46) 
J ' v 
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Here, we have defined a heat release per unit mass, q, as 

q = h A ,T — hs,T - 

For the equilibrium constant K c , we specialize Eq. (I4.270J) . recalling v A + v& = 1 — 1 
our simple reaction kinetics, and get 

-AC? ' 

K c = exp 



9.34) 

9.35) 

9.36) 
9.37) 
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- exp (ZG^S)) , ( , 47) 

- exp C*-T«-to.-T'*) ) , (9 . 49) 

U A ~ "-B \ f S B ~ S A 



= ex P ( ''"- flr ''^ )ex P ( S ^^ S ^ ). (9.51) 

Here, because of constant specific heats for A and B, many terms have canceled. Let us take 
now s° BTo = s° ATo and our definition of the heat release, Eq. (j9.45p . to get 

K c = exp ( JL) . (9.52) 

9.1.3 Alternate forms 

Further analysis of the evolution equations combined with the constitutive equations can 
yield forms which give physical insight. 

9.1.3.1 Species equation 

If we combine our species evolution equation, Eq. (19.22ft with the constitutive law, Eq. (19.28[) . 

we get 

<*•> »k » U?*L\ _ MC B . (9.53) 



dt dx dx \ dx 

Note that for flows with no advection (u = 0), constant density (p = constant), and no 
reaction (lu b = 0), this reduces to the classical "heat" equation from mathematical physics 
dY B /8t = V(d 2 Y B /dx 2 ). 

9.1.3.2 Energy equation 

Consider the energy equation, Eq. ( 19.21ft . using Eqs. ( 19.27j9.29ft to eliminate h and j q : 

pA (c p (T - T ) - Y B q) +pu^- (c P (T - T ) - Y B q) + A ( -k^- + pVq 



at « „ > ax <« v > ax \ ox ox 

=h =h " v '-* 

(9.54) 
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d ( q\ d f q\ d f k dT dY B q 

dt \ c P J dx V cp/ (9x \cp dx dx c P 



(9.55) 



^L + U ^L- kdT _ J_ ( ^£ + u ^ _ A f p^ ] 

<9i <9x cp <9x 2 cp \ <9t <9:r 9a; V dx 



— -v 

-Mlob 



(9.56) 



We notice that the terms involving Yp simplify via Eq. (19.531) to yield an equation for 
temperature evolution 

8T dT k d 2 T q „, , 



<9i cte cp cfe 2 cp 

dT 
dt dx pc P dx 2 ' pep 



9T <9T k d 2 T g JT . , 

1 u— - = — — + —Muj b . (9.5? 



We note, see p. 12731 that thermal diffusivity a is 

k 

a = . 9.59 

pep 

We note here that this definition, convenient and in the combustion literature, is slightly 
non-traditional as it involves a variable property p. So, the reduced energy equation is 

dT dT d 2 T q „,. . . 

— + u— = a— + -^Mu B . 9.60 

dt dx dx z pep 

Equation (19.601) is closely related to the more general Eq. (I6.103J) . Note that for exothermic 
reaction, q > accompanied with production of product B, Co B > 0, induces a temperature 
rise of a material particle. The temperature change is modulated by energy diffusion. In the 
inert zero advection limit, we recover the ordinary heat equation dT/dt = a(d 2 T/dx 2 ). 

9.1.3.3 Shvab-Zel'dovich form 

Let us now adopt the assumption that mass and energy diffuse at the same rate. This is 
not difficult to believe as both are molecular collision phenomena in gas flames. Such an 
assumption will allow us to write the energy equation in the Shvab-Zel'dovich form such 
as studied in a more general sense in Sec. 16.51 We note the dimensionless ratio of energy 
diffusivity a to mass diffusivity V is known as the Lewicl number, he: 

Le = £. (9.61) 



■^Warren Kendall Lewis, 1882-1975, American chemical engineer. 
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If we insist that mass and energy diffuse at the same rate, we have Le = 1, which gives 

V = a = . (9.62) 

pc P 



With this assumption, the energy equation, Eq. (19.55)) . takes the form 

d ( T v q \ d ( q \ d ( k dT k dY B q 



dt \ cpj dx V cpj cp dx \dx \ cp 



d ( T - Y B ±\ 4- ul (t - Y„±) - ^-l (I ( T - Y B ± | 



dt \ cpj dx \ cpj pep dx \dx \ cp 

We rewrite in terms of the material derivative 



(9.63) 



(9.64) 



(9.65) 



dt \ c P J pep dx 2 \ c P J 

Equation (I9.66P holds that for a material fluid particle, the quantity T — Y B q/cp changes 
only in response to local spatial gradients. Now, if we consider an initial value problem in 
which T and Y B are initially spatially uniform and there are no gradients of either T or 
Y B at x — > ±oo, then there will no tendency for any material particle to have its value of 
T — Y B qjcp change. Let us assume that at t = 0, we have T = T and no product, so Y B = 0. 
Then, we can conclude that the following relation holds for all space and time: 

T-Y B ^- = T . (9.67) 

cp 



Solving for Y B , we get 



Y B = Cp(r ~ ro) . (9.68) 

q 



For this chapter, we are mainly interested in steady waves. We can imagine that our steady 
waves are the long time limit of a situation just described which was initially spatially 
uniform. Compare Eq. (19. 68ft to our related ad hoc assumption for reactive solids, Eq. (j8.26p . 
They are essentially equivalent, especially when one recalls that A plays the same role as Y B 
and for the reactive solid Cp ~ c v . 

We can use Eq. 09.68]) to eliminate Y B in the species equation, Eq. (19.53P to get a single 
equation for temperature evolution. First adopt the equal diffusion assumption, Eq. (19.62p . 
in Eq. (1933J) : 

dY B dY B d fkdY B \ 

p— — + pu— — — 1 = Mu B . 9.69 

dt dx dx \cp dx J 
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Next use Eq. (19.680 to eliminate Yr: 










d fc P (T-T )\ | u d fc P {T-T )\ 
dt \ q ) dx \ q J 


--2-I 

dx ' 




fc P (r-T )\\ 


(9.70) 



Simplifying, we get 

dT dT\ d 2 T 
dt dx ) dx 



P c p{— + u ~ ) - k int = qMu B . (9.7i; 



Now, let us use Eq. (I9.30p to eliminate iop\ 
(dT dT\ d 2 T 

P C P -7TT + U~- - K- 



\ dt dx J dx 2 

= P qaT^e-^ RT \l - Y B ) (l - ~Ty^ H{T ~ T ^ ^ 

Now, use Eq. ( 19.52[) to eliminate K c and Eq. ( 19.681) to eliminate Yp so to get 



(dT dT\ , d 2 T 
pep -£- + u— - k 



\dt dx J dx 2 

= pqaTfie-VW (l - Cp( - T ~ T °^ (l - e ^wJtj^\ H{T - T ig ). (9.73) 

Equation (19.730 is remarkably similar to our earlier Eq. (18.280 for temperature evolution in 
a heat conducting reactive solid. The differences are as follows: 

• We use cp instead of c v , 

• We have included advection, 

• We have accounted for finite /3, 

• We have accounted for reversible reaction. 

• We have imposed and ignition temperature. 

9.1.4 Equilibrium conditions 

We can gain further insights by examining when Eq. (19.730 is in equilibrium. There is one 
potential equilibria, the state of chemical equilibrium where K c = Yp/(1 — Yp) = Yp/Y^. 
This occurs when 

cp(T-T ) 



_ cp(T-T ) 



l -*/W_l-_ = o. (9.74) 
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Parameter 


Value 


Units 


Fundamental Dimensional 






T 


300 


K 


C P 


1000 


J/kg/K 


R 


287 


J/kg/K 


q 


1.5 x 10 6 


J/kg 


£ 


1.722 x 10 5 


J/kg 


a 


10" 5 


m 2 / s 


a 


10 5 


1/8 


u 


1.4142 


m/s 


Po 


10 5 


Pa 


T- 

J-ig 


600 


K 


Secondary Dimensional 






Po 


1.1614 


kg/m 3 


k 


0.0116114 


J/m/s 


Fundamental Dimensionless 






7 


1.4025 




Q 


5 




e 


2 




2) 


2 




Tig 


0.2 





Table 9.1: Numerical values of parameters for simple laminar flame calculation. 
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This is a transcendental equation for T. Let us examine how the equilibrium T varies for 
some sample parameters. For this and later calculations, we give a set of parameters in 
Table 19.11 Let us consider how the equilibrium temperature varies as q is varied from near 
zero to its maximum value of Table 19.11 The chemical equilibrium flame temperature and 
product mass fraction are plotted as functions of q in Figure |9~T1 For q = 0, the equilibrium 



2000 



1500 - 



1000 



500 



0.2 



750 000 

q (J/kg) 



1 500 000 



750 000 

q (J/kg) 



1 500 000 



Figure 9.1: Variation of chemical equilibrium temperature and product mass fraction with 
heat release. 

temperature is the ambient temperature. As q increases, the equilibrium temperature in- 
creases monotonically. When q = 0, the equilibrium mass fraction is Yg = 0.5; that is, there 
is no tendency for either products or reactants. As q increases, the tendency for increased 
product mass fraction increases, and Yg — > 1. 

There is also the state of complete reaction when Yg = 1, which corresponds to 

1 c P (T - T ) 



Q 



T 



0, 



T„ + ^ 



<1_ 
cp 



(9.75) 
(9.76) 



Numerically, at our maximum value of q = 1.5 x 10 6 J/kg, we get complete reaction when 
T = 1800 K. Note this state is not an equilibrium state unless K c — > oo. As x — > oo, 
we expect a state of chemical equilibrium and a corresponding high temperature. At some 
intermediate point, the temperature will have its value at ignition, T ig . We will ultimately 
transform our domain so the ignition temperature is realized at x = 0, which we can associate 
with a burner surface. We say that the flame is thus anchored to the burner. Without such 
a prescribed anchor, our equations are such that any translation in x will yield an invariant 
solution, so the origin of x is arbitrary. 

9.2 Steady burner-stabilized flames 

Let us consider an important problem in laminar flame theory: that of a burner-stabilized 
flame. We shall consider a doubly- infinite domain, x G (—00,00). We will assume that as 
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x — > — oo, we have a fresh unburned stream of reactant A, Ya = 1, Yb = 0, with known 
velocity u , density p and temperature T . The values of p and T will be consistent with 
a state equation so that the pressure has a value of P . 

9.2.1 Formulation 

Let us consider our governing equations in the steady wave frame where there is no variation 
with t: d/dt = 0. This, coupled with our other reductions, yields the system 

^-(pu) = 0, (9.77) 

dx 

dT ,dT ...mS -£/(ht) / , cp(T-T 



pucp z_ _ k __ pq aT e- £ '^ I 1 




dx dx 2 V Q 

- q/iRT) ^^^)H(T-T ig ), (9.78) 

P pRT. (9.79) 

Now, we have three equations for the three remaining unknowns, p, u, T. 

For a burner-stabilized flame, we assume at x — > — oo that we know the velocity, u , the 
temperature, T , and the density, p . We can integrate the mass equation to get 

pu = p u . (9.80) 

We then rewrite the remaining differential equation as 

dT ,dT ^o„ mfl-i -£/(ht) | i c P (T-T ) 



dx dx z R V 



c P (T-T ) 
1 




- z- ql{RT) : ^^ 7 1 ^( T - r to ). (9.8i) 



Our boundary conditions for this second order differential equation are 

dT 

> 0, x -> ±oo. 9.82) 

dx 

We will ultimately need to integrate this equation numerically, and this poses some difficulty 
because the boundary conditions are applied at ±oo. We can overcome this in the following 
way. Note that our equations are invariant under a translation in x. We will choose some 
large value of x to commence numerical integration. We shall initially assume this is near 
the chemical equilibrium point. We shall integrate backwards in x. We shall note the value 
of x where T = T ig . Beyond that point, the reaction rate is zero, and we can obtain an 
exact solution for T. We will then translate all our results so that the ignition temperature 
is realized at x = 0. 
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Let us scale temperature so that 




T = T 


K„V' 


erting, we see that 




T* = 


c P (T-T ) 



(9.83) 



(9.84) 
9 



We get a dimensionless ignition temperature Tig of 

cp(T iff - T ) 



T/G = li^^ <iL. (9.85) 

9 



Let us also define a dimensionless heat release Q as 



Q = -4r- (9.86) 



Thus 



^ = 1 + QT*. (9.87) 

Note that T* = 1 corresponds to our complete reaction point where Yb = 1. Let us also 
restrict ourselves, for convenience, to the case where /? = 0. With these scalings, and with 

O = -jL, (9.88) 

our differential equations become 

dT* d 2 T, P ( -G \ / 1-T* 

p u CpT Q— kT Q— — = —qaexp 



dx ^ dx 2 R* ' \1 + QTJ \T (l + QT 

dT* 

— -> 0, x -> ±oo. (9.90) 

dx 

Let us now scale both sides by p u cpT to get 

dT* k I d 2 T* P q a ( -6 \ / 1 - T* 

V - ; v^-^r = — ^ ^ exp' 



dx p c P u dx 2 PoRT cpT u \ 1 + QT* / \ 1 + QT„ 

1 =Q 



f qtJ i - t* 



x 1 " ex P - Z, ^ 7~V ^(r* - T /G ). (9.91) 
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Realizing that P = p RT , the ambient thermal diffusivity, a = k/(p cp) and canceling Q, 
we get 

dT* 1 d 2 T* a ( -9 \ / 1 - T, 



a — = — exp 



dx °u dx 2 u \ 1 + QT* J \ 1 + QT* 

Now, let us scale x by a characteristic length, L = u /a. This length scale is dictated by 
a balance between reaction and advection. When the reaction is fast, a is large, and the 
length scale is reduced. When the incoming velocity is fast, u is large, and the length scale 
is increased. 

x* = - = —. (9.93) 

L u 

With this choice of length scale, Eq. (I9.92p becomes 

dT* a d 2 T, ( -9 \ / 1 - % 



a o^—TT = ex P 



dx* °u 2 dxl \1 + QT*J \1 + QT* 



Now, similar to Eq. (18.360 . we take the Damkohler number 2) to be 

_^ aL 2 u 2 

D = = —2-. (9.95) 

In contrast to Eq. (18.360 the Damkohler number here includes the effects of advection. With 
this choice, Eq. (19.940 becomes 

dT* I d 2 T* ( -6 \ ( 1 - T* 

exp 



dx* £ dx\ \1 + QTj \1 + QT* 



f QTj 1 - T* 



x 1 - exp - 7 ,~* — V # (T, - T /G ). (9.96) 



Lastly, let us dispose with the * notation and understand that all variables are dimen- 
sionless. 9ur differential equation and boundary conditions become 

dT 1 d 2 T ( -9 \ / 1 - T 

exp 



dx 2) dx 2 ^\l + QTj\l + QT 

-> 0. (9.98) 

rK— >±oo 
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Equation (19.971) is remarkably similar to our Frank-Kamenetskii problem embodied in 
Eq. Q8.59J) . The major differences are reflected in that Eq. (19.971) accounts for 

• advection, 

• variable density, 

• reversible reaction, 

• doubly- infinite spatial domain. 

9.2.2 Solution procedure 

There are some unusual challenges in the numerical solution of the equations for laminar 
flames. Formally we are solving a two-point boundary value problem on a doubly-infinite 
domain. The literature is not always coherent on solutions methods or the interpretations 
of results. At the heart of the issue is the cold boundary difficulty We have patched 
this problem via the use of an ignition temperature built into a Heavisidqj function; see 
Eq. (I9.30p . We shall see that this patch has advantages and disadvantages. Here, we will 
not dwell on nuances, but will present a result which is mathematically sound and offer 
interpretations. Our result will use standard techniques of non-linear analysis from dynamic 
systems theory. We will pose the problem as a coupled system of first order non-linear 
differential equations, find their equilibria, use local linear analysis to ascertain the stability 
of the chemical equilibrium fixed point, and use numerical integration to calculate the non- 
linear laminar flame structure. 

9.2.2.1 Model linear system 

Before commencing with the difficult Eq. (19.971) . let us consider a related linear model system, 
given here: 



dT d 2 T ,„. , dT 

U/iij \XvAJ KilvAJ 



->■ 0. (9.99) 

x— »±oo 



The forcing is removed when either T = 1 or T < Tig- 

Defining q = —dT/dx } we rewrite our model equation as a linear system of first order 
equations: 

p- = 3q + 4(l-T)tf(T-T JG ), q(oo) = 0, (9.100) 

dx 

d T , 

— = -q, q(-oo)=0. (9.101) 



IQliver Heavisidel 1850-1925, English engineer. 
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The system has an equilibrium point at q = and T = 1. The system is also in equilibrium 
when q = and T < Tig, but we will not focus on this. Taking T' = T — 1, the system near 
the equilibrium point is 

The local Jacobian matrix has two eigenvalues A = 4 and A = — 1. Thus, the equilibrium is 
a saddle. 

Considering the solution away from the equilibrium point, but still for T > Tig, and 
returning from T" to T, the solution takes the form 

?K) + H§:E) + H3r + 3)- (9 - io3) 

We imagine as x — ► oo that T approaches unity from below. We wish this equilibrium to be 
achieved. Thus, we must suppress the unstable A = 4 mode; this is achieved by requiring 
C 1 = C 2 . This yields 

?)-fi) + HE)-(!) +ft -- ■(!)■ (mx) 

We can force T{xig) = ^/c by taking Ci = —(1 — TiG)e XlG ■ The solution for a; > xjg is 

T = 1 - (1 - T IG )e- {x - XlG \ (9.105) 

q = -(l-T IG )e- {x - Xia) . (9.106) 

At the interface x = xjg, we have T(xig) = ^/g and q(x/c) = _ (1 — Tig). 
For x < Xig, our system reduces to 



dT d 2 T . . dT 

3— - -— = 0, T(x /G ) = T /G , — 



0. (9.107) 



-oo 



Solutions in this region take the form 

T = T IG e 3{x - XlG) + C (1 - e 3{x - XlG) ) , (9.108) 

q = -3T IG e 3(x - Xia) + 3Ce 3{x - XlG \ (9.109) 

All of them have the property that q^Oasx^— oo. One is faced with the question of how 
to choose the constant C. Let us choose it to match the energy flux predicted at x = xjq- 
At the interface x = xjg we get T = T IG and q = — 3T IG + 3C. Matching values of q at the 
interface, we get 

- (1 - T IG ) = -ST IG + 3C. (9.110) 
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Solving for C, we get 



So, we find for x < Xiq that 



47V - 1 
C= IG o . (9.111) 



T = TlG e 3( - x - x ^ + ( 4TlG M (1 - e 3 ^"^) , 



(9.112) 



q = -3T IG e 3{x - XlG) + (4T IG - 1) e 3{x - XlG) . (9.113) 

9.2.2.2 System of first order equations 

Let us apply this technique to the full non- linear Eq. (19.971) . First, again define the non- 
dimensional Fourier heat flux q as 

q = ~. (9-114) 

ax 

Note this is a mathematical convenience. It is not the full diffusive energy flux as it makes no 

account for mass diffusion affects. However, it is physically intuitive. With this definition, 

we can rewrite Eq. (I9.114P along with Eq. (19.971) as 

— - = Dq + 2) exp ' 



dx \1 + QTJ \1 + QT 

dT 

- = -,. (9.116) 

We have two boundary conditions for this problem: 

q(±oo) = 0. (9.117) 

We are also going to fix our coordinate system so that T = Tic at x = xjq = 0. We will 
require continuity of T and dT /dx at x = xjg = 0. 
Our non-linear system has the form 

d /q\ //(q,T) 



9.2.2.3 Equilibrium 



(9.118) 
dx \T J \g(q,T) ' 



Our equilibrium condition is /(q,T) = 0, g(q,T) = 0. By inspection, equilibrium is found 
when 

q = 0, (9.119) 

1 — p (-i^f)i^r = ° or T<T,a - (9120) 
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We will focus most attention on the isolated equilibrium point which corresponds to tradi- 
tional chemical equilibrium. We have considered the dimensional version of the same equilib- 
rium condition for T in an earlier section. The solution is found via solving a transcendental 
equation for T. 

9.2.2.4 Linear analysis near equilibrium 

Linear analysis near the equilibrium point can be achieved by first examining the eigenvalues 
of the Jacobian matrix J: 



9/ M. 

dq &T 

dg_ dg_ 

dq dT 



<'-l 



M dT\eq 

-1 



This Jacobian has eigenvalues of 



, 2) / / 4 df 



r</ 



For X> ^> y/df/dT, the eigenvalues are approximated well by 



Ai ~ S, 



i_ 21 

D dT 



"i 



This gives rise to a stiffness ratio, valid in the limit of 2) ^> y/df/dT, of 



(9.121) 



(9.122) 



(9.123) 



Ai 



A, 



D 2 
|9/r 

I 8T\ 



(9.124) 



We adopt the parameters of Table 19. 11 With these, we find the dimensionless chemical 
equilibrium temperature at 



T eq = 0.953. 



(9.125) 



This corresponds to a dimensional value of 1730.24 K. Our parameters induce a dimensional 
length scale of u /a = 1.4142 x 10~ 5 m. This is smaller than actual flames, which actually 
have much larger values ofD. So as to de-stiffen the system, we have selected a smaller than 
normal value for J). For these values, we get a Jacobian matrix of 



1 



-0.287 




(9.126) 



We get eigenvalues near the equilibrium point of 

A = 2.134, A = -0.134. 



(9.127) 
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The equilibrium is a saddle point. Note the negative value of df/dT at equilibrium gives rise 
to the saddle character of the equilibrium. The actual stiffness ratio is |2.134/(— 0.134) | = 
15.9. This is well predicted by our simple formula which gives |2 2 /(— 0.287) | = 13.9. 

In principle, we could also analyze the set of equilibrium points along the cold boundary, 
where q = and T < Tig- Near such points, linearization techniques fail because of the 
nature of the Heaviside function. We would have to perform a more robust analysis. As an 
alternative, we shall simply visually examine the results of calculations and infer the stability 
of this set of fixed points. 



9.2.2.5 Laminar flame structure 

9.2.2.5.1 Tig = 0.2. Let us get a numerical solution by integrating backwards in space 
from the equilibrium point. 



Here, we will use the parameters of Table 19.11 in particular 
to contrast with a later calculation, the somewhat elevated ignition temperature of Tig = 
0.2. We shall commence the solution near the isolated equilibrium point corresponding to 
chemical equilibrium. We could be very careful and choose the initial condition to lie just off 
the saddle along the eigenvector associated with the negative eigenvalue. It will work just 
as well to choose a point on the correct side of the equilibrium. Let us approximate x —>■ oo 
by Xb, require q(xs) = 0, T{xb) = T eq — e, where < e <C 1. That is, we perturb the 
temperature to be just less than its equilibrium value. We integrate from the large positive 
x = Xb back towards x = — oo. When we find T = Tig, we record the value of x. We 
translate the plots so that the ignition point is reached at x = and give results. 

Predictions of T(x) and q(x) are shown in in Figure [9T2l We see the temperature has 
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Figure 9.2: Dimensionless temperature and heat flux as a function of position for a burner- 
stabilized premixed laminar flame, Tig = 0.2. 

T(0) = 0.2 = Tig- As x — > oo, the temperature approaches its equilibrium value. For 
x < 0, the temperature continues to fall until it comes to a final value of T ~ 0.132. Note 
that this value cannot be imposed by the boundary conditions, since we enforce no other 
condition on T except to anchor it at the ignition temperature at x = 0. The heat flux q(x) 
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is always negative. And it clearly relaxes to zero as x — > ±00. This indicates that energy 
released in combustion makes its way back into the fresh mixture, triggering combustion 
of the fresh material. This is the essence of the laminar diffusion flame. Predictions of 
p(x) ~ 1/(1 + QT(x)) and u(x) ~ 1 + QT(x) are shown in in Figure I9T31 We are somewhat 
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Figure 9.3: Dimensionless density p and fluid particle velocity u as functions of distance for 
a burner-stabilized premixed laminar flame, Tig = 0.2. 

troubled because p(x) nowhere takes on dimensionless value of unity, despite it being scaled 
by p . Had we anchored the flame at an ignition temperature very close to zero, we in fact 
would have seen p approach unity at the anchor point of the flame. We chose an elevated 
ignition temperature so as to display the actual idiosyncrasies of the model. Even for a flame 
anchored, in dimensional variables, at T ig ~ T , we would find a significant decay of density 
in the cold region of the flow for x < X{ g . Similar to p, we are somewhat troubled that the 
dimensionless velocity does not take a value near unity. Once again, had we set T ig ~ T a , 



we would have found the u at 



x 



Xig 



would have taken a value very near unity. But it 



also would modulate significantly in the cold region x < Xi g . We also would have discovered 
that had Ti g ~ T that the temperature in the cold region would drop significantly below 
T , which is a curious result. Alternatively, we could iterate on the parameter T ig until we 
found a value for which lim^.ooT — ► 0. For such a value, we would also find u and p to 
approach unity as x — > —00. 

We can better understand the flame structure by considering the (T, q) phase plane as 
shown in Fig. 19.41 Here, green denotes equilibria. We see the isolated equilibrium point at 
(T, q) = (0.953, 0). And we see a continuous one- dimensional set of equilibria for {(T, q)|q = 
0, T e (— 00, Tjg]}- Blue lines are trajectories in the phase space. The arrows have been 
associated with movement in the — x direction. This is because this is the direction in which 
it is easiest to construct the flame structure. 

We know from dynamic systems theory that special trajectories, known as heteroclinic, 
are those that connect one equilibrium point to another. These usually have special meaning. 
The heteroclinic orbit shown here in the thick blue line is that of the actual flame structure. It 
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Figure 9.4: (T,q) phase plane for a burner-stabilized premixed laminar flame, Tjq = 0.2. 

connects the saddle at (T, q) = (0.953, 0) to a stable point on the one- dimensional continuum 
of equilibria at (T, q) = (0.132,0). It originates on the eigenvector associated with the 
negative eigenvalue at the equilibrium point. Moreover, it appears that the heteroclinic 
trajectory is an attracting trajectory, as points that begin on nearby trajectories seem to be 
drawn into the heteroclinic trajectory. 

The orange dashed line represents our chosen ignition temperature, Tig = 0.2. Had 
we selected a different ignition temperature, the heteroclinic trajectory originating from the 
saddle would be the same for T > Tig- However it would have turned at a different location 
and relaxed to a different cold equilibrium on the one- dimensional continuum of equilibria. 

Had we attempted to construct our solution by integrating forward in x, our task would 
have been more difficult. We would likely have chosen the initial temperature to be just 
greater than Tjq. But we would have to had guessed the initial value of q. And because of 
the saddle nature of the equilibrium point, a guess on either side of the correct value would 
cause the solution to diverge as x became large. It would be possible to construct a trial and 
error procedure to hone the initial guess so that on one side of a critical value, the solution 
diverged to oo, while on the other it diverged to — oo. Our procedure, however, has the clear 
advantage, as no guessing is required. 

As an aside, we note there is one additional heteroclinic orbit admitted mathematically; 
however, its physical relevance is far from clear. It seems there is another attracting trajec- 
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tory for T > 0.953. This trajectory is associated with the same eigenvector as the physical 
trajectory. Along this trajectory, T increases beyond unity, at which point the mass fraction 
becomes greater than unity, and is thus non-physical. Mathematically this trajectory contin- 
ues until it reaches an equilibrium at (T, q) — > (oo, 0). These dynamics can be revealed using 
the mapping of the Poincare sphere; see Fig. 19.51 Details can be found in some dynamic 




Figure 9.5: Projection of trajectories on Poincare sphere onto the (T", q') phase plane for a 
burner-stabilized premixed laminar flame, Tig = 0.2. 



systems textsjj In short the mapping from (T, q) — > (T", q') via 

T 



r 



Vl + ^ + q 2 ' 

q 

^l + ^ + q 2 ' 



(9.128) 
(9.129) 



is introduced. Often a third variable in the mapping is introduced Z = 1/yl + T 2 + q 2 . 
This induces T' 2 + q /2 + Z 2 = 1, the equation of a sphere, known as the Poincare sphere. 
As it is not clear that physical relevance can be found for this, we leave out most of the 
mathematical details and briefly describe the results. This mapping takes points at infinity 
in physical space onto the unit circle. 



3 Perko, L., 2001, Differential Equations and Dynamical Systems, Third Edition, Springer, New York. 
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Equilibria are marked in green. Trajectories are in blue. While the plot is somewhat 
incomplete, we notice in Fig. 19.51 that the saddle is evident around (T ; , q') ~ (0.7,0). We 
also see new equilibria on the unit circle, which corresponds to points at infinity in the 
original space. One of these new equilibria is at (T", q') = (1,0). It is a sink. The other 
two, one in the second quadrant, the other in the fourth, are sources. The heteroclinic 
trajectories which connect to the saddle from the sources in the second and fourth quadrants 
form the boundaries for the basins of attraction. To the left of this boundary, trajectories 
are attracted to the continuous set of equilibria. To the right, they are attracted to the point 
(1,0). 

9.2.2.5.2 Tjg = 0.076. We can modulate the flame structure by altering the ignition 
temperature. In particular, it is possible to iterate on the ignition temperature in such a 
way that as x — > — oo, T — ► 0, p — > 1, and u — > 1. Thus, the cold flow region takes on 
its ambient value. This has some aesthetic appeal. It is however unsatisfying in that one 
would like to think that an ignition temperature, if it truly existed, would be a physical 
property of the system, and not just a parameter to adjust to meet some other criterion. 
That duly noted, we present flame structures using all the parameters of Table 19.11 except 
we take T ig = 414 K, so that T IG = 0.076. 

Predictions of T(x) and q(x) are shown in in Figure |9TB"1 We see the temperature has 



T=T e "=0.953 




10 15 20 25 




Figure 9.6: Dimensionless temperature and heat flux as a function of position for a burner- 
stabilized premixed laminar flame, Tig — 0.076. 

T(0) = 0.076 = Tig- As x — > oo, the temperature approaches its chemical equilibrium value. 
For x < 0, the temperature continues to fall until it comes to a final value of T ~ 0. Thus, 
in dimensional terms, the temperature has arrived at T in the cold region. 

Predictions of p(x) ~ 1/(1 + QT(x)) and u(x) are shown in in Figure I97T1 We see that 
this special value of Tig nas allowed the dimensionless density to take on a value of unity as 
x — > — oo. In contrast to our earlier result, for this special value of Tig, we have been able 
to allow u = 1 as i -> - oo. We can better understand the flame structure by considering 
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Figure 9.7: Dimensionless density p and fluid particle velocity u as functions of distance for 
a burner-stabilized premixed laminar flame, Tig — 0.076. 



the (T, q) phase plane as shown in Fig. I9.8I Figure [9781 is essentially the same as Figure [9741 
except the ignition point has been moved. 
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Figure 9.8: (T,q) phase plane for a burner-stabilized premixed laminar flame, Tjg = 0.076. 
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9.2.3 Detailed H 2 -0 2 -N 2 kinetics 

We give brief results for a premixed laminar flame in a mixture of calorically imperfect 
ideal gases which obey mass action kinetics with Arrhenius reaction rates. Multi-component 
diffusion is modelled as is thermal diffusion. We consider the kinetics model of Table [L2l The 



10 



solution method is described in detail in a series of reports from Reaction Design, Inc 

The methods employed in the solution here are slightly different. In short, a large, but 
finite domain defined. Then, the ordinary differential equations describing the flame struc- 
ture are discretized. This leads to a large system of non-linear algebraic equations. These 
are solved by iterative methods, seeded with an appropriate initial guess. The temperature 
is pinned at T at one end of the domain, which is a slightly different boundary condition 
than we employed previously. At an intermediate value of x, x = Xf, the temperature is 
pinned at T = Tf. Full details are in the report. 

For T = 298 K, P = 1.0f325 x 10 5 Pa, and a stoichiometric unreacted mixture of 
2H 2 + O2 + 3.76 N 2 , along with a very small amount of minor species, we give plots of 
Yi(x) in Fig. 19.91 There is, on a log- log scale, an incubation period spanning a few orders of 




x (cm) 



Figure 9.9: Mass fractions as a function of distance in a premixed laminar flame with detailed 
H2-O2-N2 kinetics. 



Kee, R. J., et al., 2000, "Premix: A Fortran Program for Modeling Steady, Laminar, One Dimensional 



Premixed Flames," from the Chemkin Collection, Release 3.6, Reaction Design, San Diego, CA. 

* |Kee, R. J., et al., 2 000, "Chemkin: A Software Package for the Analysis of Gas-Phase Chemical and 
Plasma Kinetics, 



from the Chemkin Collection, Release 3.6, Reaction Design, San Diego, CA. 

^R. J. Kee, et a l., 2000, "The Chemkin Thermodynamic Data Base," part of the Chemkin Collection 
Release 3.6, Reaction Design, San Diego, CA. 

1{ \Kee, R. J., Dixon-Lewis, G., Warnatz, J., Coltrin, M. E., and Miller, J. A., 1998[ "A Fortran Computer 
Code Package for the Evaluation of Gas-Phase Multicomponent Transport Properties," Sandia National 
Laboratory, Report SAND86-8246, Livermore, CA. 
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magnitude of length. Just past x = 2 era, a vigorous reaction commences, and all species 
relax to a final equilibrium. Temperature, density, and fluid particle velocity as functions of 
distance are shown in Fig. 19.101 
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Figure 9.10: Temperature, density, and fluid particle velocity as functions of distance in a 
premixed laminar flame with detailed H2-O2-N2 kinetics. 
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Chapter 10 

Simple detonations: 
react ion- ad vec t ion 



Plato says, my friend, that society cannot be saved until either the Professors 
of Greek take to making gunpowder, or else the makers of gunpowder become 
Professors of Greek. 



Undershaft to Cusins in George Bernard Shaw's, 1856-1950, Major Barbara, Act 
III, 5 iv. 



Let us consider aspects of the foundations of detonation theory. Detonation is defined as a 
shock-induced combustion process. Most major features of detonations are well modelled by 
considering only the mechanisms of advection and reaction. Diffusion, which we will neglect 
here, plays a more subtle role. Its inclusion is not critical to the main physics; however, 
among other things it is potentially important in determining stability boundaries, as well 
as in correctly capturing multi- dimensional instabilities. The definitive text is that of Fickett 
and Davisjj The present chapter is strongly influenced by this monograph. 



10.1 Reactive Euler equations 

10.1.1 One-step irreversible kinetics 

Let us focus here on one-dimensional planar solutions in which all diffusion processes are 
neglected. This is known as a reactive Eulecl model. We shall also here only be concerned 
with simple one-step irreversible kinetics in which 

A^B. (10.1) 



1 Fickett, W., and Davis, W. C, 1979, Detonation, U. California, Berkeley. 
2 Leonhard Euler, 1707-1783, Swiss mathematician. 
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We will adopt the assumption that A and B are materials with identical properties; thus, 

M A = M B = M, c PA = cp B = c P , (10.2) 

but A is endowed with chemical energy which is released as it forms B. So here, we have 
N = 2 species and J = 1 reaction. The number of elements will not be important for this 
analysis. Extension to multi-step kinetics is straightforward, but involves a sufficient number 
of details to obscure many of the key elements of the analysis. At this point, we will leave the 
state equations relatively general, but we will soon extend them to simple ideal, calorically 
perfect relations. Since we have only a single reaction, our reaction rate vector Tj, is a scalar, 
which we will call r. Our stoichiometric matrix i/^ is of dimension 2x1 and is 

»ii = ( ~i ) ■ (10-3) 

Here, the first entry is associated with A, and the second with B. Thus, our species produc- 
tion rate vector, from cj* = J2j=i u ij r ji reduces to 

.3-(i)w-(r)- ^ 

Now, the right side of Eq. ( 16.51) takes the form 

MiUi. (10.5) 

Let us focus on the products and see how this form expands. 

M b lo b M B r, (10.6) 

(10.7) 
(10.8) 

(10.9) 

(10.10) 
(10.11) 

For a reaction which commences with all A, let us define the reaction progress variable A as 
X = Y B = 1 — Y A . And let us define r for this problem, such that 

r = k{l-Y B ) = k{l- X). (10.12) 

Expanding further, we could say 

r = aT^exp f-^j (1 - A) = aT^exp f-^j (1 - A), (10.13) 
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but we will delay introduction of temperature T. Here, we have defined £ = S/M. Note 
that the units of r for this problem will be 1/s, whereas the units for r must be mole/cm 3 /s, 
and that 

(10.14) 



M F 



The use of two different forms of the reaction rate, r and r is unfortunate. One is nearly 
universal in the physical chemistry literature, r; the other is nearly universal in the one-step 
detonation chemistry community, r. It is important that the two be distinguished. 

10.1.2 Sound speed and thermicity 

Let us specialize the definition of frozen sound speed, Eq. (13.3201) . for our one-step chemistry: 



c = v , 



P+t 



p,\ 



\ dP\v,. 



(10.15) 



This gives, using v = 1/p, 



2 2 

P c 



P 



del 

dv Ira 



de\ 
dP\v,\ 



10.16) 



Let us, as is common in the detonation literature, define the thermicity a via the relation 

(10.17) 



pc 2 a 



de\ 
d\ I P,v 

~dT\ ' 

dP\v,\ 



We now specialize our general mathematical relation, Eq. (I3.59|) . to get 



dP 
de 



r.X 



de 



p,v 



9A 

dP 



so that one gets 



d\ I P « OP 



de_ I 
dP\v,X 



d\ 



Thus, using Eq. (j!0.19p . we can rewrite Eq. (110.17P as 



pc 2 a 



a 



op 




~d\ 


5 

v,e 


1 dP 


pc 2 


d\ 



(10.18) 

(10.19) 

(10.20) 
(10.21) 



For our one step reaction, we see that as the reaction moves forward, i.e. as A increases, that 
a is a measure of how much the pressure increases, since p > 0, c 2 > 0. 
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Parameter 


Value 


Units 


7 


1.4 




M 


20.91 


kg/kmole 


R 


397.58 


J/kg/K 


Po 


1.01325 x 10 5 


Pa 


T 


298 


K 


Po 


0.85521 


kg/m 3 


Vo 


1.1693 


m 3 /kg 


q 


1.89566 x 10 6 


J/kg 


£ 


8.29352 x 10 6 


J/kg 


a 


5 x 10 9 


1/s 


P 








Table 10.1: Numerical values of parameters which roughly model H2-SI1 detonation. 

10.1.3 Parameters for /p2-air 

Let us postulate some parameters which loosely match results of the detailed kinetics cal- 
culation of Powers and Paolucci u for for i/ 2 -air detonations. Rough estimates which allow 
one-step kinetics models with calorically perfect ideal gas assumptions to approximate the 
results of detailed kinetics models with calorically imperfect ideal gas mixtures are given in 
Table [HTT1 

10.1.4 Conservative form 

Let us first consider a three-dimensional conservative form of the governing equations in the 
inviscid limit: 



d 

Of 



-u • u 



V 



¥ + V.(pu) 


= 0, 




(10.22) 


— (pu) + V • (puu + PI) 


= 0, 




(10.23) 


(pu(e + iu.u + £)) 


= 0, 




(10.24) 


^(pA) + V-(puA) 


= pr, 




(10.25) 


e 


= e(P,p 


A), 


(10.26) 


r 


= r(P,p. 


A). 


(10.27) 



For mass conservation, Eq. ( 110. 22ft is identical to the earlier Eq. ( 16.11) . For linear mo- 
mentum conservation, Eq. (110.230 is Eq. (16. 2p with the viscous stress, r = 0. For energy 



3 Pow ers, J. M., and Paolucci, S., 2005| "Accurate Spatial Resolution Estimates for Reactive Supersonic 
Flow with Detailed Chemistry," AIAA Journal. 43(5): 1088-1099. 
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conservation, Eq. (110.24)) is Eq. (I6.3P with viscous stress r = 0, and diffusive energy trans- 
port 'f = 0. For species evolution, Eq. (I10.27[) is Eq. (16.5ft with diffusive mass flux j™ = 0. 
Equations (llO.22H10.27p form eight equations in the eight unknowns, p, u, P, e, A, r. Note 
that u has three unknowns, and Eq. (|10.23[) gives three equations. Note also that we assume 
the functional forms of e and r are given. 

The conservative form of the equations is the most useful and one of the more fundamental 
forms. It is the form which arises from the even more fundamental integral form, which 
admits discontinuities. We shall take advantage of this in later forming shock jump equations. 
The disadvantage of the conservative form is that it is unwieldy and masks simpler causal 
relations. 

10.1.5 Non- conservative form 

We can reveal some of the physics described by Eqs. (H0.22H10.24p by writing them in what 
is known as a non- conservative form. 

10.1.5.1 Mass 

We can use the product rule to expand Eq. ( 110.221) as 

-4- + u • Vp +pV • u = 0. (10.28) 

at 

V v ' 

=dp/dt 

We recall the well known material derivative, also known as the derivative following a material 
particle, the total derivative, or the substantial derivative: 

d d 

— = hu-V. 

dt dt 

Using the material derivative, we can rewrite the mass equation as 

— + pV-u = 0. (10.29) 

dt 

Often, Newton's notation for derivatives, the dot, is used to denote the material derivative. 
We can also recall the definition of the divergence operator, div, to be used in place of V-, 
so that the mass equation can be written compactly as 

p + pdivu = 0. (10.30) 

The density of a material particle changes in response to the divergence of the velocity field, 
which can be correlated with the rate of volume expansion of the material region. 
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10.1.5.2 Linear momenta 

We can use the product rule to expand the linear momenta equations, Eq. (I10.23|) . as 

P^ + u^ + u(V-(pu))+pu-Vu + VP = °' ( 10 - 31 ) 

at at 

p^ + u(^ + V-(pu))+pu-Vu + VP = 0, (10.32) 



9 \ W + +u ' Vu ) +VP = °' (10 ' 33) 

v v ' 

=du/dt 

du 
P— + VP = 0. (10.34) 

Or in terms of our simplified notation with v = 1/p, we have 

u + ugradP = 0. (10.35) 

The fluid particle accelerates in response to a pressure gradient. 

10.1.5.3 Energy 

We can apply the product rule to the energy equation, Eq. (110.241) to get 

4( e+ ^ u ' u ) + ( e+ ^ u " u )l + ( e+ r- u ) v - (pu) 

+pu- V fe + -u-uj + V- (Pu) = 0, (10.36) 

4t( e+ l u - u ) + ( e+ l u - u ) (tt +v ■ {pu 



=o 



+pu- V (e + ^u-u) +V- (Pu) = 0, (10.37) 

p— ( e + -u • u J + pu • V ( e + ^u • u J + V • (Pu) = 0. (10.38) 

This is simpler, but there is more that can be done by taking advantage of the linear momenta 
equations. Let us continue working with the product rule once more along with some simple 
rearrangements 

p^ + pu-Ve + p^Qu-uJ+pu-vQu-uJ +V-(Pu) = 0, (10.39) 
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Oe <9u 

p— + pu- Ve + pu- — + pu- (u- V)u + u- VP + PV-u = 0, (10.40) 
at at 

Oe ( dxv \ 

p— + pu- Ve+u- (p— + p(u- V)u + VP) +PV-u = 0, (10.41) 



=p de/dt 



de 
p— + PV-u = 0. (10.42) 
at 



Now, from Eq. fll0.29|) . we have V • u = —(l/p)dp/dt. Eliminating the divergence of the 
velocity field from Eq. (110.421) . we get 

de P dp ,„„ ,„. 

pi;-—£ = °' (10 - 43) 

at p dt 

de P dp , 

~ = 0. 10.44 

dt p 2 dt K ' 

Recalling that p = 1/v, so dp/dt = —(l/v 2 )dv/dt = —p 2 dv/dt, our energy equation becomes 

de „di> , 

— + P— = 0. 10.45 

dt dt y J 

Or in terms of our dot notation, we get 

e + Pu = 0. (10.46) 

The internal energy of a fluid particle changes in response to the work done by the 
pressure force. 

10.1.5.4 Reaction 

Using the product rule on Eq. (110.271) we get 

P^ + A^ + puVA + AV • (pu) = pr, (10.47) 

p(^ + u-VA)+A0| + V-(pu)) = pr, (10.48) 

V v ' S v ' 

=d\/dt =0 

(10.49) 
(10.50) 

The mass fraction of a fluid particles product species changes according to the forward 
reaction rate. 
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dt 


!, 


A = 


r. 
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10.1.5.5 Summary 

In summary, our non- conservative equations are 

(10.51) 
(10.52) 
(10.53) 
(10.54) 
(10.55) 
(10.56) 

(10.57) 

V 

10.1.6 One-dimensional form 

Here, we consider the equations to be restricted to one- dimensional planar geometries. 

10.1.6.1 Conservative form 

In the one-dimensional planar limit, Eqs. fll0.22H10.27|) reduce to 

d 



Off 1 2 \\ d 



p + p div u 


= 


0. 


u + v grad P 


= 


0, 


e + Pi) 


= 


0, 


A 


= 


r- 


e 


= 


e{P,p,X) 


r 


= 


r(P,p,A) 


P 


= 


1 



m\ p \ e + 2 u )i ' ax 



m + T x ( " K) 


= o, 




(10.58) 


lt^ + lM + p ) 


= o, 




(10.59) 


-(""M" 2+ £)) 


= o, 




(10.60) 


— (p\) + jr-ipnX) 
ot ox 


= Pr, 




(10.61) 


e 


= e(P,p 


,A), 


(10.62) 


r 


= r(P,p, 


A). 


(10.63) 



10.1.6.2 Non-conservative form 

The non-conservative Eqs. fll0.5im0.57p reduce to the following in the one- dimensional planar 
limit: 

du 
P + Pj- = 0, (10.64) 

ox 

dP 

ii + v — = 0, (10.65) 

Ox 

e + Pv = 0, (10.66) 

A = r, (10.67) 
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e(P,p,X), 

r(P,p,A), 

1 

V 

Equations fllO.64H10.70p can be expanded using the definition of the material derivative: 



e 

r 

P 



(10.68) 
(10.69) 

(10.70) 



de 

dt 



dp dp\ du 

dt dx ) dx 

du du \ dP 

dt dx J dx 



u 



de 
dx 



' dv dv\ 

dt dx J 

dX dX 

dt dx 

e 

r 



0. 



e(P,p,X), 

r(P,P,X), 

1 



(10.71) 
(10.72) 
(10.73) 

(10.74) 

(10.75) 
(10.76) 

(10.77) 



10.1.6.3 Reduction of energy equation 

Let us use standard results from calculus of many variables to expand the caloric equation 
of state, Eq. (11075]) : 



de 
d6= dP 



dP+ TT- 



r.X 



de 

dv 



I'.X 



de 

dv+ dx 



dX. 



P,v 



Taking the time derivative gives 

de 
= dP 



P 



de 

dv 



P.X 



de 

dX 



X. 



(10.78) 



(10.79) 



p.. 



Note this is simply a time derivative of the caloric state equation; it says nothing about energy 
conservation. Next let us use Eq. (110.791) to eliminate e in the first law of thermodynamics, 
Eq. flHTBHl) to get 



de 

dP 



v , A 



• de 
dv 



P,A 



de 

dX 



X+Pv 



0. 



(10.80) 



P,v 



p 



p 



del 
dv I P,\ 



de I 
dP\v,X 



del 

ax I p, v 

dP\v,X 



-pc^-a 



0. 



(10.81; 
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P + p 2 c 2 v - pc 2 oX = 


o, 


(10.82) 




P = 


2 2-, 2 \ 

— p c v + pc oX, 


(10.83) 




P = 


pc 2 (ox — pv) . 


(10.84) 


Now, since v = 


-(l/p 2 )p, we get 








P = c 2 p + pc 2 ox. 




(10.85) 



Note that if either r = or o = 0, the pressure changes will be restricted to those from 
classical isentropic thermo-acoustics: P = c 2 p. If ox > 0, reaction induces positive pres- 
sure changes. If ox < 0, reaction induces negative pressure changes. Moreover, note that 
Eq. (I10.85P is not restricted to calorically perfect ideal gases. It is valid for general state 
equations. 



10.1.7 Characteristic form 

Let us obtain a standard form known as characteristic form for the one-dimensional 
equations. We follow the procedure described by|Whitham (1927-) j For this form 



Eq. (110.85ft and generalized forms for sound speed c and thermicity o to recast our 
equations, Eq. (I10.7im0.77l ) as 



dp 

dt 

du 



U 



U 



dP 

~dt 



1 1 



dP 
dx 



a 



du 

dx 
1 dP 

p dx 
dp 
dx 
dX 
dx 
c 2 

X 

o 



Let us write the differential equations in matrix form: 



dp 

dx 

du 

dx 
dp 

m + 

dX 

~dt 



II 



( 



\ 



1 











1 





-c 2 





1 















1/ 



I 

dt 



I 



Vf/ 



II 



-c 2 u 



\ o 



p 

u 







i 
p 

a 







u) 



0. 



pc 2 ox, 



c 2 (P,p), 

r(P,P,A), 

a(P,p,X). 

dp 



unsteady 
let us use 
governing 

(10.86) 
(10.87) 

(10.88) 

(10.89) 

(10.90) 
(10.91) 
(10.92) 



(Z\ 






\ dx / 





pc 2 ox 



(10.93) 



These take the general form 



AiJ dt 



B, 



9w j 
dx 



a. 



(10.94) 



4 Whitham, G. B., 1974, Linear and Nonlinear Waves, Wiley, New York. 
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Let us attempt to cast this the left hand side of this system in the form dwj/dt + pdwj/dx. 
Here, p is a scalar which has the units of velocity. To do so, we shall seek vectors £i such 
that 



fi A ® Wj fi R ® Wj - P r - ( ® Wj 

1 t] ~dT + * ij ~dx~ ~ l l ~ mj \~dT 

For £i to have the desired properties, we will insist that 



/'■ 



dx 






firrij. 



Using Eq. (110.961) to eliminate rrij in Eq. (110.971) . we get 










(10.95) 



(10.96) 

(10.97) 



(10.98) 
(10.99) 



Equation (I10.99|) has the trivial solution ^ = 0. For a non-trivial solution, standard linear 
algebra tells us that we must enforce the condition that the determinant of the coefficient 
matrix be zero: 



\fxAij - B 



0. 



(10.100) 



Specializing Eq. (110.1001) for Eq. (fTCl93|) . we find 



fi — u —p 

/i — u 












-C (jJL — U) jl — U 



0. 



(10.101) 



p-u 

Let us employ standard co- factor expansion operations to reduce the determinant: 



{n-u) 



H — u —p 

ii -u -i 

r p 

-c 2 (p — u) fi — u 



{p-u)( (fi-u) {(p-uf) + p 



-c 2 (p — u) 

p 



(M - u) 2 {{p - uf - c 2 ) 
There are four roots to this equation; two are repeated: 



0, 

0, 
0. 



/' 


— 


u, 




/■' 


= 


u. 




/' 


= 


u 


+ c, 


/' 




II 


— c. 
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(10.105) 
(10.106) 
(10.107) 
(10.108) 
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Let us find the eigenvector £i associated with the eigenvalues p = u ± c. So, Eq. (110.990 
reduces to 



(ii (2 4 4) 



( (u± c) — u 








V 



-c 2 ((u±c) 




w 



(« ± c) — M 






(u ± c) — u 




\ 





(u ± c) — u J 



(0 0). 
(10.109) 



Simplifying, 



/ ±c -p \ 



±c -J 
Tc 3 ±c 



\ ±cj 
We thus find four equations, with linear dependencies 







;io.no) 



±cliTc% = 


= 0, 


-p£i±ci 2 = 


= 0, 


--£ 2 ±c£ 3 -- 
P 


= 0, 

= 0. 



Now, c ^ 0, so Eq. (110.1140 insists that 



£4 = 0. 



(10.111) 
(10.112) 

(10.113) 

(10.114) 

(10.115) 



We expect a linear dependency, which implies that we are free to set at least one of the 
remaining £{ to an arbitrary value. Let us see if we can get a solution with £3 = 1. With 
that Eqs. (I10.llim0.lf3l) reduce to 



±c£ 1 tc 3 = 0, 
-pl x ± c£ 2 0, 

0. 



1 

■~£ 2 ±c 
P 



Solving Eq. (110.1160 gives 

£ x = c 2 . 
Then, Eq. ( 110.1170 becomes — pc 2 ± c£ 2 = 0. Solving gives 

£ 2 = ±pc. 



(10.116) 
(10.117) 

(10.118) 



(10.119) 



(10.120) 
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This is redundant with solving Eq. (110.1181) . which also gives £2 = ±pc. So, we have for 
p = u ± c that 



ii = ( c 2 ±pc 1 ) . 
So, Eq. (1 1 Q . 9 3 P becomes after multiplication by £i from Eq. (110.121)) : 



(10.12i; 



c 2 ±pc 1 



/ 1 0\ 

10 

-c 2 1 

V 1) 



m 



vf/ 



(c 2 ±pc 1 



/ u p 0\ /§\ 

« i 

p 

— c 2 m « 



\ uj 
c 2 ±pc 1 



Carrying out the vector-matrix multiplication operations, we get 



(0 ±pc 1 



\ at / 



(0 ±pc(w±c) w±c 0) 



(c 2 ±pc 1 



\dx/ 

( \ 


PC 2 GT 



Simplifying, 

fdu , ,du\ fdP , ,dP\ 

Now, let us confine our attention to lines in x — t space on which 

dx 

— = u ± c. 

dt 

On such lines, Eq. ( 110.124)) can be written as 

' du dx du\ ( dP dx dP 



ox. 



' dt + dtdx) + \dt " dt dx 



pc 2 crr. 



\ dx J 

( \ 



pc 2 or 

V r / 

(10.122) 



(10.123) 



(10.124) 



(10.125) 



(10.126) 
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Consider now a variable, say u, which is really u(x,t). From calculus of many variables, we 
have 

Ou Ou 
du = —dt + —dx, (10.127) 

at Ox 

du Ou dx Ou . n . 

— = — + . (10.128) 

dt Ot dtOx K ' 

If we insist dx/dt = u ± c, let us call the derivative du/dt±, so that Eq. ( 110.1261) becomes 

du dP 9 

±pc + = pcVr. (10.129) 

dt± dt± 

In the inert limit, after additional analysis, Eq. (|10.129[) reduces to the form dip/dt± = 0, 
which shows that i/j is maintained as a constant on lines where dx/dt = u ± c. Thus, 
one can say that a signal is propagated in x — t space at speed u ± c. So, we see from 
the characteristic analysis how the thermodynamic property c has the added significance of 
influencing the speed at which signals propagate. 

Let us now find £i for p = u. For this root, we find 



(h £2 4 h) 



/0 -p 0\ 
-i 

o P 



(0 0). (10.130) 



\0 0/ 

It can be seen by inspection that two independent solutions £i satisfy Eq. (110. 130[) : 

li = (0 1 0), (10.131) 

£. = (0 1). (10.132) 

These two eigenvectors induce the characteristic form which was already obvious from the 
initial form of the energy and species equations: 

OP OP 2 (dp 0p\ 2 



m u l^-''\ft +u t) = <"°<< (10133) 

§ + uf- - r. (10.134) 

ot Ox 

On lines where dx/dt = u, that is to say on material particle pathlines, these reduce to 
P — c 2 p = pc 2 ar and A = r. 

Because we all of the eigenvalues p are real, and because we were able to find a set of 
four linearly independent right eigenvectors £i so as to transform our four partial differential 
equations into characteristic form, we can say that our system is strictly hyperbolic. Thus, it 

• is well posed for initial value problems given that initial data is provided on a non- 
characteristic curve, and 
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admits discontinuous solutions described by a set of Rankine-Hugoniot jump conditions 
which arise from a more primitive form of the governing equations. 



In summary we can write our equations in characteristic form as 



dP 

dt + 

dP 

dt~ ~ 
dP_ 
~dt 



pc 



pc 



du 

dt + 

du 

dlZ 

2 dp 

dt 
dX 

~dt 



pcVr, 



pcVr, 



pcVr, 



on 



on 
on 

on 

d.r 
~di 



u 



— = u — c, 



dx 
~dt 

d.r 
7/7 
dx 

Tt =u ' 

■ u. 



(10.135) 
(10.136) 
(10.137) 
(10.138) 



10.1.8 Rankine-Hugoniot jump conditions 

As described by LeVequ dj the proper way to arrive at what are known as Rankinej-HugoniotLj 
jump equations describing discontinuities is to use a more primitive form of the conservation 
laws, expressed in terms of integrals of conservative form quantities balanced by fluxes and 
source terms of those quantities. If q is a set of conservative form variables, and f (q) is 
the flux of q (e.g. for mass conservation, p is a conserved variable and pu is the flux), and 
s(q) is the internal source term, then the primitive form of the conservation form law can 
be written as 

1 I* Xo /* X 1 ? 

— q(x,t)dx = f(q(xi,t))-f(q(x 2 ,t)) + / s(q(x, t))dx. (10.139) 

at J Xl J Xl 

Here, we have considered flow into and out of a one-dimensional box for x G [xi,X2]- For 
our reactive Euler equations we have 



q 



/ 



V 



p 

pu 

p(e + \u 2 ) 

p\ 



\ 



I 



f(q) 



pu 



pit 

2 , p 



pu (e + \u 2 + ^ 
puX 



\ 



J 



s(q) 






W 



;io.i40) 



If we assume there is a discontinuity in the region x G [xi,^] propagating at speed U, we 
can find the Cauclrjo principal value of the integral by splitting it into the form 



d f Xl+ut . , , d f X2 . , , 

— / q(x,t)ax + — / q(x, t)d. 

dt J xi dt J Xl+ ut+ 



f(q(x 1 ,t))-f(q(x 2 ,t)) 



s(q(x, t))dx. 



(10.141) 



3 LeVeque, R. J., 1992, Numerical Methods for Conservation Laws, Birkhauser, Basel. 



William John Macquorn Rankine[ 1820-1872, Scottish engineer. 



Pierre Henri Hugoniot, 1851-1887, French mathematician. 
s Augustin-Louis Cauchy, 1789-1857, French mechanician. 
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Here, X\ + Ut lies just before the discontinuity and X\ + Ut + lies just past the discontinuity. 
Using Leibniz's rule, we get 



q{x 1 + Ut~,t)U -0 + 



x!+ur 



dq 

~dt 



dx + 0-q{x 1 + Ut + ,t)U 



X!+Ut+ 



dq 

~dt 



dx (10.142) 



[■X2 

f(q(xi,t)) - f(q(x 2 ,t)) + / s(q(rr,t))da;. 



Now, if we assume that X2 — X\ — > and that on either side of the discontinuity the volume of 
integration is sufficiently small so that the time and space variation of q is negligibly small, 
we get 



q(x 1 )U - q(x 2 )U = f(q(xi)) - f(q(x 2 )), 

U (q( Xl ) - q(x 2 )) = f(q( Xl ))-f(q(x 2 )). 



(10.143) 
(10.144) 



Note that the contribution of the source term s is negligible as x 2 — X\ —>■ 0. Defining next 
the notation for a jump as 



[q(ar)l = q(x 2 ) - q(an), 
the jump conditions are rewritten as 

U [q(x)] = [f (q(x))] • 



(10.145) 



(10.146) 



If U = 0, as is the case when we transform to the frame where the wave is at rest, we 
simply recover 



= f(q(xi))-f(q(ar 2 )), 
f(q(x 1 )) = f(q(z 2 )), 
[f(q(x))l = 0. 



(10.147) 
(10.148) 
(10.149) 



That is, the fluxes on either side of the discontinuity are equal. We also get a more general 
result for U ^ 0, which is the well-known 



U 



f (q(x 2 )) - f (q(x0) [f(q(x) 



q(x 2 ) - q(x x ) 



[q(x)] 



(10.150) 



The general Rankine-Hugoniot equation then for the one- dimensional reactive Euler equa- 
tions across a non-stationary jump is given by 



U 



/ P2-P1 \ 

p 2 u 2 - p 1 u 1 

P2 (e 2 + \u 2 2 ) - pi (ei + \u\) 

V P2A2-P1A1 J 



I 



p 2 u 2 - pi«i 
p 2 u\ + P 2 - pml - Pi 



e 2 + \u\ + ^_ 



P1U1 ei 



1 ?; 2 , El 



p 2 u 2 X 2 - p 2 ui\i 



\ 



J 



(10.151) 
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Note that if there is no discontinuity, Eq. (110.1391) reduces to our partial differential 
equations which are the reactive Euler equations. We can rewrite Eq. (110.1390 as 

d f X2 \ f X2 

— q(z,i)tfoj +(f(q(z 2 ,t))-f(q(zi,*))) = / s(q(x,t))dx, (10.152) 

Now, if we assume continuity of all fluxes and variables, we can use Taylor series expansion 
and Leibniz's rule to say 

/ Qi<l(x,t)dxj + f ff(q(xi,t)) + tj-{x 2 -x 1 ) + ...J -f(q(£i,£))J = / s(q(x, t))dx, 

let X2 —> x\ 

rx 2 q \ fdf \ f X2 

/ —q(x,t)dxJ + [—(x 2 -Xi)J = / s(q(x, t))dx, 

2 d \ f X2 df f X2 

—q(x,t)dxj + / — dx = J s(q(x, t))dx. 

(10.153) 

Combining all terms under a single integral, we get 

X2 / «9q df \ 

-^ + — - s )dx = 0. (10.154) 

at ox J 

Now, this integral must be zero for an arbitrary X\ and x 2 , so the integrand itself must be 
zero, and we get our partial differential equation: 

| + | -. - 0, (X0.155) 

-q(x,t) + — f{q(x,t)) = s{q{x,t)), (10.156) 

which applies away from jumps. 

10.1.9 Galilean transformation 

We know that Newtonian_| mechanics have been constructed so as to be invariant under 
a so-called Galilean 10 ! transformation which takes one from a fixed laboratory frame to a 
constant velocity frame with respect to the fixed frame. The Galilean transformation is such 
that our original coordinate system in the laboratory frame, (x,t), transforms to a steady 
travelling wave frame, (x,t), via 

x = x-Dt, (10.157) 

i = t. (10.158) 



9 after Isaac Newton, 1643-1727, English polymath. 
10 after lGaTileo Galileil 1564-1642, Italian polymath. 
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We now seek to see how our derivatives transform under this coordinate change. We shall 
arrive at the same result via two methods: 1) a direct approach, and 2) a more formal 
approach based on notions from differential geometry. The first is more straightforward; the 
second gives greater cohesion with a more general theory of coordinate transformations. 



10.1.9.1 Direct approach 

For the direct approach, we first take differentials of Eqs. (110.1571110. 158p and get 

dx ox 

dx = —dx + —dt = dx — Ddt, 
ox at 

di , di 

at = —dx + —at = dt. 
ox at 



(10.159) 
(10.160) 



Scaling dx by dt gives us then 



di dt 



D. 



(10.161) 



Taking as usual the particle velocity in the fixed frame to be u = dx/dt and defining the 
particle velocity in the laboratory frame to be u = dx/dt, we see that 



u = u — D. 



(10.162) 



Now, a dependent variable ip has a representation in the original space of ip>(x, t), and in the 
transformed space as tf)(x, t). And they must both map to the same value of ip and the same 
point. And there is a differential of if) in both spaces which must be equal: 



dip = 


dip 
dx 


dip 

dx+ ~H7 

t dt 


dt = 

X 


dif) 
dx 






dif> 






dx 






dif) 










dx 



„ . dif) 

dx H - 

dt 



dt, 



{dx - Ddt) + -t 



dx 



dif) 
~dt 



D 



dt, 

X 

dif) 
dx 



dt. 



(10.163) 
(10.164) 
(10.165) 



Now, consider Eq. (110.1650 for constant x, thus dx = 0, and divide by dt: 

dip 



dip 
~dt 



dip 
~dt 



D 



dx 



(10.166) 



More generally the partial with respect to t becomes 



d 


d 


d 






-D — 


dt 


x dt 


& dx 



(10.167) 
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Now, consider Eq. (110.1651) for constant t, thus dt = 0, and divide by dx: 



More generally, 



dip 
dx 



d_ 

dx 



dtp 
dx 



d_ 

dx 



(10.168) 



(10.169) 



10.1.9.2 Differential geometry approach 



For the differential geometry approach, we view the transformation in light of notions from 
linear theory where such concepts as the Jacobian, metric tensor, co- and contravariant repre- 
sentations are often used. These ideas are traditionally confined to spatial systems. Here, we 
will adapt them in a non-traditional way to account for our spatio-temporal transformation. 
First, we invert Eqs. fllO.1571110.1581) to form 



x 

t 



X 

i. 



Dt, 



(10.170) 
(10.171) 



Now, physically, x and t have different units. For dimensional consistency between the two 
independent variables, let us choose to consider the independent variables in the untrans- 
formed and transformed coordinates to be (x, c t), and (x, c t), respectively. It is thus trivial 
to see that Eqs. (I10.170pjl0.17ip can be rewritten as 



x 



C„t 



X 



Cot. 



D 

C 



{c i) 



In matrix form, we could say 



x 

C a t 



1 £ 

Co 

1 
J 



x 

C t 



(10.172) 
(10.173) 

(10.174) 



Here, we have defined a vector containing our untransformed independent variables as 

«=(£) = (£)■ (m75) 

The superscripts are not exponents, but indices. The transformed independent variables are 

*=(?) = (£)■ (m76) 
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These are linked by the linear transformation 

£ = J -i, 

where the constant Jacobian matrix, J is 



J=* 



(10.177) 



dt 



a^ 1 
ae 


e 


ae 
a£ 2 


ae 
ae 


e 


ae 

at, 2 



J 



l £ 

Co 

1 



(10.178) 



It is easily shown that the ratio of generalized areas between the two coordinate systems is 
given by J = det J. Here, we have 



J = det J 



[10.179) 



so that generalized areas are preserved in the mapping. Moreover, it can be shown that 
because J > 0, the transformation is orientation-preserving. 

We also have, by differentiating Eqs. (110.1751110. 1771) . the differentials 



d£, 



dx 

c dt I ' 



d£ 



dx 
c dt 



as well as the transformation rule 

d£ = J ■ d£. 

The metric tensor G of the transformation is 



J 1 J 



1 

D -, 



D 



1 

1 



D 



D 



1 



D- 



(10.180) 
(10.181) 

(10.182) 



A generalized distance in the untransformed space is deduced from the Pythagorean formula 



(ds) 2 = df ■ d$, = (dx c dt 



dx 

c dt 



dx + c n dt 



2j + 2 



In the transformed space, Eq. (110. 183[) becomes, after using Eqs. ( I10.181|10.182p . 



(d S y 



J-d$, 



3-d£), 



iT 



d£ r J -d£, 

G 



(10.183) 

(10.184) 
(10.185) 

(10.186) 



= d£ G d£ . 

Using upstairs-downstairs index notation, we can define our covariant metric tensor as 

G = 9ij , (10.187) 
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the contravariant d^ as 



and the covariant d£j as 



dt 



dx 
c dt 



de 



(10.188) 



df -G = (dx c di) ( D % 2 J = ( dx + Ddi £dx + (l + £) c di) = d£ r 



For a general function ■0, the chain rule tells us 



df 
df 

ae 





e 


ae 

&e 


oe 
&e 


e 


&e 
ae 




(10.189) 



(10.190) 



v t 



Equation (110.1900 can be expressed in terms of the space-time gradients V; and V* 



V-V 



Inverting Eq. 110.1910 . we get 



V^ 



J T • v^V- 



(JT'-v^. 



Transposing then inverting J from Eq. (11Q.178|) . we get 

(J r ) _1 = 



1 
-£ 1 



For our particular independent variables, Eq. ( 110.1921) becomes 



a±\ 

dx I c t 
dip 



d(c t) 



In scalar form, Eq. (I10.194p becomes 

dip 
dx 
dip 



C t 



d(c t) 



1 
-° 1 



dip 
dx 
dip 



a±\ 

dx I c i 

ail 



d(c t) 



Cot 



d(c t) 



D dip 
c dx 



Cot 



And because c is a constant, Eqs. (I10.195lll0.196p reduce to 

dip dtp 

dx t dx 

dip dip 

~dt 



dt 



ox 



(10.191) 
(10.192) 

(10.193) 

(10.194) 

(10.195) 
(10.196) 

(10.197) 
(10.198) 



Equations (I10.197jl0.198j) are identical to those found using the direct method, Eqs. (J10.168J10. 166ft . 
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10.1.9.3 Transformed equations 



Applying either approach, we can quickly write our non- conservative form, Eqs. (110.641110.670 
in the transformed frame. First, let us consider how a material derivative transforms then 





di 



u 



d 

dx 




di 



d 






f) 






- D — 


dt 


X 


dx 




d 




- + 


u — — 




X 




dx 


f 



(u + D) 



d 

dx 



(10.199) 
(10.200) 



With this, we can then say 



dp A dp du 
di dx dx 


= o, 


du „du 1 dP 

— + u 1 

dt dx p dx 


= o, 


de de „ / dv ^dv\ 
~^+u—-P -^ + u— 
dt dx \dt dx) 


= o, 


dX ,<9A 

~^+U — 

dt dx 


= r. 



(10.201) 
(10.202) 

(10.203) 
(10.204) 



Moreover, we can write these equations in conservative form. Leaving out the details, which 
amounts to reversing our earlier steps which led to the non-conservative form, we get 



0_ 

dt 



p e 



-u 



d 



¥ + 5i (pfi) 


= o, 


(10.205) 


d / ^ d , ~ - 

Ji ipU) + d-x {pU+P) 


= o, 


(10.206) 


|L(pfi( c + !*'+£)) 


= o, 


(10.207) 


|(PA) + |^A) 


= pr. 


(10.208) 



10.2 One-dimensional, steady solutions 

Let us consider a steadily propagating disturbance in a one dimensional flow field. In the 
laboratory frame, the disturbance is observed to propagate with constant velocity D. Let us 
analyze such a disturbance. 



\CC BY-NC^ND} 08 August 2012, J. M. Powers. 



10.2. ONE-DIMENSIONAL, STEADY SOLUTIONS 



351 



10.2.1 Steady shock jumps 

In the steady frame, our jump conditions, Eq. f 1 1 . 1 5 1 j) have U = and reduce to 

/ P2U2 - Pi«i \ 



/0\ 



W 



P2M2 



P2U2 
+ P2 



\ 



2 z P2 



Piu\ - P\ 

pi«i (ei + \u\ + ^ 



(10.209) 



P2M2 e 2 

P2U2M ~ P1U1X1 I 

The mass jump equation can be used to quickly simplify the energy and species jump equa- 
tions to get a revised set 



e 2 



P2^2 = 


= Pi«i, 


p 2 u\ + P 2 -- 


'2 , D 

= p 1 u 1 + P l , 


1-2 Pi 

-u 2 ^ = 


1.2 Pi 

= e ± + -w x H 


2 P2 


2 Pi 


A 2 = 


= Ax. 



(10.210) 



10.2.2 Ordinary differential equations of motion 

10.2.2.1 Conservative form 

Let us now assert that in the steady laboratory frame that no variable has dependence on 
t, so d/dt = 0, and d/dx = d/dx. With this assumption our partial differential equations of 
motion, Eqs. (I10.205m0.208p . become ordinary differential equations: 



d 

d.r 



(pu) 



^ fl2 + p ) 



d 

d.r 



pu [e + -u + 
d 



d.r 



P 

P 

{puX) 



0. 
0. 
0. 



(10.211) 
(10.212) 
(10.213) 



pr, (10.214) 

e e(P,p,X), (10.215) 

r = r(P,p,A). (10.216) 

We shall take the following conditions for the undisturbed fluid just before the shock at 
x = 0-: 

(10.217) 
(10.218) 
(10.219) 
(10.220) 
(10.221) 



p(x 


= 0-) = 


= Po, 


u(x 


= 0-) = 


= -D 


P(x 


= o_) = 


= Po, 


e{x 


= 0-) = 


~ 6 D , 


\{x 


= o_) = 


= 0. 
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Note that in the laboratory frame, this corresponds to a material at rest since u = u 
{-D) + D = 0. 



D 



10.2.2.2 Unreduced non-conservative form 



We can gain insights into how the differential equations, Eqs. f llO.211tTlO.214p behave by 
writing them in a non-conservative form. Let us in fact write them, taking advantage of 
the reductions we used to acquire the characteristic form, Eqs. (I10.86m0.89p to write those 
equations after transformation to the steady Galilean transformed frame as 



P 



du „ dp 



dx 

da 



ti- 



ll 



dx 
dP 
dx 



dx 
ldP 

p dx 
dp 

dx 

dX 



0. 

0. 



c 2 u 



pC 2 OT, 



II- 



dx 



(10.222) 
(10.223) 
(10.224) 
(10.225) 



Let us attempt next to get explicit representations for the first derivatives of each equation. 
In matrix form, we can say our system is 



/ 



V 



II 



-c 2 u 



P 

u 






0\ 

i 
p 

u 




/dp\ 



d\ 
\ m / 



/ o \ 



pc 2 ar 

V r J 



(10.226) 



u) 

We can use Cramer'q^J rule to invert the coefficient matrix to solve for the evolution of each 
state variable. This first requires the determinant of the coefficient matrix A. 






u 




2 " 

-c u 







P 

ii 








1 

p 
It 






u 



a 



a 



-c 2 u 



p 





A 


1 


II 






p 





u 



II 



u{u 2 ) 
u [u — c 



2 *■ 
C Z U 



(10.227) 

(10.228) 

(10.229) 
(10.230) 



As A appears in the denominator after application of Cramer's rule, we see immediately that 
when the waveframe velocity u becomes locally sonic (u = c) that our system of differential 
equations is potentially singular. 



11 Gabriel Cramer, 1704-1752, Swiss mathematician. 
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Now, by Cramer's rule, dp/dx is found via 



dp 

d.h 






P 









pcVr 


u 



1 
p 

it 






r 








u 



II 



A 
p 




zz i 



pc 2 ar -u 



u 2 (u 2 



u(—p)(—c 2 ar) 
u 2 [u 2 — c 2 ) 
pc 2 ar 
u(u 2 — c 2 ) 



Similarly, solving for du/dx we get 



(lit 
(l.r 



u 













2 " 

—cu 



pc 2 ar 


i 
p 
u 









r 





u 



A 



■;/ 



u 











1 

p 



-c 2 u pc 2 ar u 



u 2 {u 2 
u 2 (—c 2 ar) 



2 („", 2 



u 2 (u 



(?a\ 



u 1 



r :2 ' 



For dP/dx, we get 



dx 



u 


P 











« 








2 '- 

—cu 





pc 2 ax 











r 


u 



It 



A 
u p 
fi 

-c 2 w pc 2 (jr 



u 2 {u 2 — c 2 ) 
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(10.231) 

(10.232) 
(10.233) 
(10.234) 



(10.235) 

(10.236) 
(10.237) 
(10.238) 



(10.239) 

(10.240) 
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upc 2 axu 2 
u 2 (u 2 — c 2 ) ' 
upc 2 ax 



Lastly, we have by inspection 



~ 9 9 ' 

u z — c z 



dX r 
dx u 



(10.241) 
(10.242) 



(10.243) 



We can employ the local Mach number in the steady wave frame, 



v 2 
M 2 = ^-, (10.244) 

c 2 



dp 


par 


dx 


u(l-M 2 ) 


du 


ax 


dx 


1-M 2 ' 


dP 


puox 


dx 


1-M 2 ' 


dX 


r 


dx 


u 



to write our system of ordinary differential equations as 

(10.245) 

(10.246) 

(10.247) 

(10.248) 

We note the when the flow is locally sonic, M = 1, that our equations are singular. Recall- 
ing an analogy from compressible flow with area change, which is really an application of 
l'Hopital's rule, in order for the flow to be locally sonic, we must insist that simultaneously 
the numerator must be zero; thus, we might demand that at a sonic point, ax = 0. So, 
an end state with r = may in fact be a sonic point. For multi-step reactions, each with 
their own thermicity and reaction progress, we require the generalization cr • r = at a local 
sonic point. Here, cr is the vector of thermicities and r is the vector of reaction rates. This 
condition will be important later when we consider so-called eigenvalue detonations. 

10.2.2.3 Reduced non-conservative form 

Let us use the mass equation, Eq. (1 1 . 2 11 [) to simplify the reaction equation, Eq. (110.214|) . 
then integrate our differential equations for mass momentum and energy conservation, apply 
the initial conditions, and thus reduce our system of four differential and two algebraic 
equations to one differential and five algebraic equations: 

pu = -p D } (10.249) 

P + pu 2 = Po + PoD 2 , (10.250) 
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pu(e + U 2 + -j = - Po D(e + ^D 2 + ^-Y (10.251) 

£ = 4r, (10.252) 

ax u 

e = e(P,p,X), (10.253) 

r = r(P,p,X). (10.254) 

With some effort, we can unravel these equations to form one ordinary differential equation in 
one unknown. But let us delay that analysis until after we have examined the consequences 
of the algebraic constraints 

10.2.3 Rankine-Hugoniot analysis 

Let us first analyze our steady mass, momentum, and energy equations, Eqs. (I10.249tll0.25ip . 
Our analysis here will be valid both within, (0 < A < 1) and at the end of the reaction zone 
(A = l). 

10.2.3.1 Rayleigh line 

Let us get what is known as the Rayleign 12 \ line by considering only the mass and linear 
momentum equations, Eqs. (I10.249til0.250p . Let us first rewrite Eq. (I10.250|) as 

o 2 u 2 o 2 D 2 

P + ^^ = P + ^±-. (10.255) 

P Po 

Then, the mass equation, Eq. ( 110. 22p allows us to rewrite the momentum equation, Eq. ( 11Q.255[) 



as 



p 2 D 2 p 2 D 2 

P + ^^ = P + ^ — . (10.256) 

P Po 



Rearranging to solve for P, we find 

1 1 



P = P - p 2 D 2 . (10.257) 

\P Po) 

In terms of v = 1/p, and a slight rearrangement, Eq. (I10.257|) can be re-stated as 

D 2 

P = P -^(v-v ), (10.258) 

P D 2 ( v \ , 

p = '-pviv- 1 )- (ia259) 

1 o 1 o u o \ u o / 

Note: 



1: jJohn William Strutt, 3rd Baron Rayleigh) 1842-1919, English physicist. 
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Figure 10.1: Plot of Rayleigh line for parameters of Table [TITTI and D = 2800 rajs. Slope 
is -p 2 D 2 < 0. 



This is a line in (P, 1/p) space, the Rayleigh line. 

The slope of the Rayleigh line is strictly negative. 

The magnitude of the slope of the Rayleigh line is proportional the square of the wave 
speed; high wave speeds induce steep slopes. 

The Rayleigh line passes through the ambient state (P , l/p ). 

Small volume leads to high pressure. 

These conclusions are a consequence of mass and momentum conservation alone. No 
consideration of energy has been made. 

The Rayleigh line equation is valid at all stages of the reaction: the inert state, a 
shocked stated, an intermediate reacted state, and a completely reacted state. It is 
always the same line. 



A plot of a Rayleigh line for D = 2800 m/s and the parameters of Table 110.11 is shown 
in Fig. 110.11 Here, the point labeled "O" is the ambient state (l/p ,P ). 

10.2.3.2 Hugoniot curve 



Let us next focus on the energy equation, Eq. (j!0.25ip . We shall use the mass and momentum 
equations (I10.249|I10.250[) to cast the energy equation in a form which is independent of both 
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velocities and wave speeds. From Eq. fl!0.249|) . we can easily see that Eq. (110.2510 first 
reduces to 

e + -u 2 + - = e + -D 2 + — . (10.260) 
2 p 2 p 

Now, the mass equation (I10.249J) also tells us that 

u = - P —D, (10.261) 



P 

so Eq. (110.2600 can be recast as 



e + U-) D 2 + - = e + 1 -D 2 + ^, (10.262) 

2 V P ) P 2 Po 

e -^\ D i{f)- l )^- P - P i = °' (10 - 263) 



e-e + ^ 2 ( ^ ~^r M +--- = 0. (10.264) 



\ D 2 ( (Po-P)(Po + P) \ + P_^1 

2 V P 2 J P Po 

Now, the Rayleigh line, Eq. (I10.257|) can be used to solve for D 2 , 



Po VP Po) Pi \Po-p, 



Now, use Eq. (110.2651) to eliminate D 2 in Eq. (110.2641) 

1 f Po-P ( PPo \\ ( (Po-P)(Po + P) \ + P_?2 

2 V Pi \Po-p) )\ P 2 ) P Po 



e-eo+^(^V-H^- T T — )+--- 0, (10.266) 



~le + U P ^)(^) + P --^ = 0, (10.267) 
2 V Po ) V P / P Po 

1 /l 1 \ p p 
e-e +-(P -P) [- + - )+ = 0, (10.268) 

2 VP Po) P Po 

IPo IP IP IP P Po 

e-e + -- + -------- + = 0, (10.269) 

2 p 2 p 2 p 2 p p p 

1 /P P P P 



e " e o+o— + = °> ( 10 -270) 

2 V P Po P p , 

e-e +J(P + P )f---) 

2 VP Po/ 



Rearranging, we get 



P + Po f 1 1 \ 
e-e = —^ x . 10.272 

"-y-^ J> , \P Po) 

change in energy -average pressure , ! v , 

& ^ change in volume 
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This is the Hugoniot equation for a general material. It applies for solid, liquid, or gas. 
Note that 

• This form of the Hugoniot does not depend on the state equation. 

• The Hugoniot has no dependency on particle velocity or wave speed. 

• The Hugoniot is valid for all e(A); that is it is valid for inert, partially reacted, and 
totally reacted material. Different degrees of reaction A will induce shifts in the curve. 

Now, let us specify an equation of state. For convenience and to more easily illustrate 
the features of the Rankine- Hugoniot analysis, let us focus on the simplest physically-based 
state equation, the calorically perfect ideal gas for our simple irreversible kinetics model. 
With that we adopt the perfect caloric state equation studied earlier, Eq. (18.71) : 

e = c v T-Xq. (10.273) 

We also adopt an ideal gas assumption 

P = pRT. (10.274) 

Solving for T, we get T = P/p/R. Thus, c v T = (c v /R)(P/p). Recalling that R = cp — c v , 
we then get c v T = (c v /(cp — c v ))(P/p). And recalling that for the calorically perfect ideal 
gas 



we get 



7 = — , (10.275) 

c v 



c v T = — . (10.276) 

7-1 p 



Thus, our caloric equation of state, Eq. (110.2730 . for our simple model becomes 



In terms of v, Eq. (110.2771) is 



e(P,p,\) = -L---\q. (10.277) 

7-1 p 



e(P,v,X) = Pv-Xq. (10.278) 

7- 1 

As an aside, we note that for this equation of state, the sound speed can be deduced from 
Eq. (fKTTol) as 

v = ^M^ _ ^JBL = H. do.279) 

dP\v,X 7-1 

PI P 

c 2 = ~f -= 7 Pw = 7— . (10.280) 

v p 2 p 
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For the thermicity, we note that 



R Re + Xq 
p = p RT = —T= -. 

V V c„ 



dP 
~dX 



= (7 - l)pq, 

c,,v 



a 



1 dP 
pc 2 dX 



v,e "V 

_( 7 - l) pq = ( 7 - 1)_ 



pc*' ■ c* 7 P 

Now, at the initial state, we have A = 0, and so Eq. (110.2770 reduces to 

1 Po 



e-o 



1-lPo 



(10.281) 
(10.282) 

(10.283) 
(10.284) 



We now use our caloric state relations, Eqs. (I10.277fl0.284p to specialize our Hugoniot 
relation, Eq. (J10.272JI . to 



1 



P P. 



Xq 



\-p„ n i_ 

P Po 



7 - 1 V P Po) 

Employing v = 1/p, we get a more compact form: 

— : - (Pv - p v ) -x g = -Up + P ) (v - v ) 

7 — 1 2 



(10.285) 



(10.286) 



Let us next operate on Eq. (I10.285P so as to see more clearly how the Hugoniot is represented 
in the (P,v) = (P, 1/p) plane. 

-^— (Pv - P v ) + - (Pv + P v - Pv - P v ) = Xq, 

7 — 1 2 



P 



1 1 1 

v + -v- -v 

p /7 + 1 



7-1 



Pn 



1 1 1 

v o - t:V + -v 



2 V7-1 



-v — v, 



7-1"" 2 

Po /7 + 1 



p 



2 \7- 1 

2Xq + P 



v -v 



Xq, 


(10.287) 


Xq, 


(10.288) 


Xq, 


(10.289) 



(SK — 



7+1 
7-1 



v — v, 



Note that as 



7-1 , 

7 + 1 



P ^ 00. 



(10.290) 



(10.291) 



For 7 = 7/5, this gives v — » w D /6 induces and infinite pressure. In fact an ideal gas cannot 
be compressed beyond this limit, known as the strong shock limit. Note also that as 



v — > 00, 



7-1 
7 + 1 



P o <0. 



(10.292) 
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So, very large volumes induce non-physical pressures. 

Let us continue to operate to get a more compact form for the calorically perfect ideal 
gas Hugoniot curve. Let us add a common term to both sides of Eq. ni0.290[) : 

2Ag + P (^v -v) 1 

Po t v - + L —r Po, (10-293) 



p 1 7 


— i 


r \ 

7 


+ 1 


7 + 1 
V 


— V 



7+1 ) \7-l / V7-1 



+ 1 —^Po (^v - v ) , (10.294) 

7+1 V7-1 / 

7 + 1 
2Xq + 1 -P v - P v 

7- 1 

+P v - ^^PoVo, (10.295) 

7 + 1 

2Xq + ^±±P v - ^^P v , (10.296) 

7-1 7+1 



47 
7~1 



2Xq + -y-^PA, (10.297) 



P 7-IW7 + IV \ 2Ao 47 

M TTTr + TTTp (10.298) 

(10.299) 



-Po 7 + 1/ \7-l u o / -P ^ 7 

P 7 — l\ / v 7 — l\ 7 — 1 2Xq 47 



P 7 + 1/ V«o 7 + 1/ -f + lPoVo (7 + I) 2 

Equation (I10.299|) represents a hyperbola in the (P,v) = (P, 1/p) plane. As A proceeds from 
to 1, the Hugoniot moves. A plot of a series of Hugoniot curves for values of A = 0, 1/2, 1 
along with two Rayleigh lines for D = 2800 rajs and D = 1991.1 rajs is shown in Fig. 110.21 
The D = 1991.1 m/s Rayleigh line happens to be exactly tangent to the A = 1 Hugoniot 
curve. We will see this has special significance. 

Let us define, for convenience, the parameter /2 2 as 

ii 2 = 1^1. (10.300) 

7 + 1 

With this definition, we note that 

4 , /7-l\ 2 7 2 + 27 + l-7 2 + 27-l 4 7 



1-jT = 1- =— — —, '-^ — = 7 '—^. (10.301) 

V7 + iy (7 + 1) 2 (7 + 1) 2 l ; 

With this definition, Eq. (j!0.299p . the Hugoniot, becomes 



p. ■>{*-» = V ^r + 1 -"- (10 ' 302) 
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Figure 10.2: Plot of A = 0, 1/2, 1 Hugoniot curves and two Rayleigh lines for D = 2800 m/s, 
D = 1991.1 m/s and parameters of Table PP0~T1 

Now, let us seek to intersect the Rayleigh line with the Hugoniot curve and find the points 
of intersection. To do so, let us use the Rayleigh line, Eq. ( 110.259|> . to eliminate pressure in 
the Hugoniot, Eq. fll().3()2j> : 



D 2 (v 



PoVo \Vo 



i +£' 



/'" 



2/i 2 ^- + 1 - (i\ (10.303) 

Po'Vo 



We now structure Eq. ( 110.3Q3[) so that it can be solved for v. 



i + A' 



D 2 v D 2 



P v v P v J \v 



/'" 



2/x 2 — — + 1 - /2 4 . (10.304) 

P v 



Now, let us regroup to form 



D 2 



PoVo 



V J \ \ PoVo 



A 2 1 + /2 2 



D 2 



P o V 



-2A 2 Tr^- - 1 + A 4 = °> 



D 2 
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»\/, ~2^ ^ 



- (1+^) 1 + 



PoVo 



£ 2 (1 



^o^o 



£ 2 \ ,i Xq 



PoVo 



2// 2 



-PnW, 



(10.305) 

1 = 0. 

(10.306) 
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This quadratic equation has two roots: 

VoJ 



' PoVo 



2 



± -i -^2- . (10.307) 

For a given wave speed .D, initial undisturbed conditions, P , u , and material properties, 
/2, g, Eq. (110.3070 gives the specific volume as a function of reaction progress A. Depending 
on these parameters, we can mathematically expect two distinct real solutions, two repeated 
solutions, or two complex solutions. 

10.2.4 Shock solutions 

We know from Eq. ( 110.2101) that A does not change through a shock. So, if A = before 
the shock, it has the same value after. So, we can get the shock state by enforcing the 
Rankine-Hugoniot jump conditions with A = 0: 



(i + fi)^ 2 ) 



v 



PoVo 



(l + S) (l + ^) 2 -4&(l + (l 



PoV„ I P 1 



± -* ^ . (10.308) 

PoVo 

With considerable effort, or alternatively, by direct calculation via computational algebra, 
the two roots of Eq. fll0.308|) can be shown to reduce to: 

— = 1, (10.309) 

Vn 



O 



V_ _ ^2 _| ^o V o ( -i 

v D 2 



/i 2 + ^(l+/i 2 ). (10.310) 



The first is the ambient solution; the second is the shock solution. The shock solution can 
also be expressed as 

v 7 — 1 27 P n v n 

— = 1 + ^. 10.311 

v 7 + 1 7 + 1 D 2 K ' 

In the limit as P v /D 2 — > 0, the so-called strong shock limit, we find 

v 7 — 1 



v 7 + 1 
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The reciprocal gives the density ratio in the strong shock limit: 

P 7 + 1 



10.313) 



Po 7-1 

With the solutions for v/v , we can employ the Rayleigh line, Eq. (J10.259P to get the 
pressure. Again, we find two solutions: 

£ = 1, (10.314) 

£ = ^(1-P 2 )-P 2 . (10.315) 

P Q T'oVo 

The first is the inert solution, and the second is the shock solution. The shock solution is 
rewritten as 

P 2D 2 7-1 



P 7 + 1 P v 7 + 1 ' 
In the strong shock limit, P v /D 2 — > 0, the shock state reduces to 

P 2 P 2 



P 7 + 1 P v 
Note, this can also be rewritten as 

P 2 7 D 2 



P 7+l 7 P ?V 

2 7 D 2 



(10.316) 



(10.317) 



(10.318) 



7 + 1 c* " 
Lastly, the particle velocity can be obtained via the mass equation, Eq. ( 110. 261ft : 

D p' 



(10.319) 



v 

7-1 2 7 P^ 
7 + 1 7 + 1 D 2 ' 
In the strong shock limit, P v /D 2 — > 0, we get 

u 7 — 1 

P ~" ~7 + l' 
Note that in the laboratory frame, one gets 

u — D 7 — 1 

P ~7 + l' 



(10.320) 
(10.321) 

(10.322) 

(10.323) 
(10.324) 



u 7 — 1 , 

d ^ l -—r (10 ' 32B) 

u 2 . 

(10.326) 



P 7 + 1 
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10.2.5 Equilibrium solutions 

Our remaining differential equation, Eq. ( 11Q.252[) is in equilibrium when r = 0, which for 
one-step irreversible kinetics, Eq. fll0.12|) . occurs when A = 1. So, for equilibrium end states, 
we enforce A = 1 in Eq. (I10.307P and get 



v \ V 

I'o 



(1+A 2 ) 



D 2 



PoVo 






) (i + A 2 ) a -4^(i + (i + ^)/i 2 -2/i a ^) 



± -^ ^ — I -. (10.327) 

This has only one free parameter, D. There are two solutions for v/v at complete reaction. 
They can be distinct and real, repeated and real, or complex, depending on the value of 
D. We are most interested in D for which the solutions are real; these will be physically 
realizable. 

10.2.5.1 Chapman-Jouguet solutions 

Let us first consider solutions for which the two roots of Eq. (110.327|) are repeated. This 
is known as a Chapman 13 !- Jouguetl 14 ! (CJ) solution. For a CJ solution, the Rayleigh line is 
tangent to the Hugoniot at A = 1 if the reaction is driven by one-step irreversible kinetics. 

We can find values of D for which the solutions are CJ by requiring the discriminant 
under the square root operator in Eq. (I10.327P to be zero. We label such solutions with a 
CJ subscript and say 

(l + ^)\l+fi 2 ) 2 -^(l+(l + ^)^-2^J-)=0. (10.328) 

Equation (110.3280 is quartic in D C j and quadratic in D CJ . It has solutions 



D 2 n 1 + 4/} 2 ^ - A 4 ± 2 J^ 2 (l + 2/i 2 - A 4 ) 



'CJ 



PoVo (A 2 " 1] 



(10.329) 



The "+" root corresponds to a large value of Dqj- This is known as the detonation branch. 
For the parameter values of Table 110.11 we find by substitution that Dqj = 1991.1 m/s 
for our H 2 -Siir mixture. It corresponds to a pressure increase and a volume decrease. The 
"-" root corresponds to a small value of Dcj- It corresponds to a pressure decrease and 
a volume increase. It is known as the deflagration branch. For our i^-air mixture, we 
find Dcj = 83.306 m/s. Here, we are most concerned with the detonation branch. The 



13 



1J 



David Leonard Chapman, 1869-1958, English chemist. 



Jacques Charles Emile Jouguet, 1871-1943, French engineer. 
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deflagration branch may be of interest, but neglected mechanisms, such as diffusion, may 
be of more importance for this branch. In fact laminar flames in hydrogen move much 
slower than that predicted by the CJ deflagration speed. We also note that for q — > 0, that 
Dcj/(P v ) = (1 + /i 2 )/(l — jj 2 ) = 7- Thus, for q — ► 0, we have D 2 CJ — ► 7P w , and the wave 
speed is the ambient sound speed. 

Taylor series expansion of the detonation branch in the strong shock limit, P v jD 2 C j — » 
shows that 

D 2 CJ -► 2g( 7 2 -l), (10.330) 

vcj -► -t_t^ (10.331) 

7 + 1 

P CJ -► 2(7-1)^-, (10.332) 



^CJ 



7 



7 + 1 



\/2g(7 2 -l), (10-333) 



V / 2g(7 2 ~ 1) , in „. 

u CJ -» — • (10.334) 

7 + 1 

Importantly the Mach number in the wave frame at the CJ state is 

M 2 CJ = & (10.335) 



"jPcjVcj 
tS(7-1K^t 

2 



(7+l) ; 



■(7 2 -i: 



7(7-1)^1 ' 

^(7 + l)(7 



(7+1) 



(10.336) 
(10.337) 

(10.338) 

7(7-1)* ' < 10 ' 339 > 

= 1. (10.340) 

In the strong shock limit, the local Mach number in the wave frame is sonic at the end of 
the reaction zone. This can be shown to hold away from the strong shock limit as well. 

10.2.5.2 Weak and strong solutions 

For D < Dcj there are no real solutions on the detonation branch. For D > Dcj, there are 
two real solutions. These are known as the weak and strong solution. These solutions are 
represent the intersection of the Rayleigh line with the complete reaction Hugoniot at two 
points. The higher pressure solution is known as the strong solution. The lower pressure 
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u f (m/s) 



Figure 10.3: Plot of detonation wave speed D versus piston velocity Uf] parameters from 
Table 110.11 loosely model iJ 2 -air detonation. 



solution is known as the weak solution. Equilibrium end state analysis cannot determine 
which of the solutions, strong or weak, is preferred if D > Dcj- 

We can understand much about detonations, weak, strong, and CJ, by considering how 
they behave as the final velocity in the laboratory frame is changed. We can think of the final 
velocity in the laboratory frame as that of a piston which is pushing the detonation. While 
we could analyze this on the basis of the theory we have already developed, the algebra is 
complicated. Let us instead return to a more primitive form. Consider the Rankine-Hugoniot 
jump equations, Eqs. (I10.249til0.251j) with caloric state equation, Eq. (I10.277|) with the final 
state, denoted by the subscript /, being A = 1 and the initial state being A = 0, Eq. (I10.249|) 
being used to simplify Eq. (110.2510 . and the laboratory frame velocity u used in place of u: 
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(10.341) 
(10.342) 

(10.343) 



Let us consider the unknowns to be Pf, pf, and D. Computer algebra solution of these three 
equations yields two sets of solutions. The relevant physical branch has a solution for D of 
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(10.344) 



We give a plot of D as a function of the supporting piston velocity Uf in Figure [10.31 
We notice on Fig. 110.31 that there is a clear minimum D. This value of D is the CJ value of 
Dcj = 1991.1 m/s. It corresponds to a piston velocity of Uf = 794.9 m/s. 

A piston driving at Uf = 794.9 m/s will just drive the wave at the CJ speed. At this 
piston speed, all of the energy to drive the wave is supplied by the combustion process itself. 
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As Uf increases beyond 794.9 m/s, the wave speed D increases. For such piston velocities, 
the piston itself is supplying energy to drive the wave. For Uf < 794.9 m/s, our formula 
predicts an increase in D, but that is not what is observed in experiment. Instead, a wave 
propagating at D C j is observed. 

We last note that in the inert, q = 0, small piston velocity, «/ — ► 0, limit that Eq. (110.3440 
reduces to D — \f^P / 7v That is, the wave speed is the ambient sound speed. 

10.2.5.3 Summary of solution properties 

Here is a summary of the properties of solutions for various values of D that can be obtained 
by equilibrium end state analysis: 

• D < Dcj- No Rayleigh line intersects a complete reaction Hugoniot on the detonation 
branch. There is no real equilibrium detonation solution. 

• D = Dqj'- There is a two repeated solutions at a single point, which we will call C, the 
Chapman- Jouguet point. At C, the Rayleigh line is tangent to the complete reaction 
Hugoniot. Some properties of this solution are 

— Ucj/ c cj = 1; the flow is sonic in the wave frame at complete reaction. 

— This is the unique speed of propagation of a wave without piston support if the 
reaction is one-step irreversible. 

— At this wave speed, D = Dcj, all the energy from the reaction is just sufficient 
to drive the wave forward. 

— Because the end of the reaction zone is sonic, downstream acoustic disturbances 
cannot overtake the reaction zone. 

• D > Dqj] Two solutions are admitted at the equilibrium end state, the strong solution 
at point S, and the weak solution at point W. 

— The strong solution S has 

* u/c < 1, subsonic. 

* piston support is required to drive the wave forward 

* some energy to drive the wave comes from the reaction, some comes from the 
piston. 

* if the piston support is withdrawn, acoustic disturbances will overtake and 
weaken the wave. 

— The weak solution W has 

* u/c > 1, supersonic 

* often thought to be non-physical, at least for one-step irreversible kinetics 
because of no initiation mechanism. 

* exceptions exist. 
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10.2.6 ZND solutions: One-step irreversible kinetics 

We next consider the structure of the reaction zone. Structure was first considered contempo- 
raneously and independently by Zel'dovich, von Neumann 15 ! and Poring 16 ! Equation (110.3070 
gives v(X) for either the strong or weak branches of the solution. Knowing v(X) and thus 
p(A), since v = 1/p, we can use the integrated mass equation, Eq. (I10.249P to write an 
explicit equation for u(X). Our Rankine-Hugoniot analysis also give T(X). These can be 
employed in the reaction kinetics equation, Eq. (110.2521 110.130 to form a single ordinary 
differential equation for the evolution of A of the form 



dA _q(r(A)fexp(-^)(l-A) 
dx u(X) 



A(0) = 0. (10.345) 



We consider the initial unshocked state to be labeled O. We label the point after the shock 
N for the Neumann point, named after von Neumann, one of the pioneers of detonation 
theory. Recall A = both at O and at N. But the state variables, e.g. P, p, w, change from 
O to N. 

Before we actually solve the differential equations, we can learn much by considering 
how P varies with A in the reaction zone by using Rankine-Hugoniot analysis. Consider the 
Rankine-Hugoniot equations, Eqs. (H0.249H10.25ip with caloric state equation, Eq. (I10.277|) . 
Eq. (110.249!) bein g used to simplify Eq. (110.2511) : 

pu = -p D, (10.346) 

P + pu 2 = P + Po D 2 , (10.347) 



7-1 p 2 p 



•^. 




Xq+ h 2 +- = ^—UL + 1 D * + UL. (10.348) 



Computer algebra reveals the solution for P(X) to be 




"(>>) - —, \r. + ** ^ V I 1 " ^) " 2JC ^ ' ' ' (10 ' 349) 

In Fig. (110.40 . we plot P versus A for three different values of D: D = 2800 m/s > Dqj, 
D = 1991.1 m/s = D C ji D = 1800 m/s < D CJ . 

We can also, via detailed algebraic analysis get an algebraic expression for M as a function 
of A. We omit that here, but do get a plot for our system. In Fig. ( 110. 5ft . we plot M 
versus A for three different values of D: D = 2800 m/s > D C j, D = 1991.1 m/s = D C j, 
D = 1800 m/s < Dcj- The plot of M versus A is log-log so that the sonic condition may be 
clearly exhibited. 



1; 1John vo n Neumann, 1903-1957, Hungarian- American genius. 
16 |Werner Poring] 1911-2006, German physicist. 
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Figure 10.4: P versus A from Rankine-Hugoniot analysis for one-step irreversible reaction 
for D = 2800 m/s > D CJ , D = 1991.1 m/s = D CJ , D = 1800 m/s < D CJ for i/ 2 /air-based 
parameters of Table 110.11 
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Figure 10.5: M versus A from Rankine-Hugoniot analysis for one-step irreversible reaction 
for D = 2800 m/s > D CJ , D = 1991.1 m/s = D CJ , D = 1800 m/s < D CJ for H 2 /air-based 
parameters of Table 110.11 
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For D = 2800 m/s > Dcj, there are two branches, the strong and the weak. The 
strong branch commences at N where A = and proceeds to decrease to A = 1 where the 
equilibrium point S is encountered at a subsonic state. There other branch commences at 
O and pressure increases until the supersonic W is reached at A = 1. 

For D = 1991.1 m/s = Dcj, the behavior is similar, except that the branches commenc- 
ing at N and O both reach complete reaction at the same point C. The point C can be shown 
to be sonic with M = 1. We recall from our earlier discussion regarding Eqs. (110 .2451110 .2480 
that sonic points are admitted only if ox = 0. For one-step irreversible reaction, r = when 
A = 1, so a sonic condition is admissible. 

For D = 1800 m/s < Dcj, the strong and weak branches merge at a point of incomplete 
reaction. At the point of merger, near A = 0.8, the flow is locally sonic; however, this is not 
a point of complete reaction, so there can be no real-valued detonation structure for this 
value of D. 

Finally, we write an alternate differential-algebraic equations which can be integrated for 
the detonation structure: 

(10.350) 
(10.351) 

(10.352) 

(10.353) 
(10.354) 
(10.355) 

We need the condition A(0) = 0. These form six equations for the six unknowns p, u, P, e, 
T, and A. 

10.2.6.1 CJ ZND structures 

We now fix D = Dqj = 1991.1 m/s and integrate Eq. (I10.345|) from the shocked state N 
to a complete reaction point, C, the Chapman- Jouguet detonation state. We could also 
integrate from O to C, but this is not observed in nature. After obtaining X(x), we can use 
our Rankine-Hugoniot analysis results to plot all state variables as functions of x. 

In Fig. (I10.6p . we plot the density and pressure versus x. The density first jumps discon- 
tinuously from O to its shocked value at N . From there it slowly drops through the reaction 
zone until it relaxes near x ~ —0.01 m to its equilibrium value at complete reaction. Thus, 
the reaction zone has a thickness of roughly 1 cm. Similar behavior is seen for the pressure. 

The wave frame-based fluid particle velocity is shown in Fig. 110.71 Since the unshocked 
fluid is at rest in the laboratory frame with u = m/s, the fluid in the wave frame has 
velocity u = — 1991.1 m/s = —1991.1 m/s. It is shocked to a lower velocity and then 
relaxes to its equilibrium value. 
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Figure 10.6: ZND structure of p(x) and P(x) for D = Dqj = 1991.1 m/s for one-step 
irreversible reaction for iJ 2 /air-based parameters of Table 110.11 
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Figure 10.7: ZND structure of wave frame-based fluid particle velocity u(x) and laboratory 
frame-based particle velocity u(x) for D = Dqj = 1991.1 m/s for one-step irreversible 
reaction for H 2 / air-based parameters of Table 110.11 
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Figure 10.8: ZND structure of T(x) and wave frame-based Mach number M for D = Dcj 
1991.1 m/s for one-step irreversible reaction for ^/air-based parameters of Table IT07T1 



The structure of the velocity profiles is easier to understand in the laboratory frame, as 
also shown in Fig. 110.71 Here, we see the unshocked fluid velocity of u = m/s. The fluid is 
shocked to a high velocity, which then decreases to a value at the end of the reaction zone. 
The final velocity can be associated with that of a supporting piston, Uf = 794.9 m/s. 

The temperature and wave frame-based Mach number are plotted in Fig. 110.81 It is 
shocked from 298 K to a high value, then continues to mainly increase through the reaction 
zone. Near the end of the reaction zone, there is a final decrease as it reaches its equilibrium 
value. The Mach number calculated in the wave frame, M, goes from an initial value of 
M = 4.88887, which we call the CJ detonation Mach number, U C j = 4.88887, to a post- 
shock value of M = 0.41687. Note this result confirms a standard result from compressible 
flow that a standing normal shock must bring a flow from a supersonic state to a subsonic 
state. At equilibrium it relaxes to M = 1. This relaxation to a sonic state when A = 1 is 
what defines the CJ state. We recall that this result is similar to that obtained in so-called 
"Rayleigh flow" of one- dimensional gas dynamics. Rayleigh flow admits heat transfer to a 
one-dimensional channel, and it is well known that the addition of heat always induces the 
flow to move to a sonic (or "choked") state. So, we can think of the CJ detonation wave as 
a thermally choked flow. 

The reaction progress variable A is plotted in Fig. 110.91 Note that it undergoes no shock 
jump and simply relaxes to its equilibrium value of A = 1 near x = 0.01 m. Lastly, we 
plot T(—x) on a log- log scale in Fig. (HO.lOp . The sign of x is reversed so as to avoid the 
plotting of the logarithms of negative numbers. We notice on this scale that the temperature 
is roughly that of the shock until —x = 0.001 m, at which point a steep rise begins. We call 
this length the induction length, £ in( i. When we compare this figure to Fig. 2 of Powers and 
Paolucci, 2005, we see a somewhat similar behavior. However the detailed kinetics model 
shows £i n d ~ 0.0001 m. The overall reaction zone length £ rxn is predicted well by the simple 
model. Its value of £ rxn ~ 0.01 m is also predicted by the detailed model. Some of the 
final values at the end state are different as well. This could be due to a variety of factors, 
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Figure 10.9: ZND structure of \(x) for D = Dqj = 1991.1 m/s for one-step irreversible 
reaction for H 2 / air-based parameters of Table [T0~T1 




Figure 10.10: ZND structure on a log-log scale of T(x) for D = Dqj 
one-step irreversible reaction for if 2 / a i r -based parameters of Table 110.11 
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parameter 


simple 


detailed 




*~rxn 


10" 2 m 


lO- 2 m 


^■ind 


10~ 3 m 


10" 4 m 


Dcj 


1991.1 m/s 


1979.7 m/s 


Ps 


2.80849 x 10 6 Pa 


2.8323 x 10 6 Pa 


Pcj 


1.4553 x 10 6 Pa 


1.6483 x 10 6 Pa 


T 

J- s 


1664 .4 K 


1542.7 # 


Tcj 


2570.86 K 


2982.1 K 


Ps 


4.244 kg/m 3 


4.618 %/m 3 


Pcj 


1.424 kg/m 3 


1.5882 kg/m 3 


M 


4.88887 


4.8594 


M s 


0.41687 


0.40779 


M C j 


1 


0.93823 



Table 10.2: Numerical values of parameters which roughly model CJ H2-a.1v detonation. 

especially differences in the state equations. Comparisons between values predicted by the 
detailed model of Powers and Paolucci, 2005, against those of the simple model here are 
given in Table 110.21 

10.2.6.2 Strong ZND structures 

We increase the detonation velocity D to D > Dcj and obtain strong detonation structures. 
These have a path from O to N to the equilibrium point S. These detonations require piston 
support to propagate, as the energy supplied by heat release alone is insufficient to maintain 
their steady speed. 

Similar to our plots of the CJ structures, we give plots of the strong, D = 2800 m/s 
structures of p(x), P(x), u(x), u(x), T(x), M(x), X(x) in Figs. llQ.lltfT0.14l respectively. 
The behavior of the plots is qualitatively similar to that for CJ detonations. We see however 
that the reaction zone has become significantly thinner, £ rxn ~ 0.0001 m. This is because 
the higher temperatures associated with the stronger shock induce faster reactions, thus 
thinning the reaction zone. Comparison with Fig. 110.21 reveals that the shocked and final 
values of pressure agree with those of the Rankine-Hugoniot jump analysis. We also note 
the final value of M is subsonic. This allows information to propagate from the supporting 
piston all the way to the shock front. 
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Figure 10.11: ZND structure of p(x) and P(x) for strong D = 2800 m/s > Dqj for one-step 
irreversible reaction for iJ 2 /air-based parameters of Table 110.11 
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Figure 10.12: ZND structure of wave frame-based fluid particle velocity u(x) and labora- 
tory frame-based fluid particle velocity u(x) for strong D = 2800 m/s > Dqj for one-step 
irreversible reaction for i/ 2 /air-based parameters of Table 110.11 
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Figure 10.13: ZND structure of T(x) and M(x) for strong D = 2800 m/s > Dqj for one-step 
irreversible reaction for ^/air-based parameters of Table 110. 1L 
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Figure 10.14: ZND structure of \(x) for strong D = 2800 m/s > Dqj for one-step irre- 
versible reaction for ^/air-based parameters of Table 110. 1L 
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x(m) 



-3.2249x10 
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Figure 10.15: ZND structure of X(x) for unshocked, weak D = 2800 m/s > Dqj for one-step 
irreversible reaction for ^/air-based parameters of Table [TOTTl The galactic distance scales 
are far too large to be realistic representations of reality! 

10.2.6.3 Weak ZND structures 

For the simple one-step irreversible kinetics model, there is no path from O through the 
shocked state TV to the weak solution W . There is a direct path from O to W; however, it 
is physically unrealistic. For D = 2800 m/s, we plot A versus x in Fig. 110.151 Numerical 
solution was available only until A ~ 0.02. Numerical precision issues arose at this point. 



Note, importantly, that 



10 m is unrealistically large! Note the distance from Earth 

O in- 



to the Large Magellanic Cloud, a dwarf galaxy orbiting the Milky Way, is 10 m. 
combustion model is not well calibrated to those distances, so it is entirely unreliable to 
predict this class of weak detonation! 

10.2.6.4 Piston problem 

We can understand the physics of the one-step kinetics problem better in the context of 
a piston problem, where the supporting piston connects to the final laboratory frame fluid 



velocity u v 



u[x 



-oo). Let us consider pistons with high velocity and then lower them 



and examine the changes of structure. 

• u p > u Pt cj- This high velocity piston will drive a strong shock into the fluid at a speed 
D > Dcj- The solution will proceed from O to iV to S and be subsonic throughout. 
Therefore changes at the piston face will be able to be communicated all the way to 
the shock front. The energy to drive the wave comes from a combination of energy 
released during combustion and energy supplied by the piston support. 

• Up = u Pt cj At a critical value of piston velocity, u P: cj, the solution will go from O to 
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N to C, and where it is locally sonic. 

• u p < u Pj cj For such flows, the detonation wave is self-supporting. There is no means to 
communicate with the supporting piston. The detonation wave proceeds at D = Dqj- 
We note that Dqj is not a function of the specific kinetic mechanism. So, for a one-step 
irreversible kinetics model, the conclusion the Dqj is the unique speed of propagation of 
an unsupported wave is verified. It should be noted that nearly any complication added 
to the model, e.g. reversibility, multi-step kinetics, multi- dimensionality, diffusion, etc., 
will alter this conclusion. 

10.2.7 Detonation structure: Two-step irreversible kinetics 

Let us consider a small change to the one-step model of the previous sections. We will now 
consider a two-step irreversible kinetics model. The first reaction will be exothermic and 
the second endothermic. Both reactions will be driven to completion, and when they are 
complete, the global heat release will be identical to that of the one-step reaction. All other 
parameters will remain the same from the one-step model. This model is discussed in detail 
by Fickett and Davis, and in a two-dimensional extension by Powers and Gont trier] 17 ! 

We will see that this simple modification has profound effects on what is a preferred 
detonation structure. In particular, we will see that for such a two-step model 

• the CJ structure is no longer the preferred state of an unsupported detonation wave, 

• the steady speed of the unsupported detonation wave is unique and greater than the 
CJ speed, 

• there is a path from the unshocked state O to the shocked state TV through a sonic 
incomplete reaction pathological point P to the weak equilibrium end state W, 

• there is a strong analog to steady compressible one- dimensional inert flow with area 
change, i.e. rocket nozzle flow. 

Let us pose the two step irreversible kinetics model of 

1 : A -» B, (10.356) 

2 : B -► C. (10.357) 

Let us insist that A, B, and C each have the same molecular mass, Ma = Mb = Mc = M, 
and the same constant specific heats, cpa = cpp = cpc = cp. Let us also insist that both 
reactions have the same kinetic parameters, E\ = £2 = E, a\ = a 2 = a, (5\ = /3 2 = 0. 
Therefore the reaction rates are such that 

k 1 = k 2 = k. (10.358) 



17 Powers, J. M., and Gonthier, K. A., 1992[ "Reaction Zone Structure for Strong, Weak Overdriven, and 
Weak Underdriven Oblique Detonations," Physics of Fluids A, 4(9): 2082-2089. 
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Let us assume at the initial state that we have all A and no B or C: p^(0) = p A , p^(0) = 0, 
p c (0) = 0. Since J = 2, we have a reaction vector Tj of length 2: 

r '=(ra)- (10 - 359) 

Our stoichiometric matrix z/^ has dimension 3x2 since iV = 3 and J = 2: 

i/ y = [ 1 -1 ] . (10.360) 





For species production rates, from Cji = ^2 i=1 ^ij^'j we have 

We recall here that d/dt denotes the material derivative following a fluid particle, d/dt = 
d/dt + ud/dx. For our steady waves, we will have d/dt = ud/dx. We next recall that 
Pj/p = Yi/Mi, which for us is Yi/M, since the molecular masses are constant. So, we have 

Elementary row operations gives us the row echelon form 

(10.363) 






We can integrate the homogeneous third equation and apply the initial condition to get 

Y A + Y B + Yc= 1. (10.364) 

This can be thought of as an unusual matrix equation: 




(1 1 1) \Y B \ =(1). (10.365) 

We can perform an analogous exercise to finding the form p = p + D • £ and get 

s — » — ' 

=F 
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The column vectors of F are linearly independent and lie in the right null space of the 
coefficient matrix (1,1,1). The choices for F are not unique, but are convenient. We can 
think of the independent variables A l7 A2 as reaction progress variables. Thus, for reaction 
1, we have Ai, and for reaction 2, we have A 2 . Both A^O) = and A2(0) = 0. The mass 
fraction of each species can be related to the reaction progress via 

(10.367) 
(10.368) 
(10.369) 

When the reaction is complete, we have Ai — > 1, A2 —>■ 1, and Ya —> 0, Yb —> 0, Yq —>■ 1. 
Now, our reaction law is 

m( ~ k ~P 



Ya ~- 


= 1-A l7 


Y B ~- 


= Ai — A2 


Y c = 


= A 2 . 





9 V 




k-pA-kpB I =k J Ya-Yb 1 • (10.370) 



Eliminating Y&, Yb and Yc in favor of Ai and A2, we get 




"(1-Ai) 
k\ (i-A 1 )-(A 1 -A 2 ) I . (10.371) 



Ai — A2 
This reduces to 



d ( Xl \ I l ~ Xl \ 

— Ai - A 2 =k\ 1 - 2Ai + A 2 . (10.372) 

dt \ A 2 ) V A,-A 2 ) 

The second of these equations is the difference of the first and the third, so it is redundant 
and we need only consider 

s(a-*(i-y- (iMra) 

In the steady wave frame, this is written as 

d\ 
u— - = (l-Ai)Jfe, (10.374) 

ax 

u^l = (Ai-A 2 )ife. (10.375) 

ax 

Because the rates k\ = k 2 = k have been taken to be identical, we can actually get A 2 (Ai). 
Dividing our two kinetic equations gives 

a\o Ai — Aq ,_ „ „_„^ 

— - = — -. 10.376 

dAi 1-Ai y ' 
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Because Ai(0) = and A2(0) = 0, we can say that A2(Ai = 0) = 0. We rearrange this 
differential equation to get 

dAo 1 Ai . _. 

^ + r^^ = i^- < 10 - 377 > 

This equation is first order and linear. It has an integrating factor of 

dAi \ , , , , N , 1 



exp ( / i_ A ) = ex P (~ M 1 ~ Al )) 



1-Ai 
Multiplying both sides by the integrating factor, we get 



1 d\o ( 1 A Ai . 

A 2 = n \ vr (10.378) 



1-AidAi ' yi-XiJ "* (l-AO 2 ' 
Using the product rule, we then get 

d ( A 2 \ Ai 



dAi \1 -Ai/ (1-Ai) 2 ' 

A2 f Ai 



(10.379) 



/ (1 _ Al Ai)2 ^Ai. (10.380) 



1-Ai 

Taking u = Ai and dv = d\\/{\ — Ai) 2 and integrating the right side by parts, we get 

A2 Ai / aAi 



1-A! " 1-A! J 1-V (1 °- 381) 

= -^-+ln(l-Ai) + C, (10.382) 

1 — Ai 

A 2 = Ai + (1- Ai)ln(l- Ai) + C(l- Ai). (10.383) 

Now, since A 2 (Ai = 0) = 0, we get C = 0, so 

X 2 (x) = Ai(f) + (1- Ai(£))ln(l- Ai(x)). (10.384) 

Leaving out details of the derivation, our state equation becomes 

e(T, Ai, A 2 ) = c v (T - T ) - X lQl - X 2 q 2 . (10.385) 

We find it convenient to define Q(Ai, A2) as 

g(A 1 ,A 2 )=A 1 gi + A 2 g 2 . (10.386) 

So, the equation of state can be written as 

e(T, Ai, A 2 ) =c v (T- T ) - Q(X U A 2 ). (10.387) 
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Parameter 


Value 


Units 


7 


1.4 




M 


20.91 


kg/kmole 


R 


397.58 


J/kg/K 


Po 


1.01325 x 10 5 


Pa 


T 


298 


K 


Po 


0.85521 


kg/m 3 


Vo 


1.1693 


m 3 /kg 


<7i 


7.58265 x 10 6 


J/kg 


92 


-5.68698 x 10 6 


J/kg 


£ 


8.29352 x 10 6 


J/kg 


a 


5 x 10 9 


1/8 


P 








Table 10.3: Numerical values of parameters for two-step irreversible kinetics. 



The frozen sound speed remains 



c 2 = jPv = j- 



(10.388) 



There are now two thermicities: 



0"l 



1 dP 



pc 2 d\i 
1 dP 



(To 



pc 2 8X2 



v,e,X 2 



v,e,Xi 



7 PQi 
7-1 P ' 

7 P92 
7- 1 P ' 



(10.389) 
(10.390) 



Parameters for our two step model are identical to those of our one step model, except for 
the heat releases. The parameters are listed in Table 110.31 Note that at complete reaction 
Q{Xi,X 2 ) = Q(l, 1) = qi + 92 = 1.89566 x 10 6 J/kg. Thus, the overall heat release at 
complete reaction Ai = A2 = 1 is identical to our earlier one-step kinetic model. 

Let us do some new Rankine-Hugoniot analysis. We can write a set of mass, momentum, 
energy, and state equations as 



P 



-u 



pu = 


= -p D, 


M 2 = 


= P + p D 2 , 


P 

P 


- e + 1 -D 2 + ^, 
2 po 




1 P 




r 'Uyi A2C/2) 

7-1 p 


x 2 = 


= A 1 + (1-A 1 )ln(l-A 1 



(10.391) 
(10.392) 

(10.393) 

(10.394) 
(10.395) 
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Figure 10.16: Pressure versus Ai for two-step kinetics problem for three different values of 
D: D = 2800 m/s > D, D = 2616.5 m/s = D, D = 2500 m/s < D; parameters are from 
Table HO 

Let us consider D and A i to be unspecified but known parameters for this analysis. These 
equations are five equations for the five unknowns, p, u, P, e, and A2. They can be solved 
for p(D, A0, u(D, Ai), P(D, X 1 ), e(D, X 1 ), and A 2 (Ai). 

The solution is lengthy, but the plot is revealing. For three different values of D, pressure 
as a function of Ai is shown in in Fig. 110.161 There are three important classes of D, each 
shown in Fig. I10.16[ depending on how D compares to a critical value we call D. 

• D > D. There are two potentially paths here. The important physical branch starts 
at point O, and is immediately shocked to state N, the Neumann point. From iV the 
pressure first decreases as Ai increases. Near Ai = 0.75, the pressure reaches a local 
minimum, and then increases to the complete reaction point at S. This is a strong 
solution. There is a second branch which commences at O and is unshocked. On this 
branch the pressure increases to a maximum, then decreases to the end state at W. 
While this branch is admissible mathematically, its length scales are unphysically long, 
and this branch is discarded. 

• D = D. Let us only consider branches which are shocked from O to N. The unshocked 
branches are again non-physical. On this branch, the pressure decreases from A^ to 
the pathological point P. At P, the flow is locally sonic, with M = 1. Here, the 
pressure can take two distinct paths. The one chosen will depend on the velocity of 
the supporting piston at the end state. On one path the pressure increases to its final 
value at the strong point S. On the other the pressure decreases to its final value at 
the weak point W. 
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Figure 10.17: Mach number M versus Ai for two-step kinetics problem for three different 
values of D: D = 2800 m/s > D, D = 2616.5 m/s = D, D = 2500 m/s < D; parameters 
are from Table 110.31 

• D < D. For such values of D, there is no physical structure for the entire reaction 
zone < Ai < 1. This branch is discarded. 



Mach number in the wave frame, M as a function of Ai is shown in in Fig. 110.171 The 
results here are similar to those in Fig. 110. 161 Note the ambient point O is always supersonic, 
and the Neumann point N is always subsonic. For flows originating at N, if D > D, the flow 
remains subsonic throughout until its termination at S. For D = D, the flow can undergo 
a subsonic to supersonic transition at the pathological point P. The weak point W is a 
supersonic end state. 

The important Fig. 110.161 bears remarkable similarity to curves of P(x) in compressible 
inert flow in a converging-diverging nozzle. We recall that for such flows, a subsonic to 
supersonic transition is only realized at an area minimum. This can be explained because the 
equation for evolution of pressure for such flows takes the form dP/dx ~ (dA/dx)/(l — M 2 ). 
So, if the flow is locally sonic, it must encounter a critical point in area, dA/dx = in order 
to avoid infinite pressure gradients. This is what is realized in actual nozzles. 

For us the analogous equation is the two-step version of Eq. (110.2470 . which can be shown 
to be 



dP_ 
dx 



pu[a x r\ 



c 2 r 2 



M 2 



(10.396) 



Because the first reaction is exothermic, we have o\ > 0, and because the second reaction 
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is endothermic, we have a% < 0. With r\ > 0, r 2 > 0, this gives rise to the possibility that 
°\ r \ + c"2 r 2 = at a point where the reaction is incomplete. The point P is just such a point; 
it is realized when D = D. 

Finally, we write our differential-algebraic equations which are integrated for the deto- 
nation structure: 

(10.397) 
(10.398) 

e + ^ + — e o + t; d ' 2 + — > (10.399) 

(10.400) 

(10.401) 
(10.402) 

(10.403) 

We need the condition Ai(0) = 0. These form seven equations for the seven unknowns p, 
u, P, e, T, Ai, and A 2 . We also realize that the algebraic solutions are multi-valued and 
must take special care to be on the proper branch. This becomes particularly important for 
solutions which pass through P. 

10.2.7.1 Strong structures 

Here, we consider strong structures for two cases: D > D and D = D. All of these will 
proceed from O to N through a pressure minimum, and finish at the strong point S. 

10.2.7.1.1 D > D Structures for a strong detonation with D = 2800 m/s > D are given 
in Figs. I10.18ITT0.21I The structure of all of these can be compared directly to those of the 
one-step kinetics model at the same D = 2800 m/s, Figs. llO.TTlllO.14l Note the shock values 
are identical. The reaction zone thicknesses are similar as well at £ rxn ~ 0.0001 m. The 
structures themselves have some differences; most notably, the two-step model structures 
display interior critical points before complete reaction. 

We take special note of the pressure plot of Fig. I10.18[ which can be compared with 
Fig. 110.161 We see in both figures the shock from O to N, followed by a drop of pressure 
to a minimum, followed by a final relaxation to an equilibrium value at S. Note that the 
two curves have the opposite sense of direction as Ai commences at and goes to 1, while x 
commences at and goes to —0.0002 m. 

We can also compare the M(x) plot of Fig. [1020] with that of M(Ai) of Fig. 110.171 In 
both the supersonic O is shocked to a subsonic N. The Mach number rises slightly then falls 
in the reaction zone to its equilibrium value at S. It never returns to a supersonic state. 
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Figure 10.18: ZND structure of p(x) and P(x) for strong D = 2800 m/s > D for two-step 
irreversible reaction with parameters of Table 110.31 
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Figure 10.19: ZND structure of u(x) and u(x) for strong D = 2800 m/s > D for two-step 
irreversible reaction with parameters of Table 110.31 
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Figure 10.20: ZND structure of T(x) and M(x) for strong D = 2800 m/s > D for two-step 
irreversible reaction with parameters of Table 110.31 
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Figure 10.21: ZND structure of Xi(x) and \2{x) for strong D = 2800 m/s > D for two-step 
irreversible reaction with parameters of Table 110.31 
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Figure 10.22: ZND structure of P(x) for strong D = 2616.5 m/s = D for two-step irre- 
versible reaction with parameters of Table 110.31 

10.2.7.1.2 D = D For D = D = 2616.5 m/s, we can find a strong structure with a path 
from O to iV to S. Pressure P and Mach number M are plotted in Figures ll0.22tfT0.23l 
Note that at an interior point in the structure, a cusp in the P and M profile is seen. At 
this point, the flow is locally sonic with M = 1. 
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Figure 10.23: ZND structure of M(x) for strong D 
versible reaction with parameters of Table 110.31 



2616.5 m/s = D for two-step irre- 
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Figure 10.24: ZND structure of p(x) and P(x) for weak D 
irreversible reaction with parameters of Table 110.31 



2616.5 m/s = D for two-step 



10.2.7.2 Weak, eigenvalue structures 

Let us now consider weak structures with D = D = 2616.5 m/s. Special care must be 
taken in integrating the governing equations. In general one must integrate to very near the 
pathological point P, then halt. While there are more sophisticated techniques involving 
further coordinate transformations, one can record the values near P on its approach from 
N . Then, one can perturb slightly all state variables so that the M is just greater than unity 
and recommence the integration. 

Figures of the structures which commence at O, are shocked to N, pass through sonic 
point P, and finish at the supersonic W are shown in Figs. I10.24in0.271 One may again com- 
pare the pressure and Mach number plots of Figs. I10.24lll0.26l with those of Figs. 110.161110.171 
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Figure 10.25: ZND structure of u(x) and u(x) for weak D = 2616.5 m/s = D for two-step 
irreversible reaction with parameters of Table 110.31 
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Figure 10.26: ZND structure of T(x) and M(x) for weak D = 2616.5 m/s = D for two-step 
irreversible reaction with parameters of Table 110.31 
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Figure 10.27: ZND structure of \\{x) and \2{x) for weak D = 2616.5 m/s = D for two-step 
irreversible reaction with parameters of Table 110.31 
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10.2.7.3 Piston problem 

We can understand the physics of the two-step kinetics problem better in the context of 
a piston problem, where the supporting piston connects to the final laboratory frame fluid 
velocity u p = u(x — ► — oo). Let us consider pistons with high velocity and then lower them 
and examine the changes of structure. 

• u p > Up S - This high velocity piston will drive a strong shock into the fluid at a speed 
D > D. The solution will proceed from O to N to S and be subsonic throughout. 
Therefore changes at the piston face will be able to be communicated all the way to 
the shock front. The energy to drive the wave comes from a combination of energy 
released during combustion and energy supplied by the piston support. 

• u p = u ps . At a critical value of piston velocity, u ps , the solution will go from O to N 
to P to S, and be locally sonic. This is analogous to the "subsonic design" condition 
for a converging- diverging nozzle. 

• Up e [u ps , u pw \. Here, the flow can be complicated. Analogous to flow in a nozzle, there 
can be standing shock waves in the supersonic portion of the flow which decelerate 
the flow so as to match the piston velocity at the end of the reaction. Such flows will 
proceed from O to N through P, and then are shocked back onto the subsonic branch 
to terminate at S. 

• Up = u pw . This state is analogous to the "supersonic design" condition of flow in a 
converging- diverging nozzle. The fluid proceeds from O to N through P and terminates 
at W. All of the energy to propagate the wave comes from the reaction. 

• Up < u pw . For such flows, the detonation wave is self-supporting. There is no means 
to communicate with the supporting piston. The detonation wave proceeds at D = D. 
We note that D is a function of the specific kinetic mechanism. This non-classical result 
contradicts the conclusion from CJ theory with simpler kinetics in which the wave speed 
of an unsupported detonation is independent of the kinetics. Note for our problem that 
D = 2616.5 m/s. This stands in contrast to the CJ velocity, independently computed 
of Dcj = 1991.1 m/s for the same mixture. 

10.2.8 Detonation structure: Detailed H 2 — 2 — N 2 kinetics 

These same notions for detonation with simple kinetics and state equations can easily be 
extended to more complex models. Let us consider a one-dimensional steady detonation in 
a stoichiometric hydrogen-air mixture with the detailed kinetics model of Table 11.21 We 
shall consider a case almost identical to that studied by Powers and Paoluccio The mixture 
is thus taken to be 2H2 + O2 + 3.76A^2. As we did in our modelling of the same mixture 



15 Powers, J. M., and Paoluc ci, S., 2005} "Accurate Spatial Resolution Estimates for Reactive Supersonic 
Flow with Detailed Chemistry," AIAA Journal, 43(5): 1088-1099. 
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under spatially homogeneous isochoric, adiabatic conditions in Sec. I1.2.2[ we will take the 
number of moles of each of the minor species to be a small number near machine precision. 
This has the effect of removing some numerical roundoff errors in the very early stages of 
reaction. Our model will be the steady one- dimensional reactive Euler equations, obtained 
by considering the reactive Navier-Stokes equations in the limit as r, j™, j 9 all go to zero. 

Our model then is 1) the integrated mass, momentum, and energy equations, Eqs. (110.2491 
I10.251P with an opposite sign on D to account for the left-running wave, 2) the one- 
dimensional, steady, diffusion- free version of species evolution, Eq. (16.540 . 3) the calorically 
imperfect ideal gas state equations of Eqs. (I6.69p . 06.77]) . and 4) the law of mass action with 
Arrhenius kinetics of Eqs. fl6.82H6.85l) . In order to cleanly plot the results on a logarithmic 
scale, we will, in contrast to the previous right-running detonations, consider left-running 
waves with detonation velocity D. The governing equations are as follows: 

pit = p D, (10.404) 

P + pv 2 = P + Po D 2 , (10.405) 



pQie+-tf + -) = p DU + -D 2 + ^\, (10.406) 

dY- 
pu—1 = MitUi, (10.407) 

ax 

N Y 

p = pRT^Zw.^ ( 10 - 408 ) 

i=l l 

e = Y,Yi(fr ,i + J c m {T)df\ (10.409) 

j 

coi = ^Vijrj, (10.410) 

i=i 

N , ( i N \ 

rj = kjl[p« 1-_IJ^. , (10-411) 

fe=i V C ' J fc=i / 

ki = aj T*w(=£), (10-412) 

^ = (#) exp (-s#)^ (10413) 

This differential-algebraic system must be solved numerically. One can use standard methods 
to achieve this. Alternatively, and with significant effort, one can remove all of the algebraic 
constraints. Part of this requires a numerical iteration to find certain roots. After this effort, 
one can in principle write a set of iV — L differential equations for evolution of the N — L 
independent species. 

Here, we chose D ~ Dqj = 1979.70 m/s. Because this model is not a simple one-step 
model, we cannot expect to find the equilibrium state to be exactly sonic. However, it is 
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possible to slightly overdrive the wave and achieve a nearly sonic state at the equilibrium 
state. Here, our final Mach number was M = 0.9382. Had we weakened the overdrive 
further, we would have encountered an interior sonic point at a non-equilibrium point, thus 
inducing a non-physical sonic singularity. 

Numerical solution for species mass fraction is given in Fig. (j!0.28p . The figure is plot- 
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Figure 10.28: Detailed kinetics ZND structure of species mass fractions for near CJ detona- 
tion, D CJ ~ D = 1979.70 m/s, in 2H 2 + 2 + 3.76iV 2 , P = 1.01325 x 10 5 Pa, T = 298 K, 
T s = 1542.7 K,P S = 2.83280 x 10 6 Pa. 

ted on a log-log scale because of the wide range of length scales and mass fraction scales 
encountered. Note that the minor species begin to change at a very small length scale. At 
a value of x ~ 2.6 x 10~ 4 m, a significant event occurs, known as a thermal explosion. This 
length is known as the induction length, 1^ = 2.6 x 10 -4 m. We get a rough estimate 
of the induction time by the formula ti n d ~ £ind/u s = 7.9 x 10~ 7 s. Here, u s is the post 
shock velocity in the wave frame. Its value is u s = 330.54 m/s. All species contribute to the 
reaction dynamics here. This is followed by a relaxation to chemical equilibrium, achieved 
around 0.1 m. 

The pressure profile is given in Fig. (j!0.2.8p . We artificially located the shock just away 
from x = 0, so as to ease the log-log plot. The pressure is shocked from its atmospheric value 
to 2.83280 x 10 6 Pa (see Table [TTJ721) . After the shock, the pressure holds nearly constant for 
several decades of distance. Once the thermal explosion commences, the pressure relaxes to 
its equilibrium value. This figure can be compared with its one-step equivalent of Fig. 110.111 

Similar behavior is seen in the temperature plot of Fig. 110.301 The temperature is shocked 
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Figure 10.29: Detailed kinetics ZND structure of pressure for near CJ detonation, Dqj 
D = 1979.70 m/s, in 2H 2 + 2 + 3.76iV 2 , P a = 1.01325 x 10 5 Pa, T = 298 K, T s 
1542.7 KP, = 2.83280 x 10 6 Pa. 



to T s = 1542.7 K, stays constant in the induction zone, and then increases to its equilibrium 
value after the thermal explosion. This figure can be compared with its one-step equivalent 
of Fig. [T0~T3l 

It is interesting to compare these results to those obtained earlier in Sec. 11.2.21 There, an 
isochoric, adiabatic combustion of precisely the same stoichiometric hydrogen-air mixture 
with precisely the same kinetics was conducted. The adiabatic/isochoric mixture had an 
initial temperature and pressure identical to the post-shock pressure and temperature here. 
We compare the induction time of the spatially homogeneous problem, ti n d = 6.6 x 10~ 7 s, 
Eq. (I1.371P to our estimate from the detonation found earlier, t in d ~ li n d/u s = 7.9 x 10~ 7 s. 
The two are remarkably similar! 

We compare some other relevant values in Table 110.41 Note that these mixtures are 
identical at the onset of the calculation. The detonating mixture has reached the same initial 
state after the shock. And a fluid particle advecting through the detonation reaction zone 
with undergo a thermal explosion at nearly the same time a particle that was stationary 
in the closed vessel will. After that the two fates are different. This is because there is 
no kinetic energy in the spatially homogeneous problem. Thus, all the chemical energy 
is transformed into thermal energy. This is reflected in the higher final temperature and 
pressure of the spatially homogeneous problem relative to the detonating flow. Because the 
final temperature is different, the two systems relax to a different chemical equilibrium, as 
reflected in the different mass fractions. For example, note that the cooler detonating flow 
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Parameter 


Spatially Homogeneous 


Detonation 


T 

M o 


1542.7 K 


298 K 


T s 


— 


1542.7 K 


Po 


2.83280 x 10 6 Pa 


1.01325 x 10 5 Pa 


Ps 


— 


2.83280 x 10 6 Pa 


^ind 


6.6 x 10" 7 s 


7.9 x 10" 7 s 


rpeq 


3382.3 K 


2982.1 K 


peq 


5.53 x 10 6 Pa 


1.65 x 10 6 Pa 


p eq 


4.62 kg/m 3 


1.59 kg/m 3 


u eq 


m/s 


1066 m/s 


I o 2 


1.85 x 10- 2 


1.38 x 10" 2 


1 H 


5.41 x 1CT 4 


2.71 x 10" 4 


\r e 1 
1 OH 


2.45 x 1CT 2 


1.48 x 10" 2 




3.88 x 10- 3 


1.78 x 10" 3 


Y£ 


3.75 x 10" 3 


2.57 x 10" 3 


1 H 2 


2.04 x 10" 1 


2.22 x 10" 1 


1 ho 2 


6.84 x 10- 5 


2.23 x 10" 5 


1 H 2 o 2 


1.04 x 10" 5 


3.08 x 10" 6 


*N 2 


7.45 x 10" 1 


7.45 x 10" 1 



Table 10.4: Comparison of relevant predictions of a spatially homogeneous model with those 
of a near CJ detonation in the same mixture. 
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Figure 10.30: Detailed kinetics ZND structure of temperature for near CJ, Dqj ~ D = 
1979.70 m/s, detonation in 2H 2 + 2 + 3.767V 2 , P = 1.01325 x 10 5 Pa, T = 298 K, 
T s = 1542.7 K, P s = 2.83280 x 10 6 Pa. Shock at x = artificially translated to x = 10" " 



m. 



has a higher final mass fraction of H2O. 
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Chapter 11 



Blast waves 



Here, we will study the Tayloiu-Sedo\Q blast wave solution. We will follow most closely two 
papers of Tayloim from 1950. Taylor notes that the first of these was actually written in 
1941, but was classified. Sedov's complementa ry studjo is also of interest. One may also 
consult other articles by Taylor for background Jxl 

Consider a point source of energy which at t = is released into a calorically perfect 
ideal gas. The point source could be the combustion products of an intense reaction event. 
We shall follow Taylor's analysis and obtain what is known as self-similar solutions. Though 
there are more general approaches which may in fact expose more details of how self-similar 
solutions are obtained, we will confine ourselves to Taylor's approach and use his notation. 

The self-similar solution will be enabled by studying the Euler equations in what is known 
as the strong shock limit for a spherical shock wave. Now, a shock wave will raise both the 
internal and kinetic energy of the ambient fluid into which it is propagating. We would 
like to consider a scenario in which the total energy, kinetic and internal, enclosed by the 
strong spherical shock wave is a constant. The ambient fluid is initially at rest, and a point 
source of energy exists at r = 0. For t > 0, this point source of energy is distributed to the 
mechanical and thermal energy of the surrounding fluid. 



Geoffrey Ingram Taylor, 1886-1975, English physicist. 



Leonid Ivanov itch Sedov, 1907-1999, Soviet physicist. 



Taylor, G. I., 1950, "The Formation of a Blast Wave by a Very Intense Explosion. I. Theoretical Discus- 



sion," Proceedings of the Royal Society of London. Series A, Mathematical and Physical Sciences 201(1065): 
159 -174. 

4 Taylor, G. I., 1950, "The Formation of a Blast Wave by a Very Intense Explosion. II. The Atomic 
Explosion of 1945," Proceedings of the Royal Society of London. Series A, Mathematical and Physical 
Sciences, 201(1065): 175-186. 

°Sedov, L. I., 1946, "Rasprostraneniya Sil'nykh Vzryvnykh Voln," Prikladnaya Matematika i Mekhanika 
10: 241-250. 

e Taylor, G. I., 1950, "The Dynamics of the Combustion Products Behind Plane and Spherical Detonation 



Fronts in Explosives," Proceedings of the Royal Society of London. Series A, Mathematical and Physical 
Sci ences, 200(1061): 23 5-247. 

7 Taylor, G. I., 1946, "The Air Wave Surrounding an Expanding Sphere," Proceedings of the Royal Society 
of London. Series A, Mathematical and Physical Sciences, 186(1006): 273-292. 
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Let us follow now Taylor's analysis from his 1950 Part I "Theoretical Discussion" paper. 
We shall 

• write the governing inert one- dimensional unsteady Euler equations in spherical coor- 
dinates, 

• reduce the partial differential equations in r and t to ordinary differential equations in 
an appropriate similarity variable, 

• solve the ordinary differential equations numerically, and 

• show our transformation guarantees constant total energy in the region r £ [0,i?(t)], 
where R(t) is the locus of the moving shock wave. 

We shall also refer to specific equations in Taylor's first 1950 paper. 

11.1 Governing equations 

The non-conservative formulation of the governing equations is as follows: 

— + U—+ — -— fill) 

dt dr dr r 

du du 1 dP n , _ „. 

at or p or 
de de\ P f dp dp\ 

m +u Tr)-Ai + u i) = °' (1L3) 

1 P 

e = --, (11.4) 

7- 1 p 

P = pRT. (11.5) 

For review, let us look at the energy equation in a little more detail. Recall the material 
derivative is d/dt = d/dt + ud/dr, so the energy equation, Eq. (jl 1.3ft can be rewritten as 

de P dp , 

~ = 0. (11.6) 

dt p 2 dt y ' 

Let us now substitute the caloric energy equation, Eq. (jl 1.4ft into the energy equation, 
Eq. (fTOjl : 

1 d fP\ P dp , 

2-t 0, (11.7) 



7 — 1 dt \ p J p 2 dt 
1 P dp 1 ldP P dp 



7 — 1 p 2 dt 7 — 1 p dt p 2 dt 



0, (11.8) 



P dp ldP . ^P dp n .„ nS 

p 2 dt p dt p 2 dt 
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IdP P dp 

p dt p 2 dt 

dP Pdp 

dt p dt 




1 dP P dp 

pi dt 7 pT +1 dt 




dt \p-yj 


d 
dt 


\^J +u d^-\p^) 
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: 0, (11.10) 

: 0, (11.11) 

: 0, (11.12) 

: 0, (11.13) 

: 0. (11-14) 

11.2 Similarity transformation 

We shall next make some non-intuitive and non-obvious choices for a transformed coordinate 
system and transformed dependent variables. These choices can be systematically studied 
with the techniques of group theory, not discussed here. 

11.2.1 Independent variables 

Let us transform the independent variables (r, t) — > (77, r) with 

" = wy (1L15 > 

t = t. (11.16) 

We will seek solutions such that the dependent variables are functions of 77, the distance 
relative to the time-dependent shock, only. We will have little need for the transformed time 
r since it is equivalent to the original time t. 

11.2.2 Dependent variables 

Let us also define new dependent variables as 

£ = y = R- 3 f 1 ( V ), (11.17) 

- = </>(??), (11-18) 

Po 

u = ir 3/2 0i(?7)- (11-19) 

These amount to definitions of a scaled pressure /1, a scaled density i/j, and a scaled velocity 
$1, with the assumption that each is a function of 77 only. Here, P , and p are constant 
ambient values of pressure and density, respectively. 
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We also assume the shock velocity to be of the form 

dR 

~di 



U = ^l =AR -V2 (1L20 ) 



The constant A is to be determined. 

11.2.3 Derivative transformations 

By the chain rule we have 



d dr] d dr d 
dt dt dr] dt dr 



Now, by Eq. (111.151) we get 



dr] 
~dt 


r dR 

~R 2 ~dT' 
r] dR 




R{t) dt ' 




= -\ar-^ 2 

R 

At] 



#5/2- 



From Eq. ( 111.16ft we simply get 





the chain rule. 




^ = 1. 

dt 

1|), can be written as 




Thus, 


Eq. (111.2 










d 


At] d d 










di 


R 5 / 2 dr] dr 




As we 


are insisting the d/dr = 


0, we get 












d Ar] d 












dt R 5 / 2 dr]' 




In the 


same way, we 


get 














d 


dr] d dr 


d 








dr 


dr dr] dr s 

1 d 
Rdr)' 


IfrJ 

=0 



(11.21) 



(11.22) 
(11.23) 
(11.24) 
(11.25) 

(11.26) 

(11.27) 



11.28) 



(11.29) 
(11.30) 
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11.3 Transformed equations 

Let us now apply our rules for derivative transformation, Eqs. ( lll.25llll.30p . and our trans- 
formed dependent variables, Eqs. f lll.171fTl.19p . to the governing equations. 

11.3.1 Mass 

First, we shall consider the mass equation, Eq. (111.11) . We get 

=d/dt =d/dr =d/dr 

Realizing the R(t) = R{r) is not a function of 77, canceling the common factor of p , and 
eliminating r with Eq. (111.151) . we can write 

Ar] di\) , ^i # , $ #i 2 ifj(f) l 



i? 5 / 2 dry i? 5 /2 drj R 5 / 2 drj r, R 5 / 2 ' 

, # . , dip dfa 2 

-Ary-— + 01—- + ^-j— = — ^0i, (11.33) 

a?? ar? ar; r? 

-Ar/^ + ^^+vf^ + ^i] = 0, mass. (11.34) 

drj drj \ drj r\ J 

Equation (jll.34p is number 9 in Taylor's paper, which we will call here Eq. T(9). 

11.3.2 Linear momentum 

Now, consider the linear momentum equation, Eq. (jll.2p . and apply the same transforma- 
tions: 

§i i^^+ s^^- ii^ + ^ §^ i^^ = 0,(1L35) 

=i/ P 

at 2 at or v ' p ip or v 

=du/dt 

R ~ 3/2 {-R%) d -dj~ l R ~ 5/2 ^~ 3/2 ) * + R ~ 3/2 ^t ( R ~ 3/2 ^ 

' {P R- 3 h) = 0,(11.37) 



p ipdr 



\CC BY-NC-NLk\ 08 August 2012, J. M. Powers. 



402 CHAPTER 11. BLAST WAVES 

*,<* "v^i'^A ^JP^A) - 0,(11.39) 



R 4 d-q 2R 4 ^ Rdrj K n; p xl)Rdrj 

Ar] d(f)\ 3 A <f>\ d(f)\ P 1 df\ 



0,(11.40) 



R 4 drj 2R^ R 4 drj Poi> R A dr\ 

A d fa 3 A A , A d ^ , P ° d f l n hi /M\ 

-A77- -A^ + ^i— + — -— = 0.(11.41) 

drj 2 dr\ p ip dr\ 



Our final form is 



— A -(pi + rj + 0i 1 = 0, linear momentum. (11.42) 

\ 2 dry / dr\ p ip dr\ 

Equation (TTL42]) is T(7). 

11.3.3 Energy 

Let us now consider the energy equation. It is best to begin with a form in which the 
equation of state has already been imposed. So, we will start by expanding Eq. (111. lip in 
terms of partial derivatives: 

8P dP P (dp dp\ n . tn . 



=dP/dt 



S V 



-dp/dt 



^(P R- 3 h)+R- a/ ^ r (P R- 3 h) 



(^(Po^) + i?" 3/2 0i|:(Po^)) = 0, (11.44) 



_ PoR-'h ( d , /N , n _ 3/2 , d 



R 3 /i (dtp , __ 3/2 , <9^ 



^ («- s /0 + «- s/a ^i^r («-V0 



-i 



(£+***£) - »• <"-> 



-7" 



■j 

i?" 3 /l / ^ , „_ 3/2 , dip 



R - 3d -&- iR - li -i^ R - m ^ R -^ 



(£ — *£) - »• (»-> 



1/' 

Carrying on, we have 



Ar? d/l - A h + R-^ lR -^ d A 



R 11 / 2 d V i?n/2-' 1 fl^ 

ICC BY-NClMl 08 August 2012, J. M. Powers. 



11.4. DIMENSIONLESS EQ UATIONS 403 

3 7^T7?A + 7^T7?3T-7-7^Trt -^3T + ^i-Z: = °> ( 1L49 ) 



R 11 / 2 drj Rn/2^ Rn/2 dr] ' ^ru/2 y ' drj Y drj 

-An^--3Af 1 + fa—-'y—[-ATi— + fa—) = 0. (11.50) 
drj dr\ ip \ dr\ dr] J 

Our final form is 

4(3/1 + 77^+7^ (-^7 + <h)j--^T = °' energy ' (1L51) 

Equation (|11.5ip is T(ll), correcting for a typographical error replacing a r with 7. 

11.4 Dimensionless equations 

Let us now write our conservation principles in dimensionless form. We take the constant 
ambient sound speed c to be defined for the calorically perfect ideal gas as 

cl = 7-- (11-52) 

Po 

Note, we have used our notation for sound speed here; Taylor uses a instead. 
Let us also define 

/ = (j) 2 fu (11-53) 



ri 
A' 



(11.54) 



11.4.1 Mass 

With these definitions, the mass equation, Eq. ( 111.340 becomes 

- Ar ,f + A /jL + i ,( A d jt + l A A _o, (11.55) 

dr\ drj \ drj r\ J 

-rj— + </>— + i) — + ~4>\ =0, 11.56 

drj drj \drj rj J 

drj \drj rj J 

dcji , 20 
1_# ^ + — 

ip drj rj — <fi 

Equation (fTT58l) is T(9a). 



mass. (11.58) 
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11.4.2 Linear momentum 

With the same definitions, the momentum equation, Eq. ( II 1.42ft becomes 

> {3 , „ dd>\ „, d(b P \ A 2 df , 

-A(-A<p + A v -f)+A 2 ( f ) -f + ^- — -f- = 0, 11.59 

\ 2 drj J dr/ p ip c£ drj 

3 , . d(f>\ d(f) 11 df ri1 »m 

>-,)-^ + ^f = 0, (11.61) 

dr/ 2 'yip drj 

dcp 1 df 3 

— (77 — 0) = 0, momentum. (11.62) 

dr] 7-0 d?] 2 

Equation ffTT62l) is T(7a). 

11.4.3 Energy 

The energy equation, Eq. (jll.5ip becomes 

JA\ A 2 df 
V c^ c 2 dr] 



f A 2 , . . is dip „^ 2 ^/ 

+ 77— -^ + A0 -f - A— 0-f 

ip c A dr/ Cg dr] 


= 0, (11.63) 


df f , ,\ dip .df 

3/ + r]— + 7- (-77 + 0) (p— 

drj ip drj drj 


= 0, (11.64) 


df ldiP df 

3/ + v~r + ^Ti~f (-v + <p)- 0t~ 

drj ip drj drj 


= 0, energy. (11.65) 



Equation ffTT65l) is T(lla). 

11.5 Reduction to non- autonomous form 

Let us eliminate dip j drj and dcp /drj from Eq. (111.651) with use of Eqs. (Ill.58llll.62p . 

( Id/ 3 j \ 

-^-^j (_ + ,)-,* = 0, (11.67) 

3/ + (n-<l>) d i - 7 /(MzJ* + ^ = 0, (11.68) 

ar7 \ r] — <p rj I 

l2 rf/ _,( l df 3 J 20, 



s/0, -#) + (,- #)^- 7/ ^- 5 # + f<*-#» = 0. (11.69) 

ICC BY-JVCTiVDl 08 August 2012, J. M. Powers. 



11.5. RED UCTION TO NON-A UTONOMO US FORM 405 

(,-^-|)|-/(-3(,-0)-^ + ^-0) 

^2 A df , r f n __ oi , 3_ , n __, , 2 7 2 



(l-^)-7 f + / R-3^ + ^- 2 7< /> 



■0 / drj \ 2 77 

Rearranging, we get 

,2 f\df J _ , A, , 1_\ 2 7 2 



0. 


(11.70) 


0. 


(11.71) 


0. 


(11.72) 



( " -^-^)ir ! {- 3 " + H 3 + 2 1 ) - , J • (11 - 73) 

(11.74) 

Equation ffTT?73l) is T(14). 

We can thus write an explicit non-autonomous ordinary differential equation for the 
evolution of / in terms of the state variables /, 0, and (ft, as well as the independent variable 
V- 



/(-&; + * (3 + h)-*f) 



^ = _v : ^_ w. 

rfr ? (»/ - 0) 2 - % 

Eq. (111.750 can be directly substituted into the momentum equation, Eq. (111.620 to get 



J_# _ 3 ( 

jip dr] 2 



dr) V ~ 4> 

Then, Eq. (I11.76P can be substituted into Eq. (I11.58P to get 



(11.76) 



^ = tf*±Z (11.77) 

dr] rj — (ft 

Equations (lll.75tn~l.77p form a non-autonomous system of first order differential equa- 
tions of the form 

^ = gi (f,<f>,il;,v), (11-78) 

^ = g 2 (f,<f>,il>,v), (11-79) 

^ = g 3 (f, ( j ) ,tlj, V ). (11.80) 

They can be integrated with standard numerical software. One must of course provide 
conditions of all state variables at a particular point. We apply conditions not at 77 = 0, but 
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at 77 = 1, the locus of the shock front. Following Taylor, the conditions are taken from the 
Rankine-Hugoniot equations applied in the limit of a strong shock. We take the subscript s 
to denote the shock state at r\ = 1. For the density, one applies Eq. (110.3131) and finds 

Ps 7 + 1 (11.81) 



Po 7-1 

Poi> s 7 + 1 

Po 7 - 1 ' 



11.82) 



^ = ^ = 1) = ?±±. (11.83) 

7- 1 

For the pressure, one finds, by slight modification of Eq. (J10.319P (taking D 2 = (dR/dt) 2 ), 
that 



dR 2 7+ ip 

dt I * x r « 



C 



I 2 7 P ' 



(11.84) 



^f = ^^fn, (11-85) 

4^ - ^-4/.. ("■«» 

c 2 2 7 c 2 

1 = ^1/., (11-87) 

/. = /fo = l) = -^-. (11.88) 
7 + 1 



For the velocity, using Eq. (jlO. 326ft . one finds 



Us_ 2 

dt I ~ x 

R~ 3/2 hs 2 



li?- 3 / 2 7 + 1 ' 

R-V 2 A<j> B 2 

AR" 3 / 2 ~ 7 + 1' 



(11.89) 
(11.90) 
(11.91) 



^ = 0(77 = 1) = -4t. (11.92) 

7 + 1 

Equations (111.831 lll.88llll.92p form the appropriate set of initial conditions for the integra- 
tion of Eqs. (Ill.75mi.77l) . 

11.6 Numerical solution 

Solutions for f(rj), (j){rj) and ip(r)) are shown for 7 = 7/5 in Figs. lll.Hlll.3l respectively. 
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Figure 11.1: Scaled pressure / versus similarity variable r\ for 7 = 7/5 in Taylor-Sedov blast 
wave. 
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Figure 11.2: Scaled velocity (j) versus similarity variable 77 for 7 = 7/5 in Taylor-Sedov blast 
wave. 
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Figure 11.3: Scaled density i/j versus similarity variable rj for 7 = 7/5 in Taylor-Sedov blast 



wave. 
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So, we now have a similarity solution for the scaled variables. We need to relate this to 
physical dimensional quantities. Let us assign some initial conditions for t = 0, r > 0; that 
is, away from the point source. Take 

w(r,0) = 0, p(r,0)=p o , P(r,0)=P o . (11.93) 

We also have from the ideal gas law 

T(r,0) = ^- = T o . (11.94) 

p R 

For the calorically perfect gas we further have 

e(r,0) = — !— — = e . (11.95) 

1-lPo 

11.6.1 Calculation of total energy 

Now, as the point source expands, it will generate a strong shock wave. Material which 
has not been shocked is oblivious to the presence of the shock. Material which the shock 
wave has reached has been influenced by it. It stands to reason from energy conservation 
principles that we want the total energy, internal plus kinetic, to be constant in the shocked 
domain, r G (0, R(t)], where R(t) is the shock front location. 

Let us recall some spherical geometry so this energy conservation principle can be properly 
formulated. Consider a thin differential spherical shell of thickness dr located somewhere in 
the shocked region: r G (0, R(t)]. The volume of the thin shell is 

dV = 4vrr 2 dr (11.96) 

(surface area) (thickness) 

The differential mass dm of this shell is 

dm = pdV, (11.97) 

= 4nr 2 pdr. (11.98) 

Now, recall the mass-specific internal energy is e and the mass-specific kinetic energy is u 2 /2. 
So, the total differential energy, internal plus kinetic, in the differential shell is 

dE = te + -u 2 )dm, (11.99) 

= 47rp(e + -n 2 J r 2 dr. (11.100) 
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Now, the total energy E within the shock is the integral through the entire sphere, 

rR(t) rR(t) / -, \ 

E= / dE = 4vrp ( e + -u 2 j r 2 dr, (11.101) 

*R(t) / 1 P I 



/ 47rp h -u 2 r 2 

Jo V7-1P 2 7 



+ -u 2 r 2 dr, (11.102) 



4^ /■«(*) /■«(*) 

/ Pr 2 dr + 2ir / pu 2 r 2 dr . (11.103) 

7-Uo Jo 



thermal energy kinetic energy 

We introduce variables from our similarity transformations next: 



47T f' 1 f' 1 

E = / P R- 3 f 1 R 2 r ] 2 Rdr ] +27r Po i> i?" 3 2 i? V Rdr], (11.104) 

P r 2 dr p u 2 r 2 dr 

= ~ P f 1 V 2 d V + 27r PoWWd-q, (11.105) 

7 - 1 Jo Jo 

4-7T f' 1 P A 2 f 1 

-A^fv 2 dv + ^ p i)A 2 (f) 2 r 1 2 dr], (11.106) 



7-1 



p r 1 or 1 



4wA V ^-i) y fr > dr] + f y ^ Vdr? l ' 

47rA 2 p (— ^ — -/ fr] 2 dr] + - ^tfrfdr) ) . (11.108) 



7(7 - 1) Jo 2 



o 



dependent on 7 only 

The term inside the parentheses is dependent on 7 only. So, if we consider air with 7 = 7/5, 
we can, using our knowledge of /(??), VK 7 ?)' an d ^(^7), which only depend on 7, to calculate 
once and for all the value of the integrals. For 7 = 7/5, we obtain via numerical quadrature 

E = 4ttA 2 Po ( * (0.185194) + ^(0.185168)) , (11.109) 

= 5.3192/v4 2 . (11.110) 

Now, from Eq. H11.17L flX52lfTl~53l 111.1101) with 7 = 7/5, we get 

P = P R~ 3 f^, (11.111) 

c 

= P R~ 3 f-^A 2 , (11.112) 

= R~ 3 f-p A 2 , (11.113) 

7 
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= R~ 3 f\— —, (11.114) 

J 1 5.3192' v ' 

= 0.1343iT 3 £f, (11.115) 

P M) _ 0.1343^/ (^). (11.116) 

The peak pressure occurs at r\ = 1, where r = R, and where 

ff v = i) = J2_ = lilil = 1.167. (n.117) 

7 w ; 7+1 1.4 + 1 v ; 

So, at 77 = 1, where r = R, we have 

P = (0.1343) (1.167)iT 3 £ = 0.1567—. (11.118) 

R 6 

The peak pressure decays at a rate proportional to 1/R 3 in the strong shock limit. 
Now, from Eqs. (111.19011.54011.1101) we get for u: 

u = R~ 3/2 A(j), (11.119) 



3/2 / — _ — , (11.120) 

V 5-319p V ' l ; 



^ = i^wwAm)- (1L121) 

Let us now explicitly solve for the shock position R(t) and the shock velocity dR/dt. We 
have from Eqs. ffTTT20| 111.1101) that 

^ = AR- 3 / 2 , (11.122) 



dt 



E 



5.319p i? 3 / 2 (t)' 



(11.123) 



R 3 / 2 dR = J— — - — dt, (11.124) 

V5-319p V ; 



-R 5/2 = J - t + C. (11.125) 

5 V 5.319p V ; 



Now, since R(0) = 0, we get C = 0, so 



l R5/2 = t/irw-*' (1L126) 

5 y 5.319p 

2 



i? 5/ V5-319p E~ 1/2 , (11.127) 

o 

= 0.9225i? 5/2 Po /2 P" 1/2 - (11.128) 
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Equation fill .1281) is T(38). Solving for R, we get 

R 5 / 2 = —t—tp-^E 1 / 2 , (11.129) 

0.9225 ° v ; 

R(t) = l.03279p- 1/5 E 1/5 t 2/5 . (11.130) 

Thus, we have a prediction for the shock location as a function of time t, as well as point 
source energy E. If we know the position as a function of time, we can easily get the shock 
velocity by direct differentiation: 

— = OAmp-^E^H- 3 / 5 . (11.131) 

dt 

If we can make a measurement of the blast wave location R at a given known time t, and 
we know the ambient density p , we can estimate the point source energy E. Let us invert 
Eq. fill .1301) to solve for E and get 

E = - — — — — , (11.132) 

(1.03279) 5 £ 2 v ; 

= 0.85102^^. (11.133) 

11.6.2 Comparison with experimental data 

Now, Taylor's Part II paper from 1950 gives data for the 19 July 1945 atomic explosion at 
the Trinity site in New Mexico. We choose one point from the photographic record which 
finds the shock from the blast to be located at R = 185 m when t = 62 ms. Let us assume 
the ambient air has a density of p = 1.161 kg/m 3 . Then, we can estimate the energy of the 
device by Eq. (|11.133[) as 

(1.161 H) (185 mf 

E = 0.85102^ m ' K -, 11.134 

(0.062 sf y ' 

= 55.7 x 10 12 J. (11.135) 

Now, 1 ton of the high explosive TNT is known to contain 4.25 x 10 9 J of chemical energy. 
So, the estimated energy of the Trinity site device in terms of a TNT equivalent is 

55 7 x 10 12 J 

TNT equlvalent = — — — - = 13.1 x 10 3 ton. (11.136) 

4.25 x 10 9 r- 

tOTl 

In common parlance, the Trinity site device was a 13 kiloton bomb by this simple estimate. 
Taylor provides some nuanced corrections to this estimate. Modern estimates are now around 
20 kiloton. 
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11.7 Contrast with acoustic limit 

We saw in Eq. f 1 1 1 . 11 8 1) that in the expansion associated with a strong shock, the pressure 
decays as l/R 3 . Let us see how that compares with the decay of pressure in the limit of a 
weak shock. 

Let us first rewrite the governing equations. Here, we 1) rewrite Eq. (Ill .ID in a conserva- 
tive form, using the chain rule to absorb the source term inside the derivative, 2) repeat the 
linear momentum equation, Eq. (111.2)) . and 3) re-cast the energy equation for a calorically 
perfect ideal gas, Eq. (jll.lip in terms of the full partial derivatives: 

| + M:( r » = °> ( 1L137 ) 

du du 1 dP n . „„. 

— + u— + -— = 0, 11.138 

dt or p or 

8P dP P {dp dp\ 

' u- 7— tt+ w ^" = °- (11.139) 



dt dr p \ dt dr 

Now, let us consider the acoustic limit, which corresponds to perturbations of a fluid at 
rest. Taking < e <C 1, we recast the dependent variables p, P, and u as 

p = p + epi + ..., (11.140) 

P = P + eP 1 + ..., (11.141) 

u = u +eui + .... (11.142) 
=o 

Here, p and P are taken to be constants. The ambient velocity u = 0. Strictly speaking, 
we should non-dimensionalize the equations before we introduce an asymptotic expansion. 
However, so doing would not change the essence of the argument to be made. 
We next introduce our expansions into the governing equations: 

-( Po + epi ) + -— ( r 2 ( Po + epi )( eni )) = o, (11.143) 

l(eui) + (e« 1 )|.(eui) + — J— |-(P + ePi) = 0, (11.144) 

at or p + epi or 

-(P + eP 1 ) + (eu 1 )—(P + eP 1 ) 
at or 

Po±±l\(d d {po + epi) \ = q (nl45) 

Po + epi \9t dr J 

Now, derivatives of constants are all zero, and so at leading order the constant state satisfies 
the governing equations. At 0(e), the equations reduce to 

it + r--o~r {r P ° Ul) = °' (1L146) 
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at p or 

dPi P dp 1 

— --1--^ = 0. 11.148 

at p at 

Now, adopt as before c 2 = jP /p , so the energy equation, Eq. fill .1481) . becomes 

— = cf-^. (11.149) 

dt ° dt K ' 

Now, substitute Eq. (jl 1.149ft into the mass equation, Eq. (jl 1.146ft . to get 



ldPt 19, 



c 2 fa r 2 Q r 

We take the time derivative of Eq. (111.150ft to get 

1 d 2 P 1 9/19 



r 2 p ui) = 0. (11.150) 



d 2 P l 9/19,, A 
1 fl>ft . 1 3 f toA _ a 



c 2 9t 2 r 2 9r \ 9t 

We next use the momentum equation, Eq. (111.147ft . to eliminate dui/dt in Eq. (Ill .152|) : 

1 d 2 P 1 19/, / 1 dPA\ 

' 15^^--^ = 0, (11-153) 



c 2 ^2 r 2 g r y V Po 9r 

1 d 2 P 1 1 9 / 2 9Pi 
r 



c 2 ^£2 r 2 ,g r \ Q r 



0, (11.154) 



1 9 2 Pi 1 9 / 2 9Pi 



r 2 — - . (11.155) 



c 2 dt 2 r 2 dr \ dr 

This second-order linear partial differential equation has a well-known solution of the 
D'Alembert form: 

P 1 = -g(t--)+-h(t+-). (11.156) 

r V Co J r V Co/ 

Here, (7 and /i are arbitrary functions which are chosen to match the initial conditions. Let 
us check this solution for g; the procedure can easily be repeated for h. 
If Pi = (l/r)g(t-r/c ), then 

dPl V (<--), (11.157) 



dt r \ c, 

9 2 Pi 1 „( r 



8? /rd- (1L158) 
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dPi 11// r \ 1 / r , 

g'(t--)-^g(t--). (11.159) 



and 

<9r c r* \ c J r 2 * \ c 

With these results, let us substitute into Eq. (111.155P to see if it is satisfied: 

11 » ( _ L] _1JL ( 2 ( _]_]_ ' ( _ L\ — ( - L^\ 

c l r V c oJ r 2 dr \ \ c r \ c J r 2 \ c J J J ' 

- 41 &■(«- 3 + » (*-£))• (11161) 

- -M-? 9 "( f -f) + ^( ( -f)-^( ( -f))"' 162) 

= Mi*"K))' (iLi63) 

= 4Vft--V (11-164) 

c 2 r V c o/ 

Indeed, our form of Pi(r,t) satisfies the governing partial differential equation. Moreover, 
we can see by inspection of Eq. (Ill .156[) that the pressure decays as does 1/r in the limit of 
acoustic disturbances. This is a much slower rate of decay than for the blast wave, which 
goes as the inverse cube of radius. 
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